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Effect of Stress-Free Edges in Plane 
Shear of a Flat Body 


By W. T. READ,' MURRAY HILL, N. J. 


This paper determines the tangential stiffness of a flat 
rectangular body, or shear pad, with a uniform relative 
tangential displacement on the upper and lower surfaces. 
The state of stress differs from pure shear in that the 
edges are stress-free. The correction to the stiffness in 
pure shear is obtained as a function of Poisson’s ratio and 
the length-to-thickness ratio. The paper also illustrates 
the power of energy methods in furnishing accurate ap- 
proximations with a small amount of numerical work 
when only over-all quantities, such as stiffness, are in- 
vestigated. By manipulating energy relations and using 
the Prager-Synge approximate method a few hours of 
slide-rule computation was sufficient to determine both 
upper and lower bounds for the stiffness. 


INTRODUCTION 


HE purpose of this paper is to determine the tangential 

stiffness of a rectangular plate, or shear pad, defined as 

the tangential force on the upper and lower surfaces, 
Fig. l(a), required to produce a uniform relative displacement 
of unit magnitude. The state of stress differs from pure shear 
in that the four edge surfaces are stress-free. This situation oc 
curs in cemented lap joints, in shear pads for vibration isolation, 
and in the common test for shear modulus where the material is 
cemented between a pair of rigid plates. For example, at the 
Bell Telephone Laboratories the shear modulus and sheat damp- 
ing constant of plastic materials are determined by forced vibra- 
tion of a flat specimen held between rigid plates which vibrate at 
a frequency well below the natural frequency of the specimen. 

We shall determine the stiffness as a function of the shear modu- 
lus G, Poisson’s ratio », and the relative dimensions; or, specifi- 
cally, the correction, which must be applied to the stiffness- 
shear modulus relation for pure shear, will be determined as a 
function of » and the length-to-thickness ratio. By manipulating 
simple energy relations and using an approximate energy method, 
recently developed by W. Prager and J. L. Synge,? both upper 
and lower bounds are determined for the stiffness. The small 
amount of numerical calculation involved can be carried out 
by slide rule in a few hours. 


ENERGY AND SrirFNess CORRECTIONS 


It will be convenient to consider the state of stress as the sum 
of a state of pure shear and a correction state, Fig. 1, which must 

1 Bell Telephone Laboratories, Inc 

2 “‘Approximations in Elasticity Based on the Concept of Function 
Space,"" by W. Prager and J. L. Synge, Quarterly of Applied Mathe- 
matics, vol. 5, October, 1947, pp. 241-269. 

Presented at the National Conference of the Applied Mechanics 
Division, Purdue University, Lafayette, Ind., June 22-24, 1950, of 
Tue American Society or Mecwanicat ENGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1951, for publication at a later date. Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics 
Division September 16, 1949. Paper No. 50—APM-6. 


SS 
i 


Pao Wirn Untrorm Tancentiat DisPLaceMENT OF 
Uprer Survace Retative To Lower 
End surfaces are stress-free.) 


Fie. 1(b) 


CorReEcTION Stare oF Stress = Dirrerence Between 
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be superposed on pure-shear to satisfy the boundary conditions. 
Since the pure-shear state gives the correct displacement on the 
upper and lower surfaces and gives no normal stress at the ends, 
the correction state is defined by the condition that it remove the 
pure shear stress at the ends, give no normal stress at the ends, 
and no displacement on the upper and lower surfaces. 

In this section we shall find the stiffness correction in terms of 
the energy in the correction state and the ratio of the length 1 
to the thickness t. If the width w is large in comparison to the 
thickness then the assumption of plane strain is a valid approxi- 
mation, and an equilibrium state of stress can be represented by 
an Airy stress function. If ¢ is the total stress function, ¢, the 
pure-shear stress function, and ¢, the correction stress function 
then ¢ = ¢, + ¢, With similar additive relations for the dis- 
placements, stresses, and strains but not for the energies. 

To determine the relation between the energy W, of pure 
shear, the energy W, of the correction state, and the energy W 
of the combined or total state of stress, we begin with the com- 
bined state and subtract from it the correction state leaving the 
body in a state of pure shear; or, in physical terms, we begin with 
a uniform relative displacement on the upper and lower surfaces 
and stress-free ends and superpose a uniform shearing stress on 
this uniform shear being the negative of the shear de- 
In this process a positive amount of 


the ends 
fining the correction state 
work W, is done on the end surfaces by the negative correction 
stresses acting through the negative correction displacements. 
No work is done on the upper and lower surfaces which re- 
main fixed. Thus in adding an amount of energy W, to the 
initial energy W, we have produced the state of pure shear having 
energy W,, so that 


W,-W4+W,.... 
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Since the energy of every state of stress is necessarily positive, the 
total energy is less than the pure-shear energy, as would be ex- 
pected from the fact that the pure-shear state is defined by more 
constraints than the total state. Since stiffness is proportional 
to energy for a given displacement, the assumption of pure shear 
gives a stiffness which is too large. If & is the stiffness per unit 
width and d the displacement of the upper surface relative to the 
lower, and the W's are energies per unit width, then 
12) 


2 2t 


W = 


and from Equation [1] 


where ky = Gl/tis the static stiffness in pure shear and 
2 
l Gd? 


is a dimensionless correction term. Since W, is proportional to 
Gd?, the analysis can be simplified by taking G@ = 1 and d = 2 
with unit positive displacement on the upper surface and unit 
negative displacement on the lower surface. Also, since the cor- 
rection term does not depend upon the absolute size but on the 


relative dimensions, the half-thickness may be taken as the unit of 


length. Then since energy depends upon the square of the linear 
seale factor 
1 
[4] 
2h 


where & is the length to thickness ratio and W, is now a dimen- 
sionless quantity giving the energy per unit width in a pad with 
unit half-thickness unit shear modulus, unit negative shear 
stress, and no normal stress on the ends, and no displacement of 
the upper and lower surfaces 


RELATION TO A Semi-INeinrre Pap 


In this section we shall express ¢ in terms of R and the energy 
in a semi-infinite pad. 

The energy W, depends upon » and Rk. However, as R&R in 
creases, W, approaches a constant value, since the total state of 
stress approaches pure shear in the interior, and the self-energy of 
the correction state is concentrated in the ends; the energy 
in each end approaching the energy in « semi-infinite pad with 
fixed upper and lower surfaces and with unit negative shear «t 
the end. How rapidly W, approaches twice the energy Wy in 
the semi-infinite pad depends upon how rapidly the correction 
stress decays in moving from the ends toward the interior, We 
shall show that, in the semi-infinite pad, the stress decays with 
distance from the end z approximately as ¢~* where x is mens- 
ured in terms of the half-thickness. When + 
the center has declined to e% = 0.00012 of its value at the end, 
so that the state of stress in the semi-infinite pad will be a good 


3, the stress in 


approximation to the correction state of stress in one end of the 


finite pad, even for a length-to-thickness ratio as low as 3. Thus 
we take W, = 2Wo, which gives 
Wy 
= 
R 


and proceed to calculate Wo, the energy in a semi-infinite pad 
with fixed upper and lower surfaces and unit negative shear 
stress and no norma! stress on the end 


Uprer Bounp ror ENERGY IN Pap 


In this section we shall determine an upper bound for the 


energy in the semi-infinite pad. In the following section the 
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lower bound will be found and the interval of uncertainty re- 
duced 
Taking an ry-co-ordinate system as shown in Fig. 2, and eall- 


ing w and the components olf displacement in the r and y- 


sy 
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hig, 2) Pao Wira Unit Necarive Swear ar 
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directions, respectively, the boundary conditions on displacement 
are 


u=v=0 


when y = * 1. Calling o,, o,, and r,, the stress components, 


the boundary conditions on stress are 


ty 


when « = 0. In addition, we have the requirement that the 
stress vanish at infinity. 

In this problem the boundary conditions are mixed, partly 
stress, partly displacement. For such problems exact solutions 
are usually impractical. Instead, we shall use the approximate 
method of Prager and Synge,? which furnishes both upper and 
lower bounds for the energy so that Wy) may be determined with 
a known uncertainty. 

To find the upper bound, we construct an approximate state 
of stress, defined by components of stress which satisfy the 
equilibrium conditions and the boundary conditions on stress, 
but not necessarily the compatibility conditions, that is, the 
are determined through Hooke’s 
Now consider the state 


corresponding strains, which 
law, need not represent displacements 
of stress defined by the difference between the actual stress and 
strain and the approximate stress and strain 

The energy corresponding to any state of stress and strain which 
satisfies Hooke’s law is positive, independently of whether the 
Thus 


the energy in the artificial state defined by the difference be- 


stress satisfies equilibrium or the strain, compatibility 


tween the actual and approximate stresses is positive, and we 
have the inequality 


We + Wy 


Where W, is the self-energy of the approximate state of stress and 
We = 
because we are considering the state defined by the difference be- 


Wo is the interaction energy, which has the negative sign, 
tween the actual and the approximate states. Since the approxi- 
mate stress satisfies equilibrium, Wy, may be transformed to the 
surface integral of the work done by the approximate surface 
stress acting through the actual displacement. ‘The actual 
displacement vanishes on the upper and lower surfaces, which 
therefore give no contribution to Wy. However, on the end 
surtace the approximate stress satisfies the boundary conditions 


and is therefore equal to the actual stress so that Wy, is equal 


- 
k= ky (1 «) 13 
4 
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to the work done by the actual surface stress acting through the 
actual displacement, that is, Wy, = Wy and Equation [8] 
Hecomes 


{9} 


and we have an upper bound for W» and therefore a lower bound 
for 
Since the approximate stress satisfies equilibrium, the stress 


components can be derived from a stress function. By taking 


{10} 


which satisfy the boundary conditions at z = 0 and appear to be 
physically reasonable; o, being a compression in the upper half 
of the disk and tension in the lower half, and the stress approach- 
ing zero exponentially away from the end. The parameter 
a is determined to make W, a minimum. Computing the strain 
and the energy density and integrating with respect to 2 from 0 
to » and with respect to y from —-1 to 1 and minimizing with 
respect to a, we obtain 


with an optimum a of 


| 6 


DovusLe Bounps ror THE ENERGY 


In this section we shall obtain a lower bound for the energy 
and then, by using more complex approximate solutions, reduce 
the gap between the upper and lower bounds 

To obtain a lower bound we construct approximate displace- 
ments which satisfy the boundary conditions on displacement 
The corresponding stress components are calculated from the 
strain components using Hooke’s law and need not satisfy either 
the equilibrium conditions or the boundary conditions on stress. 

Since the energy in a state of stress defined by the difference 
between the actual and approximate displacements must be 


positive, we have as before 


> 12 
Wy is the self-energy of the approximate displacement 


and Woe 


stress and the approximate strain 


where 

solution Wao is the interaction energy of the actual 
Since the actual stress satis- 
fies equilibrium and the approximate strain, compatibility. Wo 
can be transformed to the surface integral of the work done by 
the actual surface stress acting through the approximate dis- 
placement. However, the approximate displacement satisfies 
the boundary conditions on displacement and therefore vanishes 
on the upper and lower surfaces, so that these give no contribu- 
On the end surfaces the actual surface stress is 


that W 


thon to 
known 
is known and we have a lower bound 


from the boundary conditions on stress, so 


Wy > Wy 13 


If we m btuiply the approximate displacement by a constant c¢, 
nore general displacement which also satisfies the 


that is 


we have a 


boundary conditions which vanishes on y = #1. Since 


EFFECT OF STRESS-FREE EDGES IN PLANE SHEAR OF A FLAT BODY 


Wo varies with ¢ and W, with c?, if we maximize 20 


with respect to c we obtain the lower limit 
(Woa)* 
Wy > 14 
Wy 

which is independent of the magnitude of the approximate dis- 
placement. 

The negative unit shear stress at the end acting in the direc- 
tion of positive r, gives 


1 
Wu= v(0, y) dy 
1 


where (0, y) is the approximate vertical displacement at z 
Since the only applied force acts in the vertical direction, as a 

first approximation to the displacement we take 

bs | 16) 


v = (1 y*) 


which gives Wo = 2/3. 
Calculating the self-energy and maximizing with respect to 


2v) 
6 1 v 


with an optimum > of 


4 gives 


{sa 


The case of an incompressible material, where » = '/s, will be 
considered separately. In the range » = '/,; to» = '/;, the agree- 
ment between the upper and lower bounds is encouraging for a 


first approximation, Fig. 3. With» = '/,we have 


0.304 < Wy < 0.354 {18} 


and fory =! 


0.263 < Wy < 0.333 {19} 

Even more encouraging is the agreement between the parame- 
ters a a ndb, which indicate the rate of decay of the stress. For 
,a = 300, andh = 


a length-to-thickness ratio 


v= '/, a = 2.83, and b = 2.74; forv =! 
3.16 


of 7, and » 


From Equations [3| and {5}, 


1, we have 


k 
0.49 < < 0.957 [20 


so that & can be determined from the known ty with an uncer- 
tainty of less than 0.5 per cent 

For shorter pads and greater accuracy, we take more com 
plicated approximate solutions involving more parameters. As 
a second approximation, we add to the stress function the funy 
tion (A + By*) 
ponents of stress on the end, so that the stress-boundary condi 


* which gives zero normal and shear com 
tions are still satisfied. Then minimizing the upper bound with 


respect to A and B, and adding to u and » the displacements 


21 
0 


which satisfy the displacement boundary conditions, and maximus 
ing the lower bound with respect to D, we obtain for » P 
anda = 2.83 


0.321 < Wy < 0.340 
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| ] T ] ] This may be done by choosing a displacement functien ¥ where 
ay 
45, + + +— + 4 u= 
| | | 
[24] 
oy 
or 
By taking 
y= (1 [25] 


20; + 


© FURTHER 
| } APPROXIMATIONS | 
| | TO UPPER BOUND 
+ 
| A FURTHER | 
APPROXIMATIONS 
TO LOWER BOUND 
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O LOWER BOUND FOR 
INCOMPRESSIBLE CASE 


hia. 3) Variation ov Rormson’s Ratio 


{(1 — ©) is ratio of actual stiffness to stiffness in pure shear, # is length-to- 
thickness ratio.} 


so that, even for a length-to-thickness ratio as low as 3, the stiff- 
ness can be determined with an accuracy of *0.3 per cent. 


INCOMPRESSIBLE. MATERIAL 
For an incompressible body we use the same stress functions, 
which give Wy < 0.27. In this case the stress decreases more 
rapidly and a is around 4. To determine the lower bound we 
must choose displacements which satisfy the incompressibility 
con: ition 


ou ov 
+ 0 [23] 


rr yy 


which satisfies the displacement boundary conditions, we obtain 
W, < 0.15 


By adding to this the function 
Ba . [26] 


which also satisfies the boundary conditions, and maximizing 
with respect to B, the lower bound was raised to 0.16. Thus 


This result was used to determine the shear modulus and shear 
damping constant of a plastic material from measurements of 
the impedance of a specimen held between two rigid plates, one 
of which vibrates in its own plane at a frequency well below the 
natural frequency of the specimen. For a rectangular specimen 
with a length-to-thickness ratio of 3, the actual shear modulus 
and damping constant of the plastic are 7 * 2 per cent larger 
than those computed by neglecting the edge effect and assuming 
that the body deforms in pure shear. Due to the restrictions on 
choice of approximate displacements, the interval of uncertainty 
here is somewhat greater than for the compressible case; but the 
accuracy was, nevertheless, sufficient for practical purposes 

The results as a function of v are plotted in Fig. 3. 
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The Stresses Around a Small Opening in a 
Beam Subjected to Pure Bending 


By J. A. JOSEPH! anv J. S. BROCK,? WASHINGTON, D. C. 


This paper contains an exact closed solution for the 
stress distribution around a small opening in the web of a 
beam that is subjected to pure bending. The complex 
variable method of solution for plane stress problems 
(Muschelisvili) is outlined. It is applied to the case of a 
general ovaloid opening (Greenspan). Curves showing the 
tangential stresses around the boundary are given for 
several common openings found in engineering structures. 


NOMENCLATURE 
The follow ing nomenclature is used in the paper: 
Cartesian ¢»-ordinates 
(a, 8) orthogonal curvilinear co-ordinates in gene ral, and 
ovaloid co-ordinates in particular DisTRiBUTION OF Benvinc Loap ON Beam CONTAINING AN 
OPENING 
a + if 
e finite extent in the y-direction. The center of the opening is on 
e? the neutral axis; however, this is no limitation. The stress dis- 
stretch ratio tribution when the opening is above or below the neutral axis 
angle in 2-plane between tangent to curve 8 can be obtained by taking the known solutions of a uniform 
const and 2-1xis compression or tension field (1)* and superimposing it upon the 
real parameters solution considered here. The opening treated herein is called 
t ad an ovaloid, defined in detail later, and may be made to repre- 
2 sent closely several common openings which occur in engineer- 


potential functions of complex variable 2 ing structures. 
The method of solution used is that known as the complex- 


variable method, associated with the name of N. I. Muscheli&vili. 
For a detailed treatment see Sokolnikoff (2). 

This problem of bending in the cases of circular and elliptical 
openings has been solved by using Airy stress functions, the 
circle by Tuzi (3), and the ellipse by Neuber (4) 


potential functions of complex variable ¢ 
Airy stress function 
normal stresses; o, is normal to surface for which 
r = const, ete 
shear stresses 
‘omplex constants 
CURVILINEAR CO-ORDINATES 


applied bending moment 
half-height of opening at z = 0 With the notation of the complex variable, a mapping function 


(+r of the form 


moment of inertia of beam 


2 (1) 


height of beam 
bar above, indicates conjugate complex 


INTRODUCTION where z = z + ty and¢ = e**" transforms continuously 
oints in the 8)-plane into points in the 2(z, y)-plane. In 
The purpose of this paper is to obtain an exact solution for the F I I } 


stress concentrations at the boundary and in the ne ighborhood Numbers in parentheses refer to the Bibliography at the end%of 


of an ovaloid opening in the web of a beam that is subjected to “He paper 
pure bending, Fig. 1. 
The beam is considered to be of infinite extent in the x-diree- 


tion and large (compared to the height of the opening) but of 
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particular (see Fig. 2), points on a circle of radius e*, a held con- 
stant, defined by the position angles 8, will transform into 
points (z, y) on a closed curve, defined by the functional form 


in Equation [1]. Also, the radial line defined by 8 = const 
transforms into a curve that is orthogonal to those for which a= 
const. The case when @ = 0 is of importance; it defines the 


unit cirele y in the ¢-plane and transforms, by proper selection 
of the form of Equation [1], into the shape of the opening to be 
studied. A special symbol o is given to those ¢-values which 


lie on this circle 


so that the conjugate of ¢ 


a 


= 


The transformation defined in Equation [1] describes the rela- 
tion between an increment dz in the 2-plane and an increment 
dw in the ¢-plane. The ratio, expressed in polar form 

dz 
= [3] 
dw 
defines J, the stretch ratio and x, the angle between the tangent 
to the curve 8 = const and the z-axis.‘ To obtain / and x, we 
differentiate Equation [1] 
dz dz dt dz 


= = 
dw dt du dt 


and from Equation {3} 
Je™ = [5 


where the prime indicates differentiation with respect to the 
variable in parentheses. The conjugate of Equation [5] is 


Je~™ = 6 
provided that z = f(¢) has real coefficients and parameters. By 


multiplication of Equations [5] and (6), we get 


la 


(OE = (Oe 


and by division, we get 


In general, in plane problems of elasticity, the technique which 
follows can be applied to any mapping function of the form 
of Equation {1} 

A discussion of the transformation used in the present problem 
follows. Consider the mapping function due to Greenspan (1 


where s, ¢, and + are real constants that are determined by the 


proportions of the opening. As before z+ ryand 


then 
r= + cos 3 + cos 33 10 
= (xe* sin 3 sin 33 


4 


When a = 0, Equations {10} define the general ovaloid opening 
Several special cases occur as follows: (a) ifr = ¢ = 0, a circular 
opening of radius s is defined; (b) if + 0, an ellipse is defined 


* Reference (5), §2 32, et seq. 
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(c) if t = O and r is negative, a square with fillets can be approxi- 
mated; (d) if ¢ = 0 and + is positive, the preceding “square’’ is 
rotated 45 deg. In the general case, equations of the form of 
Equations [10], for a equal to zero, define ovaloids when by 
proper choice of the constants s, f, 7, the equations can be made 
to approximate an opening of the common structural hole shown 
in Fig. 3, which is made up of a rectangle and two semicircles 


y 


Oreninc Waicn May Be Approxi- 
BY Ovarom Equation 


From Equation [9 


and J and y can be obtained, in general, from Equations |7 | and 
{8}. When a = 0, we use the subscript zero and from Equation 


[7 


7 
Jo = 8? + 02 + Or? (2st firt) cos 28 fisr cos 48.. [12] 


Teensigue or Meruop or THE VARIABLE FoR OB- 
TAINING STRESSES 


In order to obtain the stresses in plane problems in elasticity 
by using the method of the complex variable, two potential func- 
tions have to be determined. It is possible to write these two 


functions in the following general form 


= Dae + 
1 
[13 
>» 
1 


where the A,, a,, B,, b,, are constants, possibly complex. The 
solution is thus reduced to the evaluation of these constants 
Since z is a simple series in ¢, we could also have defined 
* and ¥ in terms of ¢ with the same form as Equations [13], but 
different constant coefficients, of course. For the present prob- 
lem the form given in Equations [13] is preferable. The values 
of A,, B, will be determined by the normal stresses o,, 7, and 
the shear stresses Vey at infinitv; the values of a, b, will be 
determined by the values of A, and B,, and also by the normal 
stress oq and the shear stress tag at the boundary of the opening 
Once the two complex potential functions are completely deter- 
mined by the boundary conditions, the stresses in the plane can 
be obtained by differentiation. These functions therefore play 
a role similar to the Airy stress function. In fact, the Airy stress 


function corresponding to the two complex potential functions is 
F(x, y) = Re [0(z) + J¥(z) de] 14 


where He signifies “the real part of’ and 2 is the conjugate of z. 
Phe stresses, in terms of the two functions, are 


| 
‘he 
‘ 
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o, +o, = 2[%'(z) + 
¥'(z)] 


9 
+ 2ir,, = 

In order to study the stresses og (normal to the curves a = const), 
and 7g, (normal to the curves 8 = const) and the shear stresses 


Tag, the usual transformation equations of stresses,® tell us that 
116 
In terms of the potential functions in ¢ 


93 + Gq = 2¢'(z 


¥'(z)) 


+ = + 


where the functions of z on the right are to be expressed in terms 
of {(a, 8) co-ordinetes as follows: for the sake of simplicity we 
write @(z) = #[2(¢)] = ¢(f), and differentiation is with respect 
to the variable in parentheses 


If, at the opening, the normal stresses %a and the shear stresses 
Tas are zero, which is the case at a free boundary, it can be shown 


that 


Two fundamental theorems from complex-variable theory 
(Cauchy-type integrals) are important in the determination 
of ¢(¢) and ¥(t These are as follows.* 

Theorem 1. Let f(¢) be continuous in the closed region ¢ 
and analytic in the interior, with the possible exception of the 


<1 


point ¢ = 0, where f(t) has the structure 


where y is the unit circle = 


Theorem 2. If f(<) is continuous in the closed region ¢ > | 
and analytic in the region exterior to y, with the possible excep- 
has the structure 


tion of the point ¢ = © where f(t 


then 


(5), p. 135 
(2), pp. 144-145 
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The form of the mapping function, Equation {1}, having been 
determined, the technique for determining the coefficients in the 
series expressions for and ¥ is as follows 


Step 1 Insert the expressions for the stresses at infinity in the 
left of Equations [15], and insert @ and ¥, defined in Equations 
13] in the right of Equations [15], and let z become infinite in a 
This will determine A, and B, in terms of 
the applied loading or stresses. 

Step 2 Insert Equation [1] written for the boundary into 


Equations {13}, obtaining via) and ¥(o) with a, and 6, as vet 
i 

o 


undetermined 
and in- 
This expression will 


prescribed direction 


Obtain 


Step 3 


Step 4 Multiply this equation by do/[2ri(e 
tegrate around y using Theorems | and 2. 
contain ¢({), and, in general, m of the a,,'s 

Step 5 Repeat Step 4 after multiplying by ede/[2xi(¢ — ¢)! 

Step 6 Repeat Step 4 after multiplying by o%de/[2mi(e — ¢) 

Step 7 And so on until multiplication by e"de/[2ri(e $)). 

Step 8 Steps 4 through 7 yield (m + 1) linear equations in 
¢({), and m unknown a,’s which can be solved simultaneously, 
thus determining 

Step 9 Using ¢(f), now known, write the conjugate of Equa- 
tion [19] and integrate around ¥y after multiplying by do/[2ri(e 
t)|. Use Theorems 1 and 2 to determine y(t). 

Step 10 Insert ¢{¢) and ¥({) in Equations [17] and solve for 
the stresses %a, %3, and Tag. Note that (%)a=0 could have been 
obtained after Step 8, once ¢(¢) had been determined, by using the 
first of Equations [17], since at a free boundary (¢a)a<0 = 0 


In other words 
¢'(o) 
= 2| — 
z‘(e) 2"(1/e) 


Using this technique the solution of the bending problem for 


Write Equation [19]! introducing only 2(@), 


{20} 


beams with ovaloid openings follows 


GENERAL OpeNnING IN A Beam Tro Pure 


Step 1 From Equations [13], letting z go to infinity in the 


r-direction 


n B, 


» boundary conditions at x oarege, = My 0, 
0. Inserting Equations [21] into the first of Equations 


{15} along with these boundary conditions gives 


..,& but for 


» {17} 
2"(t) 
2 
zie) _,f1 
+ + = 0 19! 
A 
(, 
4 
1, 
and where g ({) is analytic; then ®’(2), | nA 
‘ 1 
The 
fit) = Me + Ad + Af? +.... 4 
LJ 
Vy 
= 2 n A(x + 
j 1 f(a) 
/ J de = — f(t) + dy + 4 1,07 + 
+ for ¢ > 1 r nA,(z iy! | 
1 
| requires that A, = Oforn = 1, 3, 4, 
§ 
= TEE — 
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n = 2, A; = (Mi)/(8/). Likewise inserting Equations [21] into 


the second of Equations [ 15] gives 


My 
= 2] (zx — ty) 2A. + n B,(z + 


This requires that B, = 0 forn = 1,3,4,....... k’ but for 
n = 2, B, = —A;, = —(Mi)/(8/). Therefore the potential 


functions for pure bending 


give the applied stresses at infinity for any opening, regardless of 


shape. 
Step 2 On the boundary of the opening, we have for ¢ 
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Step 9 Writing the conjugate of Equation [19] and using 
Equation [25] gives 


Mis| s 
| 


a (s + to*? + re 2/7 ty 
4 + ¥(o) = 0 


Multiplying this by do/[2x1(@ —- ¢)| and integrating around + 
gives 


+ + (26) 
te? — 3r 
Step 10 From Equation [20], the tangential stresses around 
the opening are 


[27] 


(%8)a=0 <m 7 


with a similar expression for y(1/c). 
Step 3 The boundary condition, Equation [19] becomes 


tet + to +10!) 


4] 
(+ + te + aa 
2 = bn 
+ ret) —~ #6 


Step 4 Multiplying by do/[2xi(o¢ — ¢)), integrating, and using 
Theorems | and 2, we get 


Mi r\s 


Ta, 

= 0. (24 


Steps 5-8 Multiplying by ode/|2ri(e — £)] and integrating, 


readily shows that a, = 0; therefore 


where 
Tet+-— 


mel + 6rT — 2tT — 12r*) sin 8 — (2rt - 8?) sin 38 + rs sin 


gs? + 2 + 9r? — (2st — Grt) cos 28 — 6rs cos 48 


Inserting Equations [25] and [26] into Equation [14] gives the 
Airy stress function 


Ms 
F(a, 8) = — 7 sin 8 + sin 38 + gs(a) sin 58] | 


where 


3 


g(a) = — ae + (s? — 27r + Tt + 3r*)e* 


[28 
+ Tie~* — Tre“ ™ a8] 


3 2 
st 27's 4rt 


Equations [27] and |28} agree with Tuzi’s results for the circle, 
and with Neuber’s results for the ellipse. It is of interest to ob- 
serve that along the x-axis the normal stresses %a and %@ are zero, 
whereas 7a is not zero and may be obtained directly from the 
second of Equations [17], upon putting 8 = 0. Furthermore, 
along the y-axis 7as is zero and % and % may be obtained by 
addition and subtraction of Equations [17], upon putting 8 = 

NUMERICAL Cases 


Following Greenspan, we obtain the tangential stresses due to 
bending o,, along the inner boundary, a = 0, for four simple 
cases 

Case 1 (Fig. 4 Ovaloid hole, major axis horizontal for which 
s = 1.586, t = 0.478, r = —0.079. These are consistent with 
Greenspan's values of p,q, and r, where s = (p + q)/2,t = (p 
q)/2, and the r is the same in both systems. Then from Equation 
[27] 

2.591 sin 38 - 


4.504 sin 8 0.193 sin 58 
9 


~ Myo, I 


798 —- 1. 741 cos 28 + 0 752 cos 48 


Ae 
- 
Mi > a, | 
(z) = 8] + ” sv‘ 2T | 
|__| 
o t \* 
1 ot — +— 
|_| 
(" —Ts+rt\ , ste* 
4 gz(a) + T'se~@ 
+ 
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Fig. 4 Ovatorw Hore, Minor Axis Verticat 
(Distribution along boundary of stress due to pure bending 


x 


Fie. 5 Hore, Mason Axis Verticar 
(Distribution along boundary of stress due to pure bending.) 


Fic. 6 Square Hore, Sipe Verticar 
(Distribution along boundary of stress due to pure bending 


where yo = s —¢ +r = one-half height of the opening; and the 
reference stress is the stress o, atzr = = yo. 


Case 2 (Fig. 5). Ovaloid hole, major axis vertical; s = 


1.586, ¢ 0.478, r = —0.079, then 


v, 1.456 sin 8 2.674 sin 38 0.100 sin 58 


Vy/l 2.798 + 1.741 cos 28 + 0.752 cos 48 


Case 3 (Fig. 6). Square hole, side vertical; s = 1, ( = 
0,r = —0.14; then 


o 1.378 sin 8 1.163 sin 38 — 0.163 sin 58 


Myo/l 1.176 + 0.84 cos 48 


(F 7 > ole j 
Case 4 (Fig. 7) quare hole, diagonal vertical; s = 1, Fic. 7 Sqvare Hore, Diaconar Verticar 


t=0,r = 0.14; then (Distribution along boundary of stress due to pure bending.) 


| | | |_| \ 
—(Myo/t) © \ | 
' y + 
| | . 
| mf M | 
\ 
x \ 
\ 
Yo 
q 
2 | 
| 
| : 
} 
| 
-! 
| y = J 
| } \ | 
| | | | 
y 
NX 
\ 
y 
\ 
— — - —— -—— - — X 
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298 sin 8 
—My/l 


In each of Figs. 4, 5, 6, and 7, the values of o,/( 


0.877 sin 38 + 0.123 sin 5¢ 
1.176 0.84 cos 48 


plotted along the development of one quadrant of the inner 
boundary of the plate 
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Torsion of a Circular Shaft With a 
of Longitudinal Notches 


By H. OKUBO, 


The object of this paper is to find a solution for the 
torsion problem of a circular shaft with a number of 
longitudinal semicircular notches. By using elementary 
functions the author has been able to simplify the nu- 
merical calculations in contrast to previous work in similar 


cases by other writers. 


RONWALL? has worked out « solution for a cireular se« 
tion with one notch in the form of an orthogonal circle, 


and Weber 


one notch in the 


has obtained a solution for the section with 


form of a semicircle which hes its center on 


the bounding circle Subsequently, Shepherd* obtained a solu 


tion for a eireular section with one noteh and that with two 


using elliptic functions According to his method, the calcula 
tion is found to be very complicated, since the evaluation of fune 
tions must be carried out by expanding in series Accordingly, 
it is desired to find the solution in a simpler form more convenient 
for numerical calculations, since the section of a spline shaft in 
practical use sometimes is in the form of a cirele with a number 
of semicircular notches In this paper, we shall find a solution 
for a shaft with m notches, in «a simpler form by using elementary 
functions 

We consider a plane harmonic function @ which becomes a uni 
form magnitude p in m intervals, distributed in equal distances 
and vanishes elsewhere, on the bounding circle of the section, as 
If we denote the central angle contained by 


the 


shown in Fig. 1 
a circular are where @ becomes uniform in magnitude, by 2h, 


boundary condition is 


2ke 
+h>o> 

m 

), 


which is transformed into 
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Pp 
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to the 
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he 
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> 


2p sin 


mhp 


n 


Putting 2hp = P, and considering the limiting case when A ap 


proaches zero, it becomes 
cos nmé 
n=l 
The function @ which satisfies the boundary condition, Equa 


tion [1], is 


Pm 


re" cos niné 


2+" cos mé 


a*/2 in Equation then we 


land = 
have the solution for a cireular shaft with one semicircular notch 


4 


If we put m = 


When 
notches are not strictly in a form of a semicircle, but 
different The 


very and 


of radius a, which was obtained previously by Weber 


m = 2, the 


ire in a slightly form deviation from a semi- 


be considered 


the 


circle, however, is small can as a 


<emicirele practically, as will be seen in example to be 


shown later 


The equation which represents the boundary of the section is 


const 


0 [3] 


é cos mé 


Ifh represents the distance from the center of the section to the 
bottom of each notch, as 1s show nin Fig 2, P Is determined As 


a 
P = 


o = + cos niné, at l 
which can be transformed into Ss 
2 
A 
at / | 
2k 7 
| se 
where 
bia. Fra. 2 
k = 0, 1, 2, 
‘ 
2 2 
: 
21 + b™ 
359 


360 
and the equation which represents the peripheries of the notches 


+ 


= (1 + b™) (1 + — 2r™ cos mé) {5} 


From Equation [5] we can readily obtain the radius of curvature 
p at the bottom of the notch as 


where 
( b?) (1 + b™) 
bm) (1 + 


de/, (1 


The stresses on the cross section are given by 


Op 
t., = Ga Poe 
oy or 


where G and e@ represent the modulus of elasticity in shear and 


mb™~2 mb™ 


the angle of twist per unit length, respectively 
The stress on the cross section becomes its maximum at the 


bottoms of the notches, and the magnitude is 


’ mb™—*(1 ) 
= Ga [8] 


Tons 
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We shall investigate the form of the notches in detail in one 
example in the following: 
When m = 2, 


of notches ts 


the equation which represents the peripheries 


( y?)? ( 
cos 20 = {11} 


[12] 


cos 26 


shall compare the 
and [12 In 


the penphery of each notch and 


In the particular case when b 0.625, we 


forms of notches represented by Equations [11 


this case k = 0.6778. Points on 
a semicircle of radius 0.375, represen by polar co-ordinates, 


and the radius of curvature at the bottom of each notch, caleu- 
are given in Table | 


leviation of the 


lated by each equation 
From Table 1 we can see that the form of the 
notch from the semicircle is very small in the case treated by the 
author, while in the case treated by Shepherd it is not so small 
Assuming b 0.625, the 
stresses and the moments of the couple calculated by Equations 
The 


results show that the influence of the number of notches on the 


the radii of curvature, maximum 


ind [9] for several values of m are given in Table 2 


[6], [8], 


form of the notch is not perceptible, but the stress distribution 
around the notch varies in accordance with the number of notches. 


TABLE 1 


r 5 537 0.7307 


Semicarele 
@< Author 
(Shepherd 


The moment of the couple is generally given by® 


) 


M = Ga (J 


where y is a function conjugate with ¢, viz 


2Por™ sin mé r™ sin mé 


1 + 


2r™ cos mé - + rim 
J is the polar moment of inertia of the cross section with respect 
to the axis of z, and the integral is taken around the bounding 
curve of the section. The evaluation of the integral is compli- 
cated except in the case when m = 1, 
venient to use the method of numerical calculation for it 
Assuming that the notch is strictly in the form of a semicircle 
of radius a, we can simplify the calculation as follows (see Fig. 2 


ind so it is rather con- 


rsin @ = asin 6’, r cos 0 a cos 6', ds = adée 


Os os | 


Since 0¢/0s vanishes on the bounding cirele, we can transform 


sin vs’) 


Treatise on the Mathematical Theory of Elasticity,"’ by 
4. KE. H. Love, fourth edition, Cambridge University Press, London, 
England, 1927, p. 312. 


Equation [9] into 


Pe” 
M Ga 2ma / ¥ 
0 


110] 


0.8365 
23 


The magnitude of the maximum stress decreases accordingly as 


the number of notches increases, as is shown in Table 2. 


TABLE 2 
No. of notches, m 4 


tmax/Ga 


M/Ga 


Next, as an application of Equation [2], we shall introduce an 
approximate solution for 
a circular section with 
notches of 


If 28 denotes the 


shallow any 
form. 
angle contained by both 
ends of notch at 


the center of the section, 


each 


a function @ which satis- 
fies the 
dition 


sented by a 


boundary con- 


may be repre- 
certalm 
‘urve in the interval 28 

on the bounding circle, 

and its effect on the 

stress distribution is not 
f @ by a function @, which has 2n 4 
points in the interval 23, as shown in Fig. 3. The function ¢ can 
be replaced by the sum of the functions, each of which has a 
of the magnitude equal to the shaded area 


affected perceptibiy by the replace- 


ment 2 discontinuous 


concentrated value P, 
of the corresponding narrow rectangle, at a point h; on the bound- 
ing circle. Hence the solution @ can be expressed approximately 


in the form as follows 


f 
| 
} 
is | 
| 
a b=) (1 +r74+7r4°+..... 
q 
! b2 and the corresponding case treated by Shepherd is { 
16 
d*r 
b (1 + 
de »),2 
7 
¢ 
1 
pe 
J oe 10° 12’ 17° 33’ 37° 0.375 
ad 10° 10° 17° 28’ 26’ 6 369 
0 10° 9” 17° 40’ 40 0.363 
a 
SCC 
3 4 
6u 0. 366 0.371 
— 1.62 1524 1384 1234 
1.255 0 965 0.725 0.546 
3 
/| j \ 
A 
t 
as 6 ei. 


+ 2r™ cos mb 


2r" cos m (0 +h 


+ 


1 +r 2r™ cos m (0 


The unknown constants P, contained in Equation [13] are deter- 


1 | 
mined from the condition that 5 at 2n + l 


Points on the periphery of the notch 


As a simple example, we shall obtain an approximate solution 
for the cross section shown in Fig. 4. The vertical sides of the 
boundary are given by the equation z = +b and the other two 


sides are ares of the circle of radius unity 


In this case Equation 13! becomes 


+ 
(1 +r 2r? cos 2(0 + h; 


l4 
1 + 2r? cos 2(6 h;)$ 


and the equation which represents the peripheries of the notches 


is 


Po + p 
1 2r? cos 26 2r? cos 2(0 + h;) 


1+ 2r? cos 2(0 h;) 


Let us assume that the angle contained at the center by both 
ends of the vertical side st is 60° or 8 = 30°, and O, 1, 2, 3, 4,5 
represent the intersecting points of the line st and the radii 
dividing the central angle into 12 equal parts. Then the co- 
ordinates of the points are as given in Table 3 


TABLE 3 
0 1 2 3 4 5 
0.85717 0.86045 0.87039 0. 88740 0.91218 0.94578 
0 10 5 20 25° 


* The approximate solution @ has no singular points within the 
bounding circle. Subsequently, the solution [13] is not valid when 
the exact solution has singular points within the domain bounded 
by the circle and the periphery of each notch. On this account, 
this method often fails in case of a section with deep notches. The 
solution which is valid in these cases will be given in a later report 
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If we choose A, as is shown in Fig. 5, then h; = 5°, hy = 10°, 


hy = 15°, hy = 20°, Ay = 25° 


\ 
- 
+ 
+ , 
—T 
4 - 
a f 7 
+ 


Fig 


[15], and solv- 


Inserting these numerical values into Equation 


ing the simultaneous equations, we have 


0.005139, P, 0.004571, 
0.002598, 


Po = 0.005305, P; = 


= — 0.003698, 0.001254 


The stress becomes its maximum at the center of the vertical 


side and the magnitude is 


Tmax 
a b?)? 
5 
+ b*) cos 2h; - 2b?] / 16 
7 (1 + 2h? cos 2h, y \ 
)= 


Putting 6 = 0.85717 in Equation [16], and inserting the numeri- 
cal values of P;, we have 


Tmax = 1.190 Ga 


When 3 = 45°, if we choose the points on st, as in Table 4, and 


rASLE 4 
0 l 2 3 4 5 
r 0.70711 0.72875 0.75742 0. 80085 0 86322 
6 0 7 4 21° 28° 35° 


h, ash, = 7°, he = 14°, hy = 21°, he = 28°, he = 35°, then, by 
a similar calculation, it becomes 


0.01439, 
0.00781, Py = 


P, = OO1679, P, 0.01559, Py = 
P, = —0.01110, Py = 0.00451 
The magnitude of the maximum stress is 


Tmax 1.137 Ga 


When 3 = 60°, if we choose the points on st, as in Table 5 and 


P 
4 P J | 
=1 ~ 
‘\ 
\ 
4 
| 
; 
4 
4 
‘4 
j 4 
a 
P | 
thy 1 + r* 2r? vos 26 
7 4 
ey 
| 
+ = 15 
(1 +r?) 
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PABLI 
1 2 3 4 5 
W771 53200 0.57735 0.65271 0.77786 
10 20° $0 40 50° 


10°, A, = 5O°, then we 


0.03722, 1’, 
0.02470, Py 


0.03344, 
0.01491, Ps = 


0.04210, Py = 
0.00560 
The corresponding maximum stress is 


Tmax = 0.9252 Ga 


Assuming the distance 2b between the vertical sides to be con- 


XGQ 


i 
20} 


19 


0 W 
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stant (for the convenience of calculations, 6 is taken as unity 

the relation between the maximum stress and the form of the 
section is obtained from the foregoing numerical results. Curve 
I in Fig. 6 shows the relation For the sake of comparison, we 
took up the case of a rectangular section which circumscribes 
the section of the former case (the rectangle is shown by dotted 
lines in Fig. 4 The relation between rmax and J in the latter 
case is shown in Curve IT in Fig. 6. 
that the diserepancy between each case becomes very small when 


From the figure, we can see 


1 becomes larger than 60 deg. 
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Results of experiments carried out on plastics and rub- 
berlike materials at high rate of straining are given. It is 
shown that the dynamic stress-strain (c, «) relationship 
for those materials can be expressed by the formula 


The first term represents the static stress-strain relation- 

ship, while the second depends on the rate of straining 

= As a first approximation it is supposed that the 
t 

materials follow Hooke’s law when statically stressed. 

Fquation [1]! then becomes 


re 
der) 
dr 


Materials which follow the second equation are called 
materials with “hereditary characteristics.’’ Vibrations 
of single-degree-of-freedom systems having hereditary 
characteristics are considered. Methods of finding the 
hereditary function ¢(t) from forced vibrations are given. 
Free and forced vibrations of simply supported beams 
having hereditary characteristics are studied. 


itl hivpothesis of proportionality between forces and dis- 
placements, generally admitted in the mathematical theory 
of elasticity, is not perfectly verified in practice. The same 
ipplies to any other hypothesis based on the correspondence 
between stress and strain and dependent on the existence of an 
elast potential 
] Xperience shows that every dynanuc phenomenon in an elas- 
tie body is always accompanied by an internal mechanical dis 
sipation of energy and that the existence of an elastic potential in 
the ordinary sense is not admissible 
known that an 
If an elastic body set in vibration is left to itself 


It is wel elastic body repeatedly stressed 
becomes hot 
its vibrations damp out with time even if the body is kept in « 
vacuum. If an elastic body is submitted to forced oscillations 
a positive work of the exciting forces has to be spent in order to 


The 
for the damping out of vibra- 


keep the amplitudes of the oscillations constant with time 
reason for the heating of the body 
tions, and for the expenditure of external work is the internal dy- 


Although this dissipation of mechanical energy 
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of Mem 


lihnois Institute Technology 


Professor 


esented at the Annual Conference of the Applied Mechanics 


Division, Purdue University, Lafayette, Ind.. June 22-24. 1950 
f Tue American Society of Mecnanicar ENGINEERS 
Diseussion of this paper should be addressed to the Secretar 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
intil January 10, 1951, for publication at a later date Diseussier 
received after the closing date will be returned 
Note Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those 
Manuscript ved by the Applied Mechanics 
Division August 10, 1949 \PM-S 


the Societys 


Paper No. 50 


Vibrations of Elastic Svstems Having 
Hereditary Characteristics 
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can be accepted in a qualitative way, it is more difficult to trans 
late the problem into mathematical terms 

As is well known, two principal hypotheses have been proposed 
to explain the phenomenon of internal dynamic friction, namely 

a) the viscous theory, and the hereditary theory. 
The theory of viseous friction is the oldest and has been until 
recent times the most generally employ ed 

Coulomb was the first to propose it. Considered again by 
Voigt and Routh, it has been proposed more recently by Plank 
after dynamic experiments on low-carbon steels (1).? 

Many experimentalists have tried to give to this theory an 
experimental confirmation In the viscous theory it is admitted 
that in solid bodies there exist some viscous actions which can be 
compared to the viscosity of fluids These effects 


should be proportional to the first derivative of the strain with 


viscosity 
respect to time. The coefficient of proportionality (constant 
for each material at a constant temperature) is called ‘coefficient 
of viscosity."’ In the case of normal deformation, therefore, the 


relation between stress (¢) and strain (e) is expressed by 


Pwo Japanese physicists, Kotano Honda and Seibei Konno, have 
1, for different 
The correponding values are given in Table 1, to- 


determined the constants metals at room tem- 
perature 


gether with Young’s modulus F for those materials 


TABLE | CONSTANTS 4 AND YOUNG'S MODULUS £ FOR VARI 
OUS MATERIALS 
10 4x 108 
Materia! pe par 
Steel 30 0 70-1 00 
Copper 17 0 70 
Nickel 30 044 
Brass 13 0 22 
Aluminum 10 012 


Vibrations of a single-degree-of-freedom system, having vis- 


cous damping therefore are represented by 

d*q(t dqit 
+ atg(t) = Q(t 
it? » dt 


If the external force @ is supposed to be periodical: Q = Qo sin 
wt a particular integral of Equation [2], which represents the 
forced vibration is 


q = sin (wt ¢ 


where 


lang = 


By multiplying Equation [2| by dg and integrating between 0 


and ¢ the relation 
tl to the Bibliography at the ¢ , 


eses reter 


* Numbers it 


the paper 


parer 


ddr) 
dr 
| q 
4 
dt 
| 
q 
al 
| 
| 
ASMI Za 
Vv (a? wt)? + 4wth? 
2wh 
a’ 
| 


+ a? fy + 2h = Qg’dt . .. (3) 


is obtained. The term 


E— = + a* qa’at 


of Equation [3] represents the variation of the total energy in the 
interval (0, t), the term 


BE; = 2h So 


is a positive quantity; while 


W = 


represents the work done by the external force in the same in- 


terval of time. Therefore Equation [3] can be written 


Equation [4] demonstrates the following principle: For a 
mechanical system having viscous damping, the work of the ex- 
ternal force always exceeds the variation of the mechanical energy 
by a positive quantity. If W = 0, the work of the external force 
is not entirely transformed into mechanical energy, but always a 
residual part of this work remains untransformed. If W = 0, 
Equation [4] demonstrates the principle that the mechanical 
energy is constantly decreasing. 

The “hereditary theory” was first advanced by Boltzmann in 
the year 1876 (2). It attributes the loss of work due to internal 
damping to the elastic delay (Elastische Nachwirkung), for which 
the deformation follows the applied force. 

From this delay it follows that the deformation instead of 
depending only on the actual applied stress, as it should 
by Hooke'’s law, depends on all the stresses which have been 
applied on the elastic body. Now, if in a physical or mechanical 
problem the future state of a system depends only on the actual 
state or on an infinitely near state, the phenomenon is said to be 
“nonhereditary.”” The problems connected with those phenom- 
ena are solved by ordinary differential or by partial differential 
equations. 

However, when the future state of the phenomenon depends 
not only upon the values of some parameters at the actual time, 
but also upon all the values in a precedent instant, the phe- 
nomenon is said to be “hereditary.”” The problems connected 
with this phenomenon are solved by integro-differential equa- 
tions (3). 

For the sake of simplicity, let us consider a system having only 
Let q be Lagrange’s paranieter. 


one degree of freedom. 
The influence of the past, that is, of all values preceding the in- 
stant t, can be taken into account by introducing in the equation 


of the problem a term 


if “linear heredity” is supposed. The function ¢(t,r) is called 
“hereditary nucleus” (or hereditary or memory function), and 
y(t), which depends on all values of q(t) in the interval — © < 


< tis a “functional.” Often the function (t,r) depends only 


on the difference (1 r It can then be written ¢{4,r) = 
ot r If all the far “‘memory” in the time preceding the 
instant (¢ To) can be neglected, i.e., the function ¢(t — r), 


Ty being the period of heredity, then 


O(t,r dr r, r)q(r)dr o(r g(t 
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The equation of vibrations for a single-degree system in the 
hereditary case is therefore 


T 
1*9(t) . te 
+ a*g(t) + ot r)q(ridr = Q(t) [5] 
dt? 0 


the stress-strain relationship being in this case 


The integro-differential Equation [5] generally can be resolved by 
a successive-approximations method or by transforming it into a 


r)e(r)dr 


“Volterra’s integral equation” (3). 
As the function ¢ (ft) is, in general, a function decreasing with 
time, it can be represented by a sum of exponentials 


n 


ot) = Ae (7) 


1 


Substituting in the integro-differential Equation [5], 
ment of ¢(t) given by Equation [7], Equation [5] can be easily 
solved (4). In fact, by differentiating Equation [5] n times, the 
integrals are eliminated and a differential linear equation with 
order is obtained (n being the 


the develop- 


constant coefficients of (n + 2 
number of terms of the development of Equation [7]}). 

It is easy to see what relation subsists (at least from a mathe- 
matical point of view) between the two theories, namely, that 
of the viscous and that of the hereditary damping. In fact 
Equation [5] can be written in the following form 


d°q(t) 
4 = o(r)g(t — r)dr + Q(t)... 
dt? 0 


By developing g(t — r) in a Taylor series in the vicinity of ¢ 
one obtains 

dq(t) r? d*g(t) d'q(t) 9) 
r) = g(t) + — 


Substituting Equation [9] in [8], one gets the following equation 


n 
d*q(t ) tol t Q t q(t) 
dt? xs at* 


Px being constants, defined by 


(—K)* 
Pe = K! o(r)dr 


Therefore the viscous aspect is contained in the hereditary one 


[10] 


when the powers of 7 greater than the first are neglected. 

The differential equation which is obtained in the hereditary 
case, being of a greater order than the second, two constants of 
initial position, g and initial velocity (dq)/(dt), 
It is necessary to 


integration, 1.e., 
are no more sufficient to specify the problem. 
have a number of constants equal to the degree of the differential 
In fact, in an hereditary problem not only the initial 
conditions q and (dq)/(dt) for t = 0, but also the past history 
must be known. Now, if all the derivatives of the function 
q(t) at ¢ = O are known, and in addition the analyticity of the 
function q(t) is admitted, the function q(t) is uniquely deter- 
mined by the Taylor development given by Equation [9]. 
It is also possible for hereditary systems to establish a funda- 


equation, 


mental energy relation (5) expressed by 
E— fy Esdt = W. (11) 


where E = E, + Ex represents the mechanical energy ; sum of the 
potential internal energy 


he @ 
| 364 
} 
j 
1423 
a 
— | 


To 
E, = = mgt) — o(r)[q(t) — g(t r) }*dr 
2 2Jo 


where 
To 
(m =a? + J, $[r|dr is a positive quantity) 


and of the kinetic energy 


1] dg(t) 
dt 


W being the work of the external force in the interval of time 
(0, t) while gis a positive quantity expressed by 


To 
f q(t — r) 


E-quation [11] demonstrates that during vibrations of systems 
having hereditary characteristics, there is dissipation of energy. 


= 


EXPERIMENTAL ResuLts on Puastic Rupperike Mate- 
RIALS 


During the late war experiments on some plastics and rubber- 
like materials at high rate of loading were carried out in Cam- 
bridge, England, under the supervision of Sir Geoffrey Taylor, 
FRS (6). 

Short cylinders of the materials to be tested were placed on 
the plane end of a steel bar hung as a ballistic pendulum. An- 
other bar, also hung as a ballistie pendulum, was made to im- 


pinge upon it. The distance between the two bars was photo- 


graphed by a camera using a rotating drum. 
From the photographs it was possible to deduce the displace- 
ments of the two ends of the specimen; by a double differentia- 
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tion, the force acting on it during impact; and finally, the dy- 
namic stress-strain relationship of the material. The details of 
the experimental method employed already have been described 
by the author (7), and therefore will not be repeated here. 

Fig. 1 shows some of the results obtained with polythene. The 
stress-strain curve o = f(e) obtained in static compression testa, 
using specimens with lubricated ends, is also shown in the same 
figure. From the analysis of the dynamic stress-strain curves 
in Fig. 1, one finds that the quantities 


~ fle] 


(where o is the dynamic stress, f[e] the static stress, and o, the 
pure dynamic stress) are dependent upon all the values taken by 
the function 


% 


ddr) 
dr 
(variation of the strain with respect to time), when the time 
r varies in the interval (0, ¢). In other words, the quantity 
o — f(e)isa “functional” of the function 


ddr) 
dr 
in the interval (0, ¢). One can then write, using the classical 
notation 
t 
4 
0 
or 
t 
ddt — 
o—fle) = o(r) dr = o(t—r) dr. {12} 
dr 0 dr 


| Tempe-| Time OF 

| wo | OATE (SYMBOL SPEED | RATURE iMPACT 

L yinch/sec °F _ sec! 
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where @ (t) 1s an unknown function which takes account of the 


whole strain history of the material up to the time ¢. 

By analyzing the experiments on “polythene,” using Relation 
[12], it was found that the function ¢(¢) could be represented over 
the range of the experiments by the following formulas 


ot) = = 2.910% psi 
(hereditary function of the first degree 
o(t) = Ave + Ave = [2.506 + psi 
(hereditary function of second degree 


o(t) = Ae~* + Ag = [2.84 0.10} 10* psi 
(hereditary function of the first degree with residual 

The values of ¢(t) found by analyzing the experimental values 
for polythene are given in Fig. 2. From the figure it is seen that 
the period To of the heredity of polythene at room temperature 
is of about 10 *& 1074 see. From Equation [12] it follows that 
the dynamic stress-strain relationship for plastics and rubberlike 


materials can be expressed as follows 
der 
o = fle) + ot r) dr {13 
dr 


If in a first approximation it is supposed that the material follows 
Ilooke's law fie) = Fe, when stressed statically, then Equation 
becomes 


ddr de(t 
ke + ot dr = Ke 4 dr 
0 dr 0 dr 


mathematical point of view /quation [14] is identical 


$(7) 29 210%s), 600 SEC’) {HEREDITARY FUNCTION OF THE FIRST DEGREE 


= aa BO 10%psi, ASO 10 1 10%pei, a * 650 SEC’) [HEREDITARY 
FUNCTION OF THE FIRST DEGREE WITH RESIOUAL] 


$(7) = 2 502 10%psi, 0.40 10°psi, 600 SEC! 140 SEC’) 
[HEREDITARY FUNCTION OF THE SECOND DEGREE } 


— 
I 

8 9 


10 " 12 13 's 


110 SEC 


with Equation [6]. In fact, since ¢ 0, « 0, by an in 
tegration of parts in Equation [14] one gets 


[E + + fo relridr 15 


Direct DereRMINATION OF DYNAMIC STRESS-STRAIN CURVES 


Once the hereditary function ¢(t) of a given material has bee 
determined, it is possible to calculate directly the stress-strain 
curve during a dynamic test. Suppose that the material follow~ 
Equation [14], call /o the initial length of the specimen, A» the 


initial cross-section area, / = / s the length of the specimen at 
the instant ¢, and m the mass of the impinging bars. The follow 


ing integro-differential equation holds 


d?s(t BA Ay ( ds(r) 1 0 
mm + s + ot Tr) adr = ou 
dt? ly lo dr 
In the case of heredity of the first degree, (tf) = Ae -. by di 
ferentiating Equation [16] the following equation 
d*s(t (E + A)Ao ds(t) Ao ,, 
m am aEsxt) =0 17 
dt dt? lo dt ly 
is obtained 
Tts solution is 
Cw + Cye cos qt + sin gt 
where r p + iq p iq are the roots of the algebra 
equation 
(E + AjAo Ayka 
+ ar? + xz + = 0 
lom 


From the initial conditions 
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0 ds ds? 0 
s = = = 
dt , dt? 
it follows C; = yo; C2: = vito; Cs where 


gt + (r—p) + 


Figs. 3 and 4 show the stress-strain curves for polythene, 
calculated on the assumption that the impinging masses m are 132 
Ib and 13.2 lb, respectively, and for different speeds. The cal- 
culated curves closely coincide with those found experimentally, 
therefore giving a confirmation of the dynamic stress-strain rela- 
tionship found for plastics and rubberlike materials. 


Forcep VIBRATIONS OF HeErepti- 
TARY SYSTEMS DererRMINATION oF Hereprrary FUNCTION 
Direcrty From Forcep Viprations 


Indicating by g = q(t) Lagrange’s co-ordinate, the following 


equation holds 


d*q(t dq( r) 
8 + atg(t) + b* ot r) F dr = Q(t).. [18] 
dr 


a? and b? being constants 

If the external force is sinusoidal, Q(t 
hereditary function is of the first degree o(t) = Ae at Equation 
[18] becomes 


d4q(t) 
+ atg(t) + b? ENT! dr = Qo sin wt. . [19] 
dt? 0 de 


= Qo sin wt; and if the 


By differentiating Equation [19] one gets 


d*4(t) d*q(t ) dq(t) 
2 2 ain 
+ a@ ae + (a? + b*) dt + wa%g(t) xQo sin wt 


+ who cos wt.. . [20] 


Let a particular solution (forced vibration) of Equation [20] be 


q = C sin (wt — ¢) 
One finds 
( V w?) w? (a? + + (aw/h?)? 
Jo 
w?)? + w?lw? (a? + b?)]? 
aw? 21} 
tan¢g = 2 
a? (a* —w*) w? (a? + 
Let 
, a 
i= 
a a a 


The values of the functions Ca?/Q: and ¢ are shown in Figs. 
5, 6, 7, 8, 9, and 10, for 8 = 0.10, 1.00, and 10; z variable be- 
tween 0 and 10; and y variable between 0.25 and 4. On the 
same graphs the dotted lines represent the corresponding values 
for viscous damping (from Equations [2a] and [26]) 

If one puts in Equations [21], a = a, one gets 


|. 2 Qo 
tang = . [22] 


a a cos ¢ 


and finally 


h = . [23] 


DECEMBER, 1950 


Equations [22] and [23] show the possibility of determining the 
hereditary characteristics of a material, i.e., the constants a and 
b from forced vibrations once that the constant a has been deter- 
mined from static tests. 

More generally, in order to find the function ¢(t) directly from 
forced vibrations, let us suppose that 


Q(t) = >>, (A, sin rt + B, cos rt] 
I 
Let 7’, be the period of heredity. Equation [18] becomes 


d*q(t) r) 
+ at%g(t) + o(r) ——— dr = Q(t) 
dt* J dr 
or 
atg(t) = Q(t) +o 
+ aX = +b r) dr 
dr 
Let 
qt) = ye sin rvt + 8, cos ret) 
then 
a, = {A, a? (rv)? rvG, | BorvL,)} 
4, 
24] 
a? — (rv)? — rvG,} + Ayre, | 
where 


A, = fa? ry)? rvG, 
PH 
= (7) cos rvrdr 
G, = sin rerdr 


J0 


Let us suppose that the external force has the period equal to 
the period 7's of the heredity. One measures q(t) and obtains by 
harmonic analysis, ar and Sr. With A, and B, known, one can 
calculate the values of G, and L, by means of Equation [24] 


d(r)cos 
0 To 
oar 
G, = ¢(r) sin rdr 
T's 


But as Lr and Gr are the coefficierts of the Fourier development 
of the unknown function @ (t), one obtains by harmonic com- 
position 


2ar 
o(t) = 7 cos 7. + G, sin Ts 


TRANSVERSE FREE AND Forcep VIBRATIONS OF SIMPLY SUP- 
PORTED Beams Havine HEREDITARY CHARACTERISTICS 


For transverse vibrations of a beam the following integro- 
differential equation holds (8) 


d*u(z, t) du(z,t) 1 7) 
+ a? r) dr 
ot? or‘ E Jo or, Or 


= p'(z,t) 25) 


where a? = EI/m; EI being the flexural rigidity of the bar, m 
the mass per unit length, p’(z,t) = p(z,t)/m; where p(z, t) repre- 
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sents the external force acting on the unit length of the beam, / is 3 Fort = 0, the following relationship is satisfied 


the length of the beam. 
Free vibrations, {p’(z, t) = 0] will be considered first. 
Using the methods of separation of variables, let 


u(z,t) = [A, cos Kz + Azsin Kx + A; cosh Kz 


+ Agsinh Kr}f(t) 


where A, (t = 1, 2, 3, 4) and A are constants. 
The solution of Equation (25] is then 


df(t) df(r) 
2K* t (t = d = 0 


If the bar is simply supported, the following conditions hold 


= 0 
or?/, =0 
Oru 

= () 
Or*/ sal 


(u),-<0= 0 


0 


from which it foliows 


The solution of Equation [25] is then found to be 
= A, sin f(t) 
I 


In the case in which (t) = Ae™ one gets 


K,‘a* ‘f ds dr | = 0.. [26] 


Differentiating Equation [26] with respect to t, there results 


A | df(t) 
~ 4 + aK,4f,(t) = 0 


E dt 


Substituting in Equation [27], f(t) = e*"' the algebraic equation 


A 
+ az,? + + ‘| + aK,‘a? = 0 [28] 


is obtained. 

The discriminant of Equation [28! is positive. 
the three roots one 
iq, will be complex conjugate 

The solution of Equation [25] will then be 


u(r,t) = > sin 


1 


Therefore, of 


r,, will be real, while the two others —p, + 


+ cosg,t + sin at| 


The initial conditions for determining the constants Ci; G = 
1, 2, 3) are as follows: 


| Fort = 0, the initial configuration of the beam is known 


inr 
u(r,0) = A, sin 


2 Fort 


known 


= 0, the initial velocities of all points of the beam are 


Ou(z,0) 


O*u(z,0) 
+ q? 
of? or* 


= 0 


The values for the constants C,, are found to be as follows 


A, 7 
Cu = + ( 
A,(p,; r,) (2p,r, 


A, x \‘ 
= + a? 
A,(r, — p,) pe + + — 
A,'(r, + D, 
A,(2p,7, — p,? 


Cy, = 
q.(2p,r, — 


P,?) 
A,q,(2p,7, — p,? 


If the external load is distributed along the beam in a sinu- 
soidal manner and varies harmonically with the time, then 


p(z,t) = po sin sin 2rnt {291 


If heredity of the first degree is supposed, Equation [25] becomes 


t 
or? or‘ E Jo Or'dr | 
. 
sin 


= po’ sin 


where 


Putting in this case 


wr 


f(t) 
and substituting Equation [31] in [30] 


+ a? f(t) + a® e 
dt? l l E Jo 


= sin 2rnt.. 


u(z,t) = po sin 


By differentiating Equation [32] there results 


a ( A) ae 
dt 


= a sin 2xnt + 2 xn cos 2rnt. 


1f(t) df(t) 
T @ 
dt dt? 


‘ 
+ ( ) f(t 
l 


... 
Let us assume as a particular solution of Equation [30] 
sin (2rnt — ¢)... 


u'(z,t) = pe'D sin 


one finds 


| ia 
Cx 
Ws 
K, = ry, 
: 1 
(30) 
J 
dr 
[ 
at 


tan¢ = 


(‘Qen)* (2en)? 


The general integral of Equation {30} will then be 


D= 


u(r,t) = pol) sin sin (29nt 


+ [Cre + sin gt + cos qt! sin 


The constants C,, Cy, and C, have to be determined from t 


lowing initial conditions 


(t= 0) = 0 
Ou( 
or 
at 0 
ol du* 
One therefore finds 
C, = po Dsin ¢ C3 
sin ¢ 2xnpoD cos ¢ p 
( + 
q q q 


2rn \*pol) sin ¢ + ApornpD cos ¢ + r* pol) sin ¢ 


r? + 2p(p —r) 


In Equation [37] the first term represents the forced vibration, — |") 
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It would therefore be desirable to carry out further research ; 
in particular, the study of the dynamic behavior of materials, 
especially metals, at different temperatures would be most inter- 


esting. 
The work presented here shows how the hereditary function 
\37 o(t) of a material having hereditary characteristics may be di- 
reetly determined from the study of its forced vibrations 
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general character and very probably could express the dynamic pppoe, 
stress-strain relationship for many metallic materials as well 1924 


“Problemi dinamici della trave in regime ereditario.”” by 


ra, Rendiconti Accademia dei Lincei-Faseicoh 1 ¢ 2, vol, 2, 


Theory of Transverse Oscillations in Girders,”’ by C. b.. Inglis, 
“dings of the Institution of Civil Engineers, London, England 
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Plastic Biaxial Stress-Strain Relations 
for Alcoa 24S-T Subjected to 
Variable-Stress Ratios 


By JOSEPH MARIN! anv B. J. KOTALIK,? STATE COLLEGE, PA. 


Usually plastic biaxial stress-strain relations for metals 
have been determined for tests in which the ratios of the 
principal stresses have been maintained essentially con- 
stant. This paper presents biaxial plastic stress-strain 
relations for both constant and variable-stress ratios. 
The purpose of conducting the variable-stress-ratio tests 
is to attempt to prove whether the flow- or deformation- 
type theory is the correct theory for predicting plastic 
stress-strain relations. The paper also gives a comparison 
between the actual and*theoretically predicted values of 
the biaxial yield, ultimate and fracture strengths, and the 
biaxial ductility. Various ratios of biaxial tensile stresses 
were investigated by subjecting tubular specimens to 
axial tension and internal pressure. The test results 
showed that the yield-strength values agree best with the 
distortion-energy theory. For the prediction of the 
plastic stress-strain relations the deformation-type theory 
was found to be in approximate agreement with the test 
results for both the constant- and variable-stress-ratio 
tests. 


INTRODUCTION 


r I NHE information available on plastic stress-strain relations 
for metals subjected to combined stresses is very limited. 
There are two main purposes for obtaining such data. 

For some metals used in the form of sheets, such as aluminum 

and steel plates, cold-forming operations are used which produce 

biaxial stresses and strains in the plastic range. In these forming 
procedures, it is desirable to know what the limiting bending 
strains are so that rupture does not occur. To obtain these 
formability limits, more information is desired on biaxial plastic 
stress-strain relations for metals. Plastic stress-strain relations 
are also of value in the design of certain machine and structural 
parts which are subjected to an initial state of stress producing 
plastic flow. 

The purpose of this paper is to present data for an aluminum 
alloy subjected to biaxial tensile stresses. In the tests made, 
both variable and constant biaxial-stress ratios were investigated. 


MareriAL Tested 


The material used was originally a fully heat-treated alumi- 
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num alloy, designated as 24S-T, and was fabricated in tubular 
extruded form. The extrusions had originally a 2-in. ID and 
a '/,-in. wall thickness. For this alloy, the nominal chemical 
composition, in addition to aluminum and normal impurities, 
consists of 4.4 per cent copper, 1.5 per cent magnesium, and 0.6 
per cent manganese. The mechanical properties of 248-T 
Alcoa, as furnished by the manufacturer, are tensile strength, 
68,000 psi; yield strength (0.2 per cent offset), 44,000 psi; 
modulus of elasticity, 10.6 X 10* psi; per cent elongation (in 
2 in.), 14 per cent; and Poisson’s ratio, 0.33. After the speci- 
mens were machined they were annealed and reheat-treated in 
order to remove the directional properties present in the ex- 
truded tubes. 


Tests or Tuses To INTERNAL PREs- 
SURE AND TENSION 


Specimen. The specimens, Fig. 1, were machined from 
tubular stock 16 ft long, 2 in. ID, and '/, in. wall thickness. 
The specimens had an intermediate length of 11 in. of reduced 
wall thickness of 0.100 + 0.002 in. The internal surface was 
left in the extruded form. The wall-thickness values were meas- 
ured for six positions around the periphery, and at five positions 

along the tube length, using an apparatus 
described elsewhere.* The ratio of the 
wall thickness to diameter of specimen 
was about 0.05, so that the biaxial stresses 
throughout the wall were essentially uni- 
form. The diameter-length ratio was 
about 0.18, thereby providing a sufficiently 
long section of the specimen free from 
bending stresses produced by end re- 
straints. 

Testing Machine. 
used for this investigation has been de- 
scribed in detail.? Fig. 2 illustrates the 
essential parts of the machine. A motor 
M applies a direct tensile load to a pull- 
ing rod R, which is attached to a lever 
beam B. The lever B transmits an axial 
load to the specimen 8, through spheri- 

The spherical seats are used 
to insure axiality of loading. A hydraulic 
pressurizing oil was used to apply an in- 
ternal pressure to the specimen by means 
of an injection pump unit P, as shown in 
Fig. 5. The rate of pressure application 
was controlled by the rheostat of a motor 
generator set MG, and by means of a re- 
lease valve which discharged surplus oil 


* “Biaxial Plastic Stress-Strain Relations 

for 24S-T Aluminum Alloy,” by J. Marin, 

Fic.1 Twusvrtar’ J. H. Faupel, V. L. Dutton, and M. W, 

Specimen ror Com Brossman, Technical Note 1536, NACA 
BINED-Stress Tests May, 1948, 96 pp 
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into the oil-supply reservoir. Three U. 8. Bourdon gages, G, 
were used for measuring the oil pressure. 

The pulling rod R was calibrated by placing in the testing 
machine a calibrated rod in place of the specimen. The pressure 
gages were also calibrated before they were used for this test 
program. 

Vethod of Strain Measurement. The elastic strains were meas- 
ured with two SR-4 electric strain gages of ''/,-in. gage lengths. 
One gage measured the longitudinal strain, and the other meas- 
ured the lateral strain for a region near the central part of the 
specimen. Specially designed clip-type gages were used to 
measure the plastic strains in both the longitudinal and lateral 
lirections as illustrated in Fig. 4, and described in footnote 3 
Clip gage G; measured the longitudinal plastic strains, and G, 
the lateral strains. It was necessary to use clip gages since the 
SR-4 electric strain gages used had a maximum range of about 
0.015 in. per in., and the plastic strains greatly exceeded this 
value. The final strains at rupture were measured to 0.0] in. 
by means of dividers and a scale. The circumferential plastic 
strain measured represented an average value for the outer 
circumference of the tube, while the longitudinal plastic strain 
was measured over a 2-in. strain gage. 

Method of Testing. In preparation for a test, the elastic SR-4 
gages and calibrated clip gages are placed on a specimen. The 
specimen is then inserted in the testing machine and filled with 
oil in preparation for internal pressure application. Two types 
of tests were made; one in which the ratio of the internal pressure 
to the axial load was maintained essentially constant and the 
other in which this ratio was varied. The foregoing types of 
test will be designated later in this paper as the constant- and 
variable-stress-ratio tests. 

For either type of test the specimen was loaded to predeter- 
mined values up to rupture. At the end of each load interval, 
the strains were measured in both the longitudinal and lateral 
directions. 

Test Results—Tests With Constant-Stress Ratios. The relations 
between the true stress and strain for both the longitudinal and 
transverse principal stresses are shown in Fig. 5. Fig. 5 shows 
the true-stress-strain diagrams for tests in which the principal 
stress ratio was kept essentially constant. 

The true stresses were determined, based upon the actual and 
not the original values of wall thickness and diameter, that is, 
for an axial load P and internal pressure p, the longitudinal and 


transverse stresses are, respectively 

P pd, 

+ 1] 
rd,t,, 


vd 


2t, 
where d,, and ¢, are the actual internal-diameter and wall-thick- 
ness values at the loads considered. The values of the dimen- 
sions d, and ¢, can be expressed in terms of the original values of 
the internal diameter and wall thickness and the measured 
nominal strains e, and ¢; in the longitudinal and lateral directions. 
The values of the wall thickness ¢, and internal diameter d, 


have been shown to be‘ 


t 
1 +e + & 


Placing the measured values of the original dimensions of the 


* Appendix C, of reference (3 
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internal diameter d, wall thickness ¢, and the nominal strains 
¢, and ¢; in Equations [3] and [4], the values of ¢, and d, can be 
Then by Equations [1] and [2] the true stresses 
The true strains « and «, corresponding 


determined. 
and are found. 
to nominal strains ¢; and e; can be shown to be® 


= loge (1 


e = log. (1 + 

The true stresses as calculated by Equations [1] and [2}, 
the true strains as obtained by Equations [5] and [6], are plotted 
in Fig. 5 

For the elastic range or for small strains the stresses can be 
obtained by Equations {1} and [2] by replacing t, by ¢ and d, 
by d. For the elastic range and small strains, the values of 
« and «, as obtained by Equations 
to « and ¢, respectively, and the measured nominal strains, 


and 


and [6], become equal 


therefore, can be plotted. 

The “biaxial vield strengths’ for various values of the biaxial 
stress ratios, as obtained from Fig. 5, are tabulated in Table 
1. These strengths are determined based upon an equivalent 
offset strain ® A comparison of the biaxial yield strengths as 

*“A New Method of Defining Failure in Members Subjected to 
Combined Stresses,"’ by J. Marin, Trans. American Society of Metals, 
vol. 29, 1941, p. 1013; or “Mechanical Properties of Materials and 
Design,”” MeGraw-Hill Book Company, Ine. New York, N. Y 
1942 
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stress stress stress 
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0 0 


Stress ratios——. 
1.00 
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41900 
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based on Table 1 with the stress, shear, and distortion-energy 
theories is given in Fig. 6. In Fig. 6, ¢, represents the yield 
stress in axial tension. An examination of Fig. 6 shows that the 
distortion-energy theory is in good agreement with the test 
results. 

The “biaxial nominal ultimate strength” based on the original 
cross section, and the ‘true fracture strengths,’’ based upon the 
dimensions at fracture, are given in Tables 2 and 3 for various 
biaxial-stress ratios. Figs. 7 and 8 give a comparison of these 
strength values with the maximum-shear or stress theories and 
shows that there is reasonably good agreement between test 
In Fig. 7, o, represents the nominal ultimate 
Average 


results and theory. 
stress, and in Fig. 8, o, is the true 
test values indicated in Figs. 6, 7, and 8 


three tests 


fracture stress 


represent average of 
The “plastic stress-strain relations’ are compared with the 
deformation theory in Fig. 9. Fig. 9 shows the relation’ be- 
tween the significant stress and the significant strain where 


\ 


oz, and o; are the true longitudinal, lateral, and radial 
stresses, respectively ; and « are the true longitudinal, 
lateral, and radial strains, respectively In Fig. 9 a plot of the 
significant stress and strain for each stress ratio is given. Fig 
10 gives the significant stress-strain plots for all the constant- 
stress-ratio tests, using the same origin for all tests. If the 
deformation theory is correct all the foregoing stress plots should 
coincide with the uniaxial true stress-strain relation. From an 
engineering point of view, the agreement between the stress- 
that the deformation theory can be 


where 


and 


strain relations shows 
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TABLE 2 NOMINAI FOR CONSTANT 


ULTIMATE STRESSES 
STRESS RATIOS 


Nominal 


Nominal 


¢ Biaxial ultimate ultimate 
stress ratio tress ou stress orm stress ratios 
0 66900 1.00 


Longitudina 


tension 
0 50 62150 30000 0.93 0.45 
1.00 64900 63000 0.97 0.94 
1 31 46400 60000 0.69 0.90 
2 00 29500 59000 O44 0.88 


RESSES FOR CONSTANT-STRESS 
TIOS 


SONFICANT STRESS 


TABLE 3 TRUE FRACTURE 8ST 
RA‘ 


True True 
Biaxial fracture fracture 
stress ratio stress oir stress oo Stress ratios 
a= ofa (psi psi) r ore 7] one 
0 72890 0 100 0 


Longitudina! 


64640 ».43 

1.00 72620 74940 100 1.03 
1.31 51170 70620 0.70 0.97 Fic. 9 

63040 0 88 
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TABLE 4 NOMINAL AND TRUE DUCTILITIES FOR OONSTANT ' 
BIAXIAL STRESS RATIOS 


Biaxial Nonunal True 


stress ductility duetility 
| ratio in. ‘in in. /in 


Longitudinal! 
tension 


; 0.50 0.039 0.038 
1.00 0.055 0.054 
1.31 0.065 0 063 


0.035 0.034 


theoretically based on the deformation theory and the stress 


pg | theory. Table 4 lists the values of the measured nominal and 

P OAVERAGE TEST VaLuEs | | true ductilities for the various biaxial stress ratios considered 
These values correspond to the maximum principal strains at 

| fracture. Table 4 shows that the experimental values of the 

2 Ri dod i ductilities do not agree with the theoretical values. The dis- 
| crepancy may be due to the presence of a nonuniform state of 

: 4 stress at the necked-down section of the specimens prior to 

fracture, the recording of an average strain for a 2-in. gage length 
sTaEss Ratio + Oye, other than a local strain), or the inadequacy of the theory used 


for obtaining the theoretical strain values 


Fie. Compxrison or Tavue Biaxtat Fracture Srresses Witn Test Results—Tests With Variable-Stress Ratios. The true 
Maximem-Strress THeory 


stress-strain relations for the variable-stress-ratio tests are shown 
in Fig. 11. In these tests the internal pressure was first applied 
considered to give 4 fair approximation for the plastic stress- to a preselected magnitude. Axial load was then applied to the 
strain relations under combined stresses. specimen to fracture, while the internal pressure was kept con- 
“Ductility” values under biaxial stresses can be determined stant 
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Fig. 12 shows the relation between the sign#ficant stress and 
significant strains for the various tests as obtained, based upor 
A comparison of the significant stress- 
strain relations in Fig. 12, with the simple tension true 
stress-strain values is shown in Fig. 13. The agreement be- 
tween the stress-strain relations in Fig. 13 shows that from an 


Equations {7} and [8]. 


engineering point of view, the deformation theory is a good ap- 
proximation, that is, true stresses and strains with variable biaxial 
tensile-stress ratios can be predicted by the deformation theory. 

The constants k and n used to obtain the theoretical values of 
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the ductility® were calculated based on the log-log plots in Fig. 

14, that is, the true stress-strain relations in Fig. 14 are defined 

by o = ki" where o = the true stress, and 5 = the true strain 
CONCLUSIONS 

For the annealed and reheat-treated 245-T aluminum-alloy 
tubing tested, and for biaxial tensile stresses, it was found that: 

1 The biaxial yield strengths can be approximately predicted 
by the distortion-energy theory. 

2 The nominal ultimate and true fracture biaxial strengths 
are in approximate agreement with the maximum-shear or stress 
theories 

3 The values of the biaxial nominal and true ductilities are 
less than the values for simple tension and do not agree with 
values predicted by the deformation theory 

4 For 


tests, 


both the constant and variable biaxial stress-ratio 


engineering purposes, the plastic stress-strain 


predicted approximately by the deformation 


and for 
relations can be 
theory 
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Boundary 
By R. D. MINDLIN! anp L. E. 


A procedure is described for extending the method of 
separation of variables to the solution of beam-vibration 
problems with time-dependent boundary conditions. 
The procedure is applicable to a wide variety of time- 
dependent boundary-value problems in systems governed 
by linear partial differential equations. 


INTRODUCTION 


T happens frequently that vibration problems have to deal 
with continuous systems of which one or more boundaries 
are constrained to undergo displacements or tractions which 

vary with time. Simple examples include a cantilevered beam 
whose clamped end experiences a lateral-displacement pulse, a 
rod subjected at its ends to varying longitudinal pressure, or a 
plate whose edge is twisted by an oscillating edge moment. In 
other cases the time-dependence of the boundary condition is itself 
the object of investigation as when one structural element inter- 
acts with another, or when we wish to infer the state of strain at 
one end of a structure from continuous measurements made at an- 
other end. Al) of these problems are characterized by the fact 
that the boundary conditions are not “stationary” and on’ this 
account, solutions are not, in general, obtainable by the classical 
method of separation of variables, although solutions do appear in 
the literature for a number of special problems of this type.* 
The present paper includes these solutions as special cases. In 
it is developed a general method by means of which the time-de- 
pendence is removed from the boundary conditions. The remain- 
ing problem then can be solved by any one of the classical or 
numerical methods available for handling the free- or forced-vi- 
The method is here developed for and applied 
It is equally 


bration problem 
to the problem of the flexural vibrations of beams. 
applicable to time-dependent boundary-value problems in the 
flexural vibrations of plates, the torsional vibrations of shafts and, 
in fact, in a wide variety of systems governed by linear partial 
differential equations 

Problems of this type have been solved by the method of 
Laplace transform, but the present method employs more ele- 
mentary mathematical techniques and is applicable in certain 


cases where the transforms do not exist or their inverses are 
not known. 
STATEMENT OF PROBLEM 
der a structure whose displacement is governed by the 


equation 
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Beam Vibrations With Time-Dependent 


GOODMAN,? NEW YORK, N. Y. 


Conditions 


Otw O*u 
a’? + = 
or pA 


This is the case if the structure is a prismatic beam executing 
flexural vibrations according to the simple Bernoulli-Ekuler or 
Then the symbols have the meanings 


classical theory of flexure 


deflection of beam 

position along beam; z = 0 is one end of beam 
is the other end 

p = density 


=! 


A = cross-sectional area of beam 
a* EI /pA, where E and J are Young’s modulus and the 
second moment of area of the cross section of the 
beam, respectively 
q(x)p(t) = external load per unit length of beam, If the load 


does not vary with time, p(t) = 1 


The method to be described applies equally well if the rotatory 
inertia, shear, damping, and elastic foundation terms are included 
in the differential equation, but they are omitted for simplicity. 

In the following development, the symbol D,; is used to repre- 
sent a linear differential operator of order 0, 1, 2, or 3, as the 
boundary conditions of the problem dictate, that is, D,[w] 
stands for w, or Ow/ Or, or O*%w/Ox*, or O*w/dz', or a linear com- 
bination of these operations. With this notation the boundary 
conditions can be written 


Dy lw 0,¢)| = 
D = 


2 


2) 
IMO, 


= 34) 
For example, if the beam in question is a cantilever clamped at 


1, Ds = 0/dz, = 


while the displacement and slope at x = 0, and the moment and 
shear at z = / may be required to vary with time according to 
I(t. 
when the end of the beam is spring-restrained against displace- 


Linear combinations of the operators occur, for example, 


ment or rotation. 
The initial conditions of the motion are specified by two arbi- 


Ou 
u 
Ot 


A difficulty in solving problems of this type by the method of 
separation of variables arises when not all of the functions f,(t) 
vanish. The method of separation of variables breaks down when 


trary functions 


3} 


applied directly because it is not possible to satisfy Equations [2] 
by adjustment of the 7-dependent function 


Mernop or Souvt1on 


The foregoing difficulty may be resolved by separating the 


solution into two parts, one of which is later adjusted so as to sin 


plify the boundary conditions on the other. We take 
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. 
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w = t) + . [4] 
i=l 


Substituting Equation [4] into Equation [1] we find that ¢ must 
satisfy the differential equation 


or q(x 
of? pA 


4 


i=l 


where Roman superscripts indicate differentiations with respect to 
x, and dots indicate differentiations with respect to time. 

In addition, the assumed expression for w, Equation [4], must 
satisfy the boundary conditions, Equations [2]. Hence 


4 ) 
DAO, O} = XO {O)1F,(0), = 1,2 | 
16) 
4 
D led, = f(t) — Dlg = 3,4 | 
Finally, the initial conditions, Equations [3], become 
4 
0) = we — | 
i=l 
ax 4 [7] 
wo 


The functions g,(z) are now chosen so as to reduce to zero the 
right-hand sides of Equations [6]. To assure this, it is sufficient 
to satisfy the 16 conditions 


= 1 
Dz{g(0)| = 0 
= 0 
= 0 


D,{[g(0)| = 0 
= 1 | 
= 0 | 
Dilg(D] = 0 | 
(8) 
D,{g(0)| = 0 
= 0 


D,(g(0)| = 0 


= 0 | 


= 1 D;{ad1)| = 0 
= 0 = 1 
or, in more abbreviated notation 
D,\g(0 J = 1,2, = 1,2,3,4 | 9 
Dlg(D| = 6, j = 3,4, = 1,2,3,4 ) 


where 6,, = Ofori 4 j and = 1 fort = 7. Bach column of 
Equations [8] provides four conditions on one of the four fune- 
tions g,. In order to be certain of being able to satisfy these con- 
ditions in all cases the g,; are taken to be polynomials of the fifth 
degree ing 


% a, +h + er? + dor? + + = 1,2,3,4 [10] 


choosing the coeflicients according to the following rule: 
Substitute each of the g, in the appropriate (ith) column o 
Equations {8}. In each case, there will result a set of four linear 
algebraic equations governing the coefficients of the particular 
function g,. If more than four of the constants a, . f, appear 
in these expressions, reduce to four the number which do appear 
by setting equal to zero the coefficient of the term of highest de 
gree in 7 and also, if necessary, the coefheient of the term of see- 
ond highest degree. If any of the constants a, f, does not 
appear, set it equal to zero.””) In this way the four conditions or 
the coefficients of each of the g, will always be expressed by means 
of four linear, independent, algebraic equations in four unknowns 
These equations determine the constants of Equations [10] so as 
to satisfy Equations S|. With this choice of the functions qg,, the 
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boundary conditions expressed by Equations [6] become those of a 
“stationary”’ problem 


i = 1,2) 


t)] = 0 
i=34f 


| 


Usually only a third-degree polynomial is required for the func- 
tions g;. The additional terms are included to accommodate ex- 
ceptional cases as, for example, when time-dependent moment 
and shear are prescribed at both ends of the beam. It should be 
noticed, also, that it is necessary only to compute those of the g, 
for which the corresponding f,(t) do not vanish. 

It remains to find the function ¢{(z, t) satisfying the differential 
equation, Equation [5], the boundary conditions, Equations [11], 
and the initial conditions, Equations [7]. This can be done in the 
classical manner. We seek a solution in the form 


> {12} 
n=l 
where 


and assume that the functions X, will be orthogonal‘ with respect 
to the interval 0,/ so that q(x), g,(z) and g,'¥(z) can be expanded 
in series of functions X, by means of the expansion formulas 


az) = Q.X, | 
= Gi.X | 
| 


where the constants Q,, G,,, and G,,* are given by the expressions 
Q.= 
F X,2%dr 
| 
Sf NX 2dr | 


1 | 
G..* | 


After substituting Equations [12] and [13] in Equation [5] and 
separating variables, the equations governing X, and 7’, are read- 
ily solved 


Y.=(C. cos + D, sin + FE, cosh + F., sinh 
l l l 
15] 
1 t 
T, = A, cos w,t + B, sin w,t 4+ P,(r) sin w,(t ryt 
w, J 0 
[16] 


‘The conditions under which the functions X, are orthogonal with 
respect to the interval 0,/ are well known (5). It is sufficient to note 
that this is the case if the ends of the beam are fixed or free or simply 
supported or restrained against translation or rotation by linear 
springs. ‘These include all the types of end conditions which can arise 
from Equation [11]. In a private communication, Dr. R. W. Ham- 
ming has shown how to extend the method to nonorthogonal func- 
tions by introducing the adjoint equation. 


valde 
fot 
ike 
(13) 
| 
| 
4 
di 
| 
\ 
4 


MINDLIN, GOODMAN 


where 


Pr 
Pir) = Q, 
oA 


Equations [15], [16], and [12] determine the form of § The 


and F,, are adjusted to satisty 


constants of integration C,. D, 
the simple boundary conditions, Equations {11}, which also de- 
termine the transcendental equation governing m,, and hence the 
natural frequencies w,. This part of the solution is identical with 
the free-vibration case. The initial conditions given in Equations 
[7] serve to determine the constants of integration A, and B,,. 


Since 


BX 
we must have 
4 
i=] 
4 
fo X 2dr 


This completes the formal solution of the problem 


17) 


APPLICATIONS OF THE MrTHOD 


As a first illustration, consider the vibrations which 
end of a cantilever beam is actuated by a 


Example 1 
arise when the “free” 


cam. Taking the fixed end of the beam at r = /, the boundary 


ow 
= = w(i,t) = 0 
Or® or], 


where f,(t) is the transverse displacement enforced by the cam. 
Applying the rule of the 


conditions are 


w(O,t) = f,(t), 


For convenience take we = wo = 0 


previous section we have 


a= 1 Is 


Application of the boundary conditions to Equation [15] vields 


mit 


= sinh m, sin sin sinh ly 


“ he re 


tan m, = tanh m 
From Equation (14 
= 2/|[m,(sinh m sin m 
and from Equations {17 
1, = —f(0)G, 
B, = 


so that a general solution of this problem is 


BEAM VIBRATIONS WITH 


TIME-DEPENDENT BOUNDARY CONDITIONS 


20) 


nel m, (sinh m, sn 


Special cases of this general solution may be obtained by substi- 


tuting the corresponding values of f; in Equation {20} (6 
The clamped end of a cantilever beam undergoes a 


Example 2 


damped sine-wave displacement transient, starting from rest. 
then we 


As before, we take the clamped end of the beam at r = / 


ire given 


From Equations (15) and [16 


mt mt 
sin + sinh (cos m, + cosh m, 


mr 
cos + cosh (sin 


sinh » 


cos m, cosh = 
= 1 
Ga = coth m, cot m,jm 
4,=0 


wy, 
= A Gian we, f rT) sin at 
Jv 


and a complete solution is 


w= Ae sin wf 


Special Case 
When the time-dependent functions in the boundary conditions 
are simple cireular or hyperbolic or exponential functions, it is 
sometimes advantageous to choose the g,(r) in other than poly- 
nomial forms Although these cases can be handled by the gen- 


eral method described in the preceding sections, the solution may 


be put in a form more suitable for computation by means of the 
following device: 
If, for example, the f,(t) are 


simple trigonometric functions, 


then 


If we choose 


} 
on 
4 jt 2 2 
4 
t 
= l» = Db, = 1 
1 
=f wf, = 0, = Ac~™ siz f 
— 
q 
| | 
q 
w 
4 
4 
j 
LY, 
(coth m, cot m 
+ sin + ¢ san wf 21 
¢: = tan™! 28e,/(3* + w wy 
‘ 
P 
i= 
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Ik 
g(x) = a; sin 
a a 
1, sinn 


then the right-hand side of Equation [5] will reduce to zero (ex- 
cept for the distributed-load term, if any), and at the came time 
the constants a; .... d; of Equations [22] may be adjusted so as 
to satisfy the 16 conditions given in Equations [8]. Having re- 
moved the time-dependence in this manner, the solution proceeds 
exactly as before except that the summations with respect to # 


[22] 


do not appear in Equation {16}. 

This variant of the general method takes advantage of a spe- 
cial form of the time-dependence of the boundary conditions, and 
therefore cannot be used in general. Where ‘t can be employed, 
it serves to remove from the summation sign the forced part of 
the solution. This part of the solution is expressed in closed 
form. 


Example 3. As a simple example of the special method, con- 
sider a simply supported beam, initially at rest, one of whose ends 
z = /, is subjected to an oscillating bending moment of amplitude 
M and frequency w,. In this case the given quantities are 


DR=1, 
or? Or? 


fi = fe = fs =0, 


= 1, 
fe = —M sin w/t 
Wo = Wo = 


The constants of Equation [22] are to be adjusted so as to satisfy 
the conditions expressed by Equations [8]. When this is done 


| 


Ma | 
Mg (z) = 1 si cosec he 


sin \ xr cosec 


Equation [23} gives directly, in closed form, the amplitude of the 


[23] 
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steady state or forced vibration. It remains to complete the solu- 
tion by writing out the transient. From Equation [15], together 
with the boundary conditions of Equations {11] 


ner 
X, = sin 


n*xta 


From Equations [16] and [17] 
A, =0 
M 2w a (—1} 


T, = B, sin w,t 
The complete solution of the problem is therefore 


| wy 


sink xr cosect 
r cost 
a 


ner n*x*at 
sin sin - 


l (24) 
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This paper contains an exact closed solution for the 
temperature distribution in a preheated air jet when the 
flow is steady andlaminar. Both the two-dimensional and 
the axially symmetrical cases have been treated. The 
solution is immediately applicable to other similar prob- 
lems of diffusion. 


INTRODUCTION 


HE velocity distribution in a steady laminar air jet issuing 
from either a slit or a small hole in a plane wall was ob- 
tained in 1933 by Schlichting? who used the boundary- 
In 1937 Bickley*® 
In the pres- 


layer equations as the equations of motion 
gave a closed solution for the axial-symmetry case 
ent paper the air issuing from the opening is supposed to have a 
temperature difference from the air surrounding the jet, and the 
resulting temperature distribution is sought. If the additional 
velocity induced by the nonuniformity of temperature distribu- 
tion is smal] as compared with the velocity obtained for isothermal 
jets, it can be neglected and the velocity distribution can be 
assumed to be practically the same as obtained by Schlichting 
and Bickley. Under this assumption, the equation for tempera- 
ture distribution can be solved easily. 

It should be noted that the solution is directly applicable not 
only to precooled air jets but also to problems where some prop- 
erty other than heat is undergoing diffusion. For instance, if 
oxygen is being discharged through a small slit or a small hole 
into an open space filled with nitrogen, the concentration of oxy- 
gen at different points in the jet can be obtained directly from 
the corresponding solution by making the necessary changes of 
physical constants 

It may be remarked that although the true line or point source 
cannot be realized, the solutions are still valid at a distance 
sufficiently large as compared with the dimension of the opening. 


Cast 


In a plane perpendicular to the slit, the trace of the slit is taken 
as the origin, the center line of the air jet the z-axis, and the 
The velocities in the z- and y- 
Using ¥ for 
the kinematic viscosity,» for the 


trace of the wall as the y-axis 
directions are, respectively, denoted by u and t 
the stream function, » for 
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density, and M = [ad pu*dy for the momentum flux per unit 
length of the slit, the Schlichting-Bickley solution of the system 
(with proper boundary conditions) 


ou O*u 
v 


gives 
3M? 
(2) 
Me 
sech*¢ — tanh €).. {3] 
fipxr? 
where 
M y 
48pr? 


Denoting by 7 the original temperature of the free space into 
which the heated air jet is discharged, by 7 the temperature at 
any point of the free space, and by @ the quantity (7’ — 7T»)/T», 
the equation for temperature distribution can be written 


«( 


oy? 
where a = k/(pc,) is the thermometric conductivity, k being the 
thermal conductivity and c, the specific heat at constant volume. 
Assuming, as in the case of velocity, that 0°/dz* is uniformly 
small as compared with 0*6/dy? (the assumption being justi- 
fiable a posteriori) Equation [4] can be written 


az? [4] 


[5] 
The flux of temperature difference per unit length of the slit 
with 7) as the datum temperature, is defined to be 


H = —T)dy = To 


which, in view of the steadiness of motion, must be independent 
of z. A dimensional analysis shows that @ must be a function of 
the three dimensionless quantities H/(7T'w), and 
In order that the right side of Equation [6] can be reduced to 


H, it is readily seen that @ must be of the following functional 


where the function ¢(£) is to be determined from Equation [5} 
Substitution of Equations [2], [3], and [7] in [5] gives, after 


form 


H 
Tw 


Me 


simplification 


sech? + tanh = {8} 


where o = v/a is the Prandtl number. As ¢'(0) = 0, integra- 


tion of Equation [8]| gives 


+ 
or Oy oy? 
? {1} 
oy oy ; 
@ 
T Oy or 
00 08 
+ 
| 
= 


JOURNAL OF 
t'(é) = —2et(t) tanh 
\ second integration then yields 

t(g) = C sech*% 
where C is to be determined from Equation [6|. Substitution of 
Equations [9] and [7] in [6] gives 


C = 


I-quation [7 | then becomes 


«CS 


2 
7 =C sech*? ¢ 
7 7 H (.£-) ch 11} 


where C is given by Equation [10| 1,C = 0.455. For 
air under normal conditions ¢ = 0.733, and by numerical integra- 
tion C = 0.421 

It may be noted that when o = 1, the solution for @ is of exactly 
the same functional form with respect to ¢ as that for u, as it 
should be, since Equations [5| and the first of Equations [1] are 
exactly the same for» = a. From Equation [11] the use of the 
boundary-layer Equation [5] can be justified a posteriori 


Foro = 


AXIALLY SymMMeTRICAL Case 


In a plane containing the center line of the jet, the opening is 
taken as the origin and the center line of the jet as the x-axis 
from which r is measured in a radial direction. The longitudinal 
and radial velocities are denoted by u and v, respectively. Using 
¥ now for Stokes’ stream function, Schlichting's solution of the 
system (with proper boundary conditions) 


= 


1 (= ) 
4 \ wpv? r 


VW now being the total momentum flux and is equal tof, 2arpurdr 


« 
« 


> 


Retaining the meanings of 7), a, and @, and under the assumption 


that 0% Or? is uniformly small as compared with 
lo oe 
ror \ o 


the equation for temp distribution can be written as 


“2 
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The total flux of temperature difference, with 7) as the datum 
temperature, is defined to be 


H = — = Ty (16 


which, in view of the steadiness of motion, must be independent 
of z. A dimensional analysis shows that @ must be a function of 


the three dimensionless quantities 


H 


and 
Twr py? 


In order that the right side of Equation [16] can be reduced to 
H, it is readily seen that @ must be of the following functional 
form 

H 


Twr 


= 


where the function ¢() is to be determined from Equation [15 
Substitution of Equations [13], [14], and [17] in Equation 
15] gives, after simplification 
2nt(n) n't'(n) 


[t’(n) + 
o 


which can be immediately integrated to 


nt(n) nt'(n) 


the constant integration being zero, since t(n) and t’(») are both 


finite = 0. A second integration vields 


By substitution of Equations [17] and [18| in [16], C ean be 


readily determined to be (1 + 20)/(8r). Equation [17]! then 


becomes, by virtue of Equation [18 


It may be noted that when o = 1, the solution for @ is of exactly 
the same functional form with respect to » as that for u, as it 
should be, since Equation [15] is exactly the same as the first of 
Equations [12] for » = a. From Equation [19], the use of the 
houndary-laver Equation [15] can be justified a posteriori 


CONCLUSION 


The temperature distributions of a two-dimensional and an 
axially symmetrical preheated air jet, when the flow is steady 
and laminar, are given in closed forms by Equations [11]! and 
19], respectively, where the symbols VW and H have different 


meanings as defined in the foregoing for each case 


| 
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| 
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The torsional rigidity, for small elastic torsion, of bars 
of thin-walled open section, is, in general, altered by initial 
tension, compression, bending, or other axial stress. This 
appears in the increase of torsional stiffness of strips due 
to tension, in the decrease to zero in open sections which 
buckle torsionally as columns, and also has an influence 
on lateral buckling of beams. This paper contains an ex- 
tension of the Saint Venant solution for ordinary torsion 
to the problem of torsion in the presence of initial axial 
stress with any distribution on the cross section. The re- 
sults are confirmed by tests, and validate the intuitively 
derived formulas which are in use. 


INTRODUCTION 


IE torsional buckling of compressed bars of open thin- 
walled section demonstrates that torsional stiffness can be 
diminished to the vanishing point by thrust. Tension will 
Increase it An axial stress varying. over the cross section 


bending, residual, or thermal stress may have either effect, 
according to the variation of the stress and the shape of the sec- 
Tron 

The effeet of tension on the torsional stiffness of strips was ob- 
served by L. R. Wilberforce and A. Campbell (1)? in 1913, and a 
simple theory was given by J. C. Buckley (2) in 1914 


tially the same theory was proposed in 1929 by H. Wagner (3) 


to account for the torsional buckling of compressed aircraft 


stiffeners. It involved certain special assumptions. In the un- 


twisted form the “fibers” have compressive stress in) them 


In the twisted form the fibers run through a cross section in a 
The 


stresses with them 


twisted pattern fibers are supposed to carry their com- 


Pressi ve These stresses, acting On a Cross 
section, being no longer parallel to the axis, form a couple about 
the axis as well as a force resultant (the thrust). It is also sup- 
posed that the Saint Venant shear stresses of torsion, corre- 
sponding to the geometrn al twist, appear on the cross section in 
company with the fiber stresses. This point of view (combined 
with an approximate analysis of nonuniform torsion) led to a 
formula for the critical thrust for torsional buckling which agrees 
well with test results (4). It was extended by Kappus (5) to 
unsymmetrical sections, which buckle by twisting combined with 
bending. It was emploved by the author (6) in a theory of 
lateral buckling of unsvmmetrical sections in bending 
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The twisted 
pattern of fiber stress may be regarded as the normal stress on a 


That it is a hypothesis can be shown as follows: 


nonplane section made up of elements of area to which the fibers 
are normal. The shear stresses on this section are taken as the 
Saint Venant stresses corresponding te the geometrical twist 
This is essentially Wagner's representation. Instead of this, 
let the compressed bar be twisted, and then a strictly plane cross 
twist. The normal 
stress on this seetion is strictly parallel to the axis and its mo- 


section made, normal to the axis of the 


ment about it is zero. It is equally plausible to take the shear 


stresses on this section as, again, those of Saint Venant. But 
then the torsion would be unaffected by the thrust. In fact, 


however, at torsional buckling, the shear stresses on this plane 
section are so far from having the Saint Venant values that they 
form zero axial moment. It is evident that in this and re 
lated problems, the precise definition of the cross seetion uncer 
consideration is a matter of the first importance 

A solution of the problem of torsion in the presence of uniform 
axial stress, without special assumptions, has been obtained by 
Biot (7) from general equations for small deformation in the pres- 
ence of initial stress, which follow by linearization from his gen- 
eral nonlinear equations of elasticity. The torsional rigidity 
found is the same as that obtainable from Wagner's hypothesis 

A solution for initial axial stress nonuniform over the cross 
section is derived in the present paper. It vields the same tor- 
sional rigidity as does Wagner's hypothesis, and thus validates 
the terms obtained from this hypothesis in the equations of lateral 
buckling from a state of pure flexure, or pure flexure combined 


with thrust (eccentric thrust) (6) 
Crows or Generar Equations 


Phe differential equations of equilibrium, and the boundary 


conditions of equilibrium, in terms of stress, are the same for a 


ke 


small deformation, provided co-ordinates, areas, and normals 


deformation as they are for 


solid which has undergone a finite 
employed in the specification of stress and the boundary condi- 
tions are those of the final state When the undeformed bound- 
ary 18 given, It is expedient to use the co-ordinates of the unde- 
formed state as independe nt varnables, and the equations are 
then transformed into a formally less simple set involving the 
displacements. The precise form obtained depends upon which 
of several available choices is made for the specication of st ross 
Two distinct formulations of the general equations are available, 
(a) by Trefftz (8) and Kappus (9), (6) by Biezeno and Hencky 
(10), Biet (11) been discussed further by Neuber 
(12), and Prager (13). The problem in hand is solvable in each 


these have 


of these two sets of equations. Of the two, the selution found 
in terms of (a) is considerably simpler than the selution found in 
terms of (b). Only the former is given here 

Lat Or, Oy, Oz be fixed rectangular axes, and sz, y 
nates of a particle of the body in the initial state (either the un- 
strained state, or a state of initial stress) Three 


dx, dy, dz, in the interior, form an infinitesimal reetangular block, 


the co-ords, 
line clements 
which in the deformation is displaced and strained into an in- 


The 


resolved into (nonorthogonal) components parallel to the edges 


finitesimal parallelepiped force vector on any one face is 


of the parallelepiped. These components, divided by the original 


‘ 
‘ 
} 
| 
7 
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area of the face, are Trefftz’s stress components (ky,; 
z, y,2). They form a symmetric tensor. 


The differential equations of equilibrium (in the absence of 
body force) are three of the type 


ou or 
+ ) + key — + bes 
or or Oy Oz 


the other two boing obtained by cyclic permutation z 
u, v, w are the displacement components, 


u; 
i.e., the particle at z, y, z, moves toz + +v,z + w. 

The boundary conditions of equilibrium are three of the type 


ay + k,, = | 


a, 8, y being the direction cosines of an element dS of boundary 
surface at z y 2, all in the “initial” state, and p,dS the z-com- 
ponent of boundary force in the final state, on the element into 
which dS is deformed and displaced. The other two are ob- 
tained by cyclic permutation, including a —+ 8 ~ y > a. 

The initial state may be taken to be one of initial stress given 
by ordinary Cartesian components S,,, and for the final state we 
may write 
ky = + Sy [3] 


Sy» being stress increments accompanying the displacement. 
Inserting Equation [3] in the equations of the type of Equation 
{1], and dropping nonlinear terms such as s,, 0u/Oz, we obtain 
three equations, valid for small deformation from the initial 
state, of the type 


Since equilibrium in the initial state requires satisfaction of the 
three equilibrium equations of the ty yp 


OS,, 
or oy oz 


Equation [4] may be written 


In the boundary condition, Equation [2], p, may be replaced by 
f, + Af,, where f, is the value for the initial state, so that 


DECEMBER, 


as + BS,, + 


On inserting Equation [3], dropping such nonlinear terms as 
s,, Ou Or and taking account of Equation [7], the boundary 
conditions become three of the type 

Ou 


as,, + B8y + T [s. 


The stress increments will be taken as related to the accom- 
panying deformation by the usual linear stress-strain relations 
of the homogeneous isotropie elastic solid, of the types 


Ou ( ) G (2 + ou 


So.urion FOR TORSION 


We now seek a solution of the sets of equations typified by 
Equations [6], [8], and [9], to represent small torsion of a uni- 
form bar in the presence of initial stress Suv, by postulating 


Oyz, v = Oxz, w = w(z, y) {10} 


3 


with @ (the twist per unit length) a constant, exactly as in the 
Saint Venant torsion theory. As in that theory, Equations [10] 


substituted in the stress-strain relations of the type of Equation 
G G (22 
8,, = G yw), %. = Gl — 
Or oy 


er) 
and these are independent of z. 
The last six terms on the left of Equation [6], and its two com- 
panion equations, are reduced by Equations [10] to 


9} vield only two nonzero stress components 


2 S,.9, 


respectively. These vanish if the initial stress consists of axial 


stress S,, only. To satisfy the equilibrium Equations [5] of the 
initial state, there being no body force, it is then necessary that 
S,, be independent of z. If S,, 


must be end loads consisting of uniform thrust or tension, 


is due to applied forees, these 
and 
bending couples. S,, is then a linear function of z and y. But 
S,, may also be residual or thermal stress with a less simple dis- 
tribution. 

With S,, a function of z and y only, the torsion stresses, Equa- 
tion [11], satisfy all three equations of the type of Equation [6)} 


provided 


12} 


which represents the last one. 
Applying the boundary conditions, Equations [8], to the 
= 0, and, since the surface 


identi- 


irved surface of the bar,? we have + 
yY, The first two of the 
sttistiod The third reduces to 


Ol ete three are now 


+ Bes 0 13 


re Sy: 

and [13] are the equations of 
It follows that when @ is pre- 
rmined in terms of it exactly as in that 


But Equations [10], [11], [12], 
the Saint Venant torsion theory 


seribod, w, 8, Sy, are dt te 


* Taken as exactly cylindrical in spite of the initial stress 


= 
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theory. This does not mean, however, that the torsion is un- 
affected by the initial stress. We have yet to evaluate the 
torque required to maintain this torsion, and this is affected. 
The z-component of force per unit initial area, acting on the 
end z = 0 of the bar, Fig. 1, in the direction of the fixed r-axis 


DisPLACEMENT 


VENANT 


Fic. 1 Loapina Impiiep BY SAINT 


is obtained as f, + Af,, f, being given by Equation [7], and 4s, 


by Equation [8], witha = 6 = 0,7 = 1, and similarly tor 
the other components. Then 

(14) 


J, and f, being now zero. 
The force resultant in the z-direction on the end z = Ois 


F, = —SSs,, + 0S S'S,,y 


The first integral vanishes as in the Saint Venant theory. The 
second is the moment of the initial axial stress about the z-axis 
Thus 

F, = 0S S'S, ydrdy; Fy ~ ; 

F, = 


The end force distribution specified by Equation [14] forms 
a moment not only about the z-axis (torque), but also about the 
In computing these we recall that by definition 


(15) 


z- and y-axes 
the components, Equations (14), when multiplied by dz dy give 
force elements which act on the element of area as it is in the 
final state, with displacement u, », w. Thus the torque is (as 
in Fig. 1, on the left-hand end z = 0) 


T= SS + — + 


At anv other cross section the products 


u)} drdy (16 


But u, r, vanish atz = 0 
4f,-v, Sf,-u are of the second order in the small quantities of the 
torsion, and may be dropped, as have similar quantities already 
differential 


Then, using Equations {14 


8,.4 + drdy + 0S + y*) drdy 


in the linearization of the equations and boundary 


conditions 


T= SS 


The first integral is the Saint Venant torque corresponding 
to the twist @ and may be written GC@, GC being the ordinary 
torsional rigidity. Thus 

T = G00 + Of 
with r? = 22 + y?. 


The final bending moment, on the left-hand end, formed by 
f, + Af, is identical with the bending moment of the initial stress 
distribution, by Equation [14], and the vanishing of u and ¢ 
at that end 

The distribution of force in the final state on the right-hand 
is given by Equations [14] with the signs on the right 


end z 


ELASTIC TORSION IN THE PRESENCE OF INTTIAL 
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reversed, since a = 8 = 0, y = 1. The force resultants and the 
torque (moment about the z-axis) are given by Equations [15] 
and [18] with signs reversed. The bending moments show a 
difference. The moment about the z-axis, in the sense of M on 


the end z = /in Fig. 1, is 


Fey ydrdy + aS S'S,,rdedy 


+ v) drdy 


The first integral in the last member of Equation [19] represents 
the initial bending moment about the z-axis. The second repre- 
sents the initial bending moment about the y-axis 

Similarly, the final bending moment about the y-axis (right- 


handed looking out) is 


= S S8,A2 + u)dzrdy = 


S S'S 
aS S'S,.ydedy 


The interpretation of Equations [19 and 20] is that the initial 
bending moment has simply been carried round with the torsional 
end z = 1. The transverse forces F, and F, of 
, and their reversed counterparts on the endz = l 


rotation of the 
Equations [15 
are required to preserve equilibrium 

We find, therefore, that the simple torsional deformation, 
Equations [10], is maintained not by torque alone, but by 
torque with modifications of the initial bending moment, and 
associated shearing forces. Initial due to tension or 
thrust, and pure bending in one principal plane, will now be con- 
sidered separately 


Stress 


Iniriat. TENSION OR Turust (S,, Constant) 


The solution obtained holds for any choice of the z-axis, the 
axis of the torsional rotations, parallel to the generators of the 
curved surface. If the z-axis is now taken to be the axis of cen- 
troids, the transverse forces F,, F, of Mquations [15] vanish, as do 
20}. The torsion is main- 

stress together with the 


the moments, Equations [19] and 
the 
Equation [18], which becomes 


tained by initial uniform axial 


torque 

T = (GC + S,,J)0 [21] 
where J is the polar moment of inertia of the section about the 
This is the same as Biot’s result (7). The stress 
employs also have the Saint Venant distribution 
corresponding to the twist 6 But the two solutions are not 
the stress specification differs from that of 


eentroid 
components h 
identical, beesus 
Trefftz; Equation [21] of course has a significance independent 
of the stress specification. It confirms Wagner's hypothesis for 
this problem 

A change of the axis of torsion, from the centroidal axis to a 
parallel axis, can be effleeted by a small rigi¢-body rotation, as 


in the Saint Venant theory. In the present problem the tensile 


or compressive forces on the ends must be carried round with the 
small retation, so that the whole system, bar and loads, is merely 


laced in a new position without essential change 
I 


Benpine Srress Apour a Axts 


is taken for this 
coincident with the axis of shear centers, as is convenient 


Choice of the axis of torsion being free, it 
cane a8 
in considering combinations of torsion and bending in general. 
The ini- 
tial stress is due to bending couples M (in the horizontal plane, 
Fig. 1; 
ducing the initial stress 


Ox, Oy are taken parallel to centroidal principal axes 


the other actions shown are not present initially), pro- 


[22] 


met 
4 
Cor 
yme || 
iv 
M 
S,, (y Yo) 
— 
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yo being the y-co-ordinate of the centroid, and J, the moment of 
inertia about a centroidal axis parallel to Oz. 

It is easily verified that the forces F,, F, of Equations [15] now 
vanish, and F’, becomes M@, which is shown in Fig. 1 

The torque, Equation [18], becomes 


( 
T=(GC + 


SS yrrdrdy 


and Ap? is the polar moment of inertia about the shear center 
This agrees with the result obtained from Wagner's hypothesis 
(6). 0 is identical with 
that of the initial state. 

On the right-hand end z 
[20], and [22] 


where 


The bending moment on the end z: = 


= /, we have from Equations {19}, 


M, = Val 


M,M, = 


in addition to the force F, = ——.Mé@and the torque — 7 

The final loading on the bar, represented by all these actions, 
is shown in Fig. 1. The moments, Equations [24], represent the 
initial bending moment rotated through the torsional rotation 6/ 
of the right-hand end. 

It is possible to mount and load the bar in such a way that the 
initial bending moment on the end z = / remains unrotated as 
the bar is twisted, as when the moment is applied through a bear- 
ing in which the bar may turn, Fig. 2. In that case the solution 


M 


hia. 2) Loaping Wirn 
BenpING MoMENT IN 
Fixep PLane 


hig. 3) ANGLE 


must be amended by removing the moment él, and the asso- 
ciated shear forces Mé of Fig. 1. On the assumption of super- 
position as valid for a first approximation, this is equivalent to 
imposing equal and opposite actions, producing a “cantilever” 
bending of the bar, in the vertical plane, coneave upward, The 
slope of one end relative to the other in this bending is (approxi- 
mately) (Mel?) /(2E7,), 1, being the moment of inertia of the sec- 
tion about a centroidal axis parallel to Oy. The ratio of this to 
the slope of one end relative to the other in the initial bending is 
ell, /21,. It is small if 7, and J, are of the same order of magni- 
tude but ray be appreciable if 7, is much less than /,, a8 in a thin 
strip 

Such secondary bending is to be expected when the right-hand 
end of the bar rotates but the applied moment does not, for thy 
latter then has components about both (rotated) principal axes 


of the seetion 
Torsionan Ricipiry 


The principal effect of the initial stress on the torsion is in the 
the change of torsional rigidity. In the absence of initial stress 
(Saint Venant torsion), the stress and torque are the same for all 
axes of torsion parallel to the generators. In the presence of 
initial stress, the torque is given by Equation [18] for arbitrary 
distribution of S,, on the section, and depends upon the position 
of the axis of torsion (Oz) through the term r? in the integral 
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This is not surprising when it is observed that the torque is the 
moment of all loads on one end about Oz and that the initial 
stress S,, becomes inclined to Oz in the torsional deformation 
The simple Cartesian component S,, of the initial state is replaced 
by the Trefftz component &k,,, of the same magnitude, since k,, = 
S,, + But the 
Trefftz component has the direction of the “fiber.” In this, 
and in the existence of Saint Venant shear stress on the warped 


s,,, and in the torsional solution s,, is zero 


cross section, the present solution agrees with Wagner's hypo- 
of the The 
ponents 8,, ye of the present solution are also of course of 
Trefitz’s type. They after the 
torsional deformation by line elements dr, dy of the initial state 
But for the small torsion considered they are not significantly 


thetical representation stress shear-stress com- 
and s 
assumed 


have the directions 


different from Cartesian components, 

It is known that for uniform tension or thrust the second term 
on the right of Equation [18], or [21], can be comparable to the 
first for thin-walled open sections (7). For closed or solid sec- 
tions the first term is so large that the second can be neglected 
Similar remarks apply for initial bending stress. There is then, 
however, the further consideration that the 
Equation [18], or [23] may vanish on account of section sym- 


second term in 
The quantity « in Equation [23] vanishes in the follow- 
(a) symmetry about both principal axes; (6) point- 
(c) symmetry about Or only. It 


metry 
Ing: CASES: 
symmetry (e.g., Z-section) ; 
does not vanish, however, when there is symmetry about Oy only, 
ie., symmetry about the principal axis in the plane of the bend- 
ing. Symmetry about an axis means of course that both cen- 

troid and shear center lie on this axis. 
As an example, the thin angle section indicated in Fig. 3 has 
tht 6y 2. Writing Equation [23] as 


( «M ) 
1 1+ —— 
ccl, 


the term («.M), (@C7,) becomes 6?) (2 G @) where ois the bend- 


ing stress in the extreme fiber. Foro = 2 * 10* psi, G@ = 4 
108 psi, bt = 10, the term is |, 


torsional rigidity if the bending is such that the apex of the angle 


This represents an increase of 


is in compression, a decrease if it is in tension 
MEASUREMENTS 


Tests carried out at Stanford University on the torsional rigid- 
ity of strips in tension, and angle sections in pure bending, have 
shown excellent agreement with Equation [18] in the special 
forms of Equations [21] and [25] appropriate to the tests. 

A strip of 618-T Dural, 1'/) in. '/s,in. X 30 in., was tested 
in torsion under tensile stresses up to 20,000 psi. At this stress 
the torsional rigidity is 4.5 times the ordinary (zero axial stress) 
value 

90-deg-angle section bar lin. 1 in. X 
in torsion under bending moments up to values which doubled the 


2 in. Was tested 
ordinary torsional rigidity 

It is « xpected that these, 
ence of these changes of torsional rigidity on the buckling be- 


and further tests showing the influ- 


havior, will be reported in a later paper 
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Torsional Stress Concentration in Angle 
and Square Tube Fillets 


By J. H. HUTH,' STANFORD UNIVERSITY, CALIF. 


This paper points out the wide variation in the results 
of previous investigations into the stress concentration at 
the fillets of angle sections subjected to uniform torsion. 
The relaxation method is applied and new results are given 
(not in agreement with previous results) for both angle 
sections and thin-walled square tube sections. These 
results are believed to be within about 4 per cent of the 
correct values, and they cover a complete range of fillets of 
all sizes. Also, the maximum shearing stress and tor- 
sional rigidity are given for a prismatical bar whose cross 
section is formed by a circular quadrant tangent to two 
sides of a square. It is pointed out that the stress concen- 
tration in angle sections with generous fillets may be 
lowered considerably by rounding off the outside corner 
in such a way as to keep the thickness of the section every- 
where approximately constant. 


INTRODUCTION 


HE problem is that of determining the shearing-stress 
concentration at the fillet of an angle section subjected to 
uniform torsion. 
Angle Sections. Fig. 1 shows the results of previous investi- 
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gations of this problem.? They 
were carried out either experimen- 
tally with the aid of the soap-film 
analogy, or analytically, using cer- 
tain simplifying assumptions. The 
wide variation in these results pro- 
hibits the drawing of any definite 
conclusions, and indicates the need 
for applying a method in which the 
accuracy depends only upon the 
degree of refinement of a numeri- 
cal process. Therefore the relaxa- 
tion method has been used, and the 
results are indicated in Figs. 1 and 
2 by the heavy line. These results 
are believed to be accurate to within 
about 4 per cent of the true values 
over the entire range. 

Thin-Walled Square Tubes. The 
shearing-stress concentration at the 
fillets of a thin-walled square tube 
was also investigated by the relaxa- 
tion method, and the results are 
indicated by the heavy line in Fig. 
3. As noted in Fig. 3, these results are valid only for the case 
in which the length of the side of the tube is very great (at least 
15 to 20 times as great) in comparison with either the wall thick- 
ness or the radius of curvature of the fillets. The other curve in 


RATIO 


Fia.2 EXTeNnsion OF THE 
Rance or Fie. 1 To In- 
cLupe oF Very 
Larce Rapivus 
(Stress concentration for any 
given value of r/c may be com- 
puted by taking correspotding 
ordinate from this curve and 
multiplying it by r/c.) 


? The results of previous investigations were obtained from the pa- 
per, “Structural Beams in Torsion,” by I. Lyse and B. G. Johnston 
Lehigh University Publication, vol. 9, no. 10, 1935, p. 477. 
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HUTH—TORSIONAL STRESS CONCENTRATION IN ANGLE AND SQUARE TUBE FILLETS 


Fig. 3 was computed from a formula given by Timoshenko.* 
His curve approaches the limiting case of a stress concentration 
of unity asymptotically as the ratio of fillet radius to wall thick- 
ness increases. It is believed that the accuracy of these results 
is about the same as in the case of the angle sections. 


Tueory NEEDED FoR THE TREATMENT OF ANGLE SECTIONS 


In calculating the shearing stress, use was made of the stress 
function which may be defined as follows :* 


1 Tosatisfy the equation 


= 
oz? Oy? 


within the cross-sectional area, where G represents the shearing 
modulus and @ the angle of twist per unit length. 


Op 


2 
or 


where r represents the shearing stress. 
Actually, it was more convenient to work with ¥ which is de- 
fined by 
= 
For singly connected regions, it is permissible to ‘ake y as being 
equal to zero on the boundary. Therefore the problem amounts 
to solving the equation 


(1 
dy? 
with the added condition that ¥ be equal to zero on the boundary 
of the region as shown in Fig. 4. 
At a large distance from the fillet, the solution to Equation 
[1] will approach the form? 


and therefore far from the fillet, we may write 


Tmax = GO = 
oy 
v= 
= Ge 
Os se 


Consequently, the stress concentration may be written as 


An analytical solution for ¥ in the entire region of Fig. 3 
would present formidable difficulties. Therefore the relaxation 
method‘ was applied to obtain the results given in Figs. 1, 2, 
and 3. 

Concerning the accuracy of the results, the author has pre- 
viously solved the problem of the torsion of a prismatical bar of 
square cross section by the relaxation method, and has found 
that for a net size comparable to that used in this problem the 


while at the fillet 


Tmax at fillet 


error in the maximum shearing stress was in the order of 3.5 per 
cent of the exact value, the approximate value being too low. 


“Theory of Elasticity,” by 8. P. Timoshenko, McGraw-Hill Book 
Company, New York, N. Y., first edition, 1934, pp. 228-284. 

«Relaxation Methods in Theoretical Physies,"’ by R. V. South- 
well, Clarendon Press, London, England, first edition, 1946, pp. 38-102. 
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In addition, for one value of r/c, the problem of the angle section 
was reworked using a finer net and the results from the two nets 
were found to be in close agreement, (actually about a 2 per cent 
variation). Consequently, the author feels that the error in the 
stress concentration probably does not exceed about 4 per cent. 


Generar Discussion or ror ANGLE SECTIONS 


Calculation of Stress Concentration for Very Generous Fillets 
If ¢ is held constant while the ratio of r to ¢ is permitted to in- 
crease, the section as a whole will become larger and larger. 
However, if @ is held constant and all the linear dimensions of 
the cross section are multiplied by a constant k, then the shearing 
stress at every point in the cross section will be multiplied by 
the same constant k&. As a result of this, the curve of stress con- 
centration versus the ratio r/« depends only upon the shape and 
not upon the size of the cross section; that is, we can always 
scale down the cross section to a fixed value of r without changing 
the stress concentration 

Then it is apparent that as the ratio r/c increases it is permis- 
sible to think of the fillet radius as being fixed while the leg 
thickness decreases. The larger the ratio r/c, therefore, the less 
will be the influence of the legs on tmx. Consequently, for large 
values of the ratio r/c, the maximum shearing stress in the angle 
cross section may be calculated by using a section bounded by 
two sides of a square and a tangent circle as shown in Fig. 5. 
The maximum shearing stress for the section in Fig. 5 was com- 
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puted by the relaxation method and found to be equal to 0.31 
Gér, while the torsional modulus of rigidity was found to be equal 
to 0.00326 Gr*. For very generous fillets, then, it would seems 
more logical to take the section in Fig. 5 as the basis of the eom- 

This may be done by plotting rma. /rG@ versus ¢/r as in 
Then, for ¢/r equal to zero, the curve must come to a 


parison 
Fig. 2. 
value of rmax /7G@ equal to 0.31. 

Other points on the curve of Fig. 2 may be obtained by taking 
the ordinate of any point on Fig. | and dividing by the correspond- 
ing value of the ratio r/c. In other words, Fig. 2 merely repre- 
sents another way of plotting the results given in Fig. 1. How- 
ever, it brings the region of large fillets into the origin so that 
it is possible to use the further information gained from the limit- 
ing case represented in Fig. 5 

By means of Fig. 2 we then have extended the range of the 
obviously, 


results to indefinitely large fillets for the entire range 


equal to 2tore¢ equal to 


r equal to 0 


from r is covered in the region in 


Fig. 2 from ¢/r equal to '/, to « In order to ob- 

tain the stress concentration corresponding to a given value of 
c, it is necessary only to take the ordinate at the corresponding 

value of ¢/r from Fig. 2 and multiply by the value of r/c 

2 to the limit 


value for ¢/r equal to zero represents a check on the caleula- 


In addition, the conformity of the curve of Fig 


tions, as the limit value was computed independently from Fig. 
5. A few points are also plotted in Fig. 2 from Taylor’s soap- 
film tests. They indicate that these tests were more accurate 
for large-fillet radii than for small radii 


= 
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Comment on Timoshenko's Results for Angle Sections. The re- 
sults of the relaxation process are in very good agreement with 
Timoshenko’s results for small radii of curvature. Timoshenko’s 
results? are based upon the assumption, among others, that the 
shearing stress becomes equal to zero at a point at a distance 
equal to c/2 in along the line of symmetry from the fillet. The 
curves in Fig. 6 show, in fact, that this assumption is correct only 
for fillets with small radii of curvature 
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Unit distance equals 2/5 ¢, and is measured from fillet 


Comment on Lowering the Stress Concentration in lngle See 
trons Fig. 8 shows the lines of shearing stress for both angle 
and thin-walled square-tube sections. The prominence of the 
closed contours for large fillets in the case of the angle sections 


suggests the possibility of lowering the stress concentration by 


rounding off the outside corner. The stress concentration tor 

section as shown in Fig. 9, with r/¢ equal to 2, was found from the 
relaxation method to be approximately equal to 1.07. This i 
much lower than the minimum of the curve given in Fig. 1. Con 


sequently, it appears that the stress concentration in angle sec 
tions can be brought near to unity by the use of generous fillets 
combined with removal of the outside corner (as in Fig. & or by 
rounding) so as to keep the thickness of the section every 
where approximately constant For an angle section 
which the outside corner has been rounded off so as to keep the 
thickness of the section every where equal to c, the lines of shear 
ing stress much more closely resemble those in thin-walled square 


tubes 


Tueory Neepep rok THE TREATMENT oF THin-WALLeD Sau art 


For doubly connected regions it is necessary to add to Equa 


tion [1! the following condition in order to insure continurty of 


displace ements 
frds = 2AGe {2 


Here A represents the area of the region enclosed by the line 
integral of + This line integt il could be evaluated along any 
closed curve enclosing the hole llowever, for convemence, 1 
may be evaluated along the inner boundary of the cross sectiot 
where it is known that the shearing stress will be parallel to the 
line element. Then A merely becomes equal to the cross-sec 
tional area of the tube hole. The additional requirement o 
Equation [2] can be shown to be equivalent to choosing properly 
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cconstant A for a given value? of L, where A represents a fixed 
value assigned to ¥ on the outer boundary of the cross section 
with the value on the inner boundary being equal to zero A 
irge value of L will require a large value of K 

It wus necessary then to calculate the effect of A on the stress 
oncentration In other words, for a fixed ratio of r/c, (r/¢ equal 
to */,), K was varied corresponding to different values of L and 
the stress concentration computed in each case The results of 
these computations are shown in Fig. 7 They indicate, as ex- 
pected, that for L sufficiently long compared to both r and ¢, the 
stress concentration becomes independent of L In all cases 
then, the value of K was chosen suffi iently large to Insure that 
inv further increase in the length L would not affect the stress 


oncentration 
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By R.S. AYRE! ano L 


A simple graphical network is used to determine the 
natural frequencies of flexural vibration of continuous 
beams having any number of spans of uniform length. 
The network is based upon a relatively few calculated 
values. 


INTRODI TION 


HE classical method of solution for the natural frequencies 
of flexural vibration of beams is well known.*? The method 
is, in general, a laborious one when there is more than one 
span, However, in the case of continuous beams of “uniform” span 
length there exists a definite pattern of frequeney Once this 
pattern has been established, the frequency of any mode of a 
beam of any number of equal spans may be determined by a 
graphical network method, to an accuracy of at least three 
significant figures. The network has known boundaries and a 
few known control points. It applies directly to the following 
three conditions of support of the extreme ends of the beam: (1 
Both ends simply supported, (2) both ends rigidly clamped, (5 
send rigidly clamped and one end simply supported. Further 
, the network may be used as a guide in estimating the fre- 
t ies of beams of unequal span length or of beams with end 
(ints intermediate between those mentioned. The effects ot 
shear distortion and of rotatory inertia are discussed briefly i che 
Appendix 
The difficult part of the classical method lies in the caleulation 
of the roots of the frequency equation. Once these have been 
determined the frequencies follow from the simple expression 


f= 
where 
f, = natural frequency of the eth mode im eveles per second 
(cps) 
noe = ith root of frequency equation, where is a dimensionless 
numbe 
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Natural Frequencies of Continuous Beams 
of Uniform Span Length 


S. JACOBSEN,? STANFORD, CALIF 


length of each span 


" 


modulus of elasticity 


7 = moment of inertia of beam cross section with ref 


to its neutral axis 


weight of material of beam per unit of volume 


y = acceleration due to gravity 


The network is a plot of the number n, as a function of the number 
of spans, &; nm, is used, rather than n,*, because of the resulting 


near symmetry of the net 


Among NatruraL Mopps 


Extreme Ends Simply Supported. The first step is to sketch 
as many of the known natural-mode deflection shapes as possible, 
it the same time writing down the known values of n, and noting 
the required number of inflection points, Fig. 1. It is evident 
that the fundamental mode shape, regardless of the number ‘of 
spans, is equivalent to the fundamental of the single-span beam 
Similarly, the | + & mode, regardless of 4, is equivalent to the 
second mode of the single-span case: the | + 24 mode is equiva 
lent to the third of the single-span beam, ete, Symmetry tells 
us that the second mode for the two-span case is equivalent to the 
fundamental of a single-span beam with one end clamped and the 
other simply supported, In the ease of three spans, the second 
mode has a stationary inflection point at the mid-point of the 
beam; the mode is equivalent to the fundamental of a two-span, 
simply supported beam, with one span of length land the other of 
length 1/2. A reduced equivalent to the third mode exists but it 
is not of much practical interest. Considering the four-span 
case next, we see that the third mode corresponds to the second of 
the two-span beam with ends simply supported, Furthermore, 
the second and fourth modes correspond, respectively, to the 
fundamental and second of a two-span beam with one extreme 
end clamped and the other simply supported 

The six-span beam is particularly interesting since the natural 
modes of beams of one, two, and three spans all appear again in 
the SIX-Spal Cast It can be shown that the fourth mode is 
equivalent to the second of the two-span case, and the third and 
fifth modes to the second and third of the three-span beam. The 
second and sixth modes are new forms which originate with the 
SIX-Span beam and can be « xpected to appear again only when & 
is divisible by 6. In the five-span case, & is divisible only by 1 
and 5, consequently we can expect to find already known shapes 
only in the single-span beam Modes 2, 4, 4, and 5 originate 
with the five-span beam and appear again only when & is divisible 
by 5 

An interesting pattern is developing: (1) The values of n, for 
modes of numbers 2 to &, and when & & 2, arrange themselves 
nearly symmetrically about the number 1.250. (2) There are 
A 1 inflection points in the fundamental mode, each being lo- 
cated at an interior support. With each increase in the number : 
of the mode, a new point of inflection appears, in fact there are 


k +a 2 inflection points in any mode. In order to make room 


for each new point the inflection points redistribute themselves 
in a symmetrical manner. (3) As the number of the mode is 
increased, the shape is alternately symmetrical and antisvmumet- 
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k=3 k=4 


2.0 


2k 


Fig. 1 


Narurat-Mope Dertection SHapres, Continvous Beams Wrrn Extreme Expos Supporrep: 
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(The shapes were calculated {rum theory for beams of one, two, and three spans; these were extended, where applicable, to beams of a greater number 


of spans. 
flection in dashed line. The calculated values of ni are also shown. 


Grouping of the Natural Modes. The natural modes fall in 
groups, with as many modes in each group as there are spans in 
the beam. The first group of modes ix associated with the 
fundamental, the second group with the | + & mode, ete. Since 
a single-span beam has an infinite number of natural modes a 
beam of k spans hask- © modes. The values of n, for the second 
group, exclusive of the 1 + & mode, are nearly symmetrically dis- 
tributed about the number 2.250, which is n, for the second natu- 
ral mode of a single-span beam with one end clamped and the 
other simply supported. The grouping of the modes is repeated 
in the following approximate intervals: n, = 1.0 to 1.5, 2.0 to 
2.5, 3.0 to 3.5, ete.* 

Extreme Ends Clamped. Now compare the shapes and the n, 
values of beams with both extreme ends clamped, Fig. 2, with 
those for simply supported beams. Notice that the first row of 
the n,; values in Fig. | has disappeared in Fig. 2; that the second 
n, in each column of Fig. 1, where k 5 2, becomes the first in the 
corresponding column of Fig. 2; that the third n,, where k 5 3, 
now becomes the second, ete.; and that a new row of n, values (of 
constant value, 1.506), corresponding to the Ath mode appears in 
Fig. 2. The kth mode is equivalent to the fundamental of the 
single-span beam with both ends clamped. The 2k mode (n, = 
2.500) is equivalent to the second mode of the single-span beam 
with both ends clamped. The theoretical equivalence in the n, 
values of the two types of beams can be demonstrated by a com- 
parison of the frequency equations 

The relationship between the shapes of the two classes of beams 
is obvious when the number of spans is even, but not so when the 
number is odd. For example, a simple geometric change makes 
the shape of the “fundamental” mode of the two-span “clamped’ 

4 The trend of deviation from the approximate values is indicated 
by the following listing to eight significant figures, of the controlling 
values of n; (based on Rayleigh's ‘Theory of Sound") 

5 000000 


5 250000 
5 500000 


4 0000000 
4 2500000 
4 4999996 


1 9000000 20000000 0000000 
1 2498763 2 2499998 3 2500000 
1. 5056187 2.4997527 3 5000107 


The amplitudes are arbitrary. The calculated shapes and inflection points are shown in full line, t 
Vertical spacing of diagrams is proportional to nj, i.e., to square root of frequency 


estimated shapes and points of in- 


beam exactly equivalent to that of the “second” mode of the two- 
span ‘simply supported” beam, but the geometry of the first- 
and second-mode shapes of the ‘‘three-span” clamped beam does 
not have an obvious relationship to that of the second and third- 
mode shapes of the corresponding beam with simple end sup- 
ports. In both examples, however, resort to the frequency 
equations shows the equivalence in natural frequency. 

One Extreme End Clamped, Other Simply Supported. 
it has been remarked, in connection with Fig. 1, that some of the 
modes are equivalent to those of beams with one extreme end 
Similar equivalence 


Already 


simply supported and the other clamped 
ean be seen in Fig 2 


CONSTRUCTION OF NETWORK 


The network for the first group is shown to large seale in Fig. 3. 
The repetitive nature of the network is indicated in Fig. 4. The 
large-scale network was carried out to a large number of spans in 
order to provide adequate checking. The twenty-four-span case 
is a desirable stopping point since it includes natural mode forms 
which originate in beams of one, two, three, four, six, eight, and 
twelve spans; thus all modes up through the twelve-span case 
have repeated themselves at least once in the network. The 
curves of the network are difficult to construct only in the region 
In order to guide the drafting 
wand of the difference 


of the upper and lower boundaries 
in these areas cross-plots were made of n,, 
between successive values of n,, as functions of ( Two examples 
of cross-plotting have been shown in Fig. 5 

The network for the first group is slightly asymmetrical, while 
those for the higher groups are symmetrical within the limits of 
at least four significant figures. Hence the network of the first 
group does not quite repeat itself. However, the lower half of 
the first net repeats to nearly four-figure accuracy in the higher 
group nets, and if it is mirrored over it also repeats as the upper 
halves of the higher nets. Tables 1, 2, and 3 list values of n,, 
as determined from the net, for beams of from one to twelve 
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tof frequency equation divided by # k = number ofspans; i = number of natural mode. Subscripts refer to type of support at 
ids of beatn:] ss = both end= imply supported; ce = both ends clamped; sec = one end simply supported, other end clamped 


f tangeney with horizontal boundaries, is a solution. The crosses indicate computed values of n, Note 
that net is nearly symmetrical about line, n, = 1.2499.) 
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GROUP 


iskel, ke2.. 


2k 


FIRST GROUP 
i 


3 5 
2 k 
NUMBER OF SPANS 
Rereririve Nature or Nerwork 


bia. 4 


(The network repeats itself in the approximate intervals, ni =_ 1.000 to 1.506, 

2.000 to 2.500, 3.000 to 3.500, ete., with near symmetry about the lines, 

nm 1.250, 2.250, 3.250, ete. Lower half of lower network may be used to 
reconstruct upper and lower halves of any of upper networks 


Ross-PLOTTING 


bac ( 


Construction of the network of Fig 
order to “balance” all intersections of net 
cross-plots of type shown here 


adjustments in 


ured several 
based on 


inal adjustment was 


3 re 


The tables cover only the first two groups of modes but can 


easily be extended to any higher group 
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VALUES OF ni, BOTH EXTREME ENDS SIMPLY 
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* Each bold face value of nm is lowest value in its group 


rABLE 2 VALUES OF a, BOTH EXTREME ENDS CLAMPED* 


308 


625 
725 513 408 
925 

1025 

(228 

1325 


* Rach bold face value of ni, is lowest value in its 
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rABLE 3 VALUES OF m, ONE E 
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is lowest value in its gro 


Appendix 


or Disrorrion anv or Roravory [NeRTIA 
The effect of shear distortion and of rotatory inertia is to re 
If the effect is small it may be ap- 


duce the natural frequencies 
proximated by multiplying the right-hand side of Equation 


by the following factor 
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{I 2) (1 + ak /G 


where the additional notation is 
G = modulus of elasticity in shear 
a = shear deflection coefficient 
= radius of gyration of beam cross section 
When 


square of the characteristic number n, of the natural mode and 
Strictly speaking, the foregoing 


a and F/G are constant, the subtracted term varies as the 


as the square of the r/l ratio 


B05 
applies only to the sinusoidally shaped modes; however, it indi- 
cates the general trend in the other modes 

For a simply supported beam of rectangular cross section with 
1 20, where d is the depth of the beam, and 


a =$2andd/ = 


taking FG = 8/3, the frequeney correction factor becomes 
1 — 0.00513 


or 0.995 for the fundamental modes, 0.980 for all modes with n, 
2.00, ete 
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On the General Theory of Thin Shells 


By W. R. OSGOOD! ano J. A. JOSEPH,? WASHINGTON, D. C. 


In the general theory of shells expressions are obtained 
for the changes of curvature and the twist, and revisions 
are introduced in the equations of equilibrium. 


INTRODUCTION 


N examining Love's general theory of thin plates and shells,* 
we were struck by the unsymmetrical character of his ‘change 
of curvature” r.  Langhaar‘ also recently called attention 
to the lack of symmetry. 
in specific problems have disagreed with the use Love makes of 
his “changes of curvature’ «, «2, and 7. Lamb,® back in 1890, 
b: considerations somewhat diff-rent from those of Love, ob- 
tained expressions for these quantities that du not agree with 


Other authors over a period of years 


Love's but appear to be correct. 
Love's equations of equilibrium also contain inconsistencies. 
It is the purpose of this paper to re-examine certain parts of the 
general theory of thin shells. Following Love's concepts, we shall 
derive expressions for the changes of curvature and the twist, 
and we shall present new equations of equilibrium. The nota- 
tion is that of Love wherever possible. 


GEOMETRICAL CONSIDERATIONS 


It will be necessary to introduce certain components of strain 
and of rotation, which we begin by doing. 

The middle surface of the shell in the unstrained state is re- 
garded as a curved surface, and the families of curves which are 
lines of curvature are designated by a = const and 8 = const. 
The lengths of linear elements of the lines of curvature are Bdg 
and Ada, respectively, where A and B are, in general, functions 
of a, 8. In the deformed state, ‘“‘the curves that were lines of 
curvature become two families of curves, traced on the strained 
middle surface, which cut each other at an angle that may differ 
slightly from a right angle."’"* We denote the cosine of the angle 
by @ and recognize it as the shearing strain corresponding with 
the directions of a and 8, and we denote by e and & the linear 
strains of elements which lie along the curves 8 = const and a 


= const. Love shows that 
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where ‘‘u, v, w denote the components of displacement of any 
point on the unstrained middle surface referred to the tangents 
at the point to the curves 8 = const and a = const, and the 
normal at the point to the surface,”* and Ri, R, denote the prin- 
cipal radii of curvature of the unstrained surface, R, being asso- 
ciated with the curve 8 = const. 

We now introduce in the strained shell a right-handed system 
of moving axes of z, y, z with the origin at a point (a, 8) of the 
middle surface, the axis of z norma! to the surface, the axis of r 
tangent to the curve 8 = const, and the axis of y tangent to the 
surface and at right angles to the axis of z.6 When the origin of 
this system of axes moves in the direction of a, i.e., along the 
curve 8 = const, the directions of the axes change. The com- 
ponents of rotation of the system, referred to the instantaneous 
positions of the axes of z, v, z, are denoted by ‘da, "da, 
so that pr’, qi’, m are the components of the rate of rotation 
Otherwise stated, p,’, q:’, m1’ are the components of the rate of 
rotation of the normal section 8 = const of the shell as one pro- 
When the origin of the sysiem of 
axes moves along the curve a = const, the components of rota- 
tion, referred to the instantaneous positions of the axes of z, y, 2, 
are denoted by p2'd8, q2'd8, r2'd8, that is, ps’, gz’, T2’ are the com- 
ponents of the rate of rotation of the normal sections 8 = const 
of the shell as one proceeds along a = const in the direction of 
8. Note that p.’, go’, re’ are not the analogs of pi’, qi’, m’ 
Love shows that? 


ow 1 OA ( 
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ceeds in the direction of a. 
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* The a,8-system of co-ordinates is considered to be embedded in 
the shell; once an a-line, always an a-line! 

7 In passing, attention is called to the first two of Love's Mquations 
{11}. An error evidently has been introduced in editions subsequent 
to the first (1893); in the first ectly 
an additional term in each, to read 


edition these equations cor 


eoutain 
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hn in this form do they agree with the expressions for ” ame 
in the sets of Equations [2] and [3} herewith 

Discussion of this paper should be addressed to the Secretars 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1951, for publication at a later date. Discussion 
received after the closing date will be returned 
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If now the usual assumption is made, according to which the 
linear elements of the shell that are initially normal to the 
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[3] 


r,’ = 


ustrained middle surface remain straight, become normal to 
the strained middle surface, and suffer no extension, then it can 
be shown that the components of strain referred to the directions 
of z and y are*® 

* Equations [4] can be obtained by equating coefficients of /*, m*, 


and /m in Love's Equation [20] and his preceding equation for r 


and putting & 9. and ¢. and their derivatives equal to zero 
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< R, B 


qe" 
2/R:) 


or to first powers in z 


pr’ | | 


(* 


CHANGES or CurRVaTURE AND Twist 


If we define k,, ky, and 2¢ as the negatives of the cocflicients of 


z in the expressions for ¢,,, ¢,,, and ¢,,, respectively, we have 


On expanding ki, &, and ¢ in terms of the components of the dis- 
placements by means of Equations {1}, [2], and [3}, we find 
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These equations take the place of Love's Equations [26] for 
in particular, the expression for the twist ( is self- 


1 Ow w 
B 


and rT 


symmetrical. The equations agree with Love’s equations only 
when the deformation of the middle surface is inextensional, 
Equations [7! are equivalent to 
If the radical 


11 is expanded by the 


that is, when e = = & = 0. 


corresponding expressions obtained by Lamb.* 
in the fourth of Langhaar’s Equations 
the the coefficient of z in his 


binomial theorem negative of 


equation is 2¢, 
oF Equitiprium 


We turn now to the equations of equilibrium. They are ob- 
tained by considering the equilibrium of an element of the shell 
bounded by the faces and by the surfaces formed by the aggre- 


fa 


gates of the normals drawn to the middle surface at points o 
curvilinear quadrilateral, which is made up of two neighboring 
We denote the 


bounding curves of the curvilinear quadrilateral by a, a + 4a, 


ares of each of the families of curves a and 8 
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B, 8 + 68. Fig. | shows the middle surface of such an element 
in the unstrained state with fixed axes of x, y, z which coincide 
with the tangents to 8 and a at their point of intersection and the 
normal to the middle surface at this point. Fig. 2 shows the 
tniddle surface of the same element in the strained state with the 
stress-resultants 7, S, and N and the stress-couples G and H, 
those acting on the edges a + da and 8 + 68 being distinguished 
by primes 

In writing the equations of equilibrium of the element, the 
components of rotation of one edge rela- 
The 
edge 


tive to the opposite edge enter. 
components of rotation of the 
8 + 68 relative to the edge 8 are 


o(7,B) 
Oa 


08 
Oa 


of T2A) 


4q2'6B, 


r,'68 


The components of rotation of the edge —9(\,B) 
0a 


O(.V,A) 
+ 


a + da relative to the edge a can be ex- 08 


pressed similarly as 
Oa 


GA) 
og 


pi‘ba, qi’da, mba, 


ai’, are analogous to p,’, 
In fact, pr’, qu’, and r,’ are sym- 
and re- 
mn’). Thus 
write im- 
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BR, 


where 

metrically related to qo’, ps’, 
(actually qi’ 


we 
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from Equations [3 + 
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the middle 
are equal to py’, qi’, respectively 


When the deformation of 
pi’, 
We may now express the conditions of equilibrium of the ele- 


Is 


ment by resolving the stress resultants on the edges in the diree- 
In i d- 


Love there should be included 


tion of the axes of x, v, z in the conventional manner.? 
dition to the terms obtained by 
in the equations of moments three more terms arising from the 
Such terms are intro- 


The 


shearing deformation and the rotation 


duced by Sanden and Télke® but. we believe, incorrectly 
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terms are N;ABm,, —N2ABle, and (7: T,)ABa, where m, and 
are, respectively, the rotations about the axis of z of the edges 
const of the element 

1 ov 1 Ou 
A da B os 


2 
3 


const and a@ = 


oB 
AB da’ 


oA 
1B og’ 


u v 


my 


m, is given on page 522 of Love? and 1, is the symmet.ical expres- 


sion for the other edge. We arrive finally at the equations of 


equilibrium 
+ + (qu’'NiB + 


+ po'NgA) + ry'SeA) 


(qi q2'SeA) + + 


(G, Br,’ + HeAre’) + (Ne + L')AB + 0 


+ (HBr, CN, AB V.ABL = 0 


(H, Bay’ HyAps') + (S; + + (T =0 


to the axes of x, y, z, of the force- and couple-resultant of the ex- 


where Y’, Z’, and L’, WM’ denote the components, paralle! 
ternally applied forces per unit of area of the middle surface 
Equations [9] and [10] 
that thes 


differ from Love's Equations [45] and [46 
contain besides the additional terms mentioned, 
the 
by equation [S| rather than the components py 
Whet 
surface is inextensional and trrotational, Equations [9 
and 
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the 


‘ ‘ 


f rotation as defined 
ns 
the deformation of the 


defined by 


middle 
10 


Mquations 
and 
reduce to Love's Equations 

rhe literature contains many solutions of problems of shells 
in which inextensibility is assumed in part of a solution and 
extensibility in another part of the same solution. Solutions of 
this kind 


may ! when the extension of the middle 
surface is sufficiently smal! or when, on the basis of experience 


be justifies 


and sequentially acquired intuition, the investigator knows what 


he is about; but it is at least more logical to carry a solution 
through, if possible, with inextensibility assumed throughout or 
with extensibility assumed either t least consist- 


8], {9 


hroughout or at 


ently. Equations {7}, and [10] give in general ‘orm the 


new information needed for extensional solutions 
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Momentum and Mass Transfer in 


Coaxial Gas Jets 


The mixing at constant pressure of a circular jet with 
an annular coaxial stream has been studied for conditions 
of nearly common density and temperature, but differing 
initial velocities. By using 10 per cent by volume of 
helium as a tracer in the inner stream, the mixing region 
was mapped with respect to both material and momentum 
transfer. It is concluded that material diffuses more 
rapidly than momentum; that the principal independent 
variable determining the shape of the mixing region is the 
velocity ratio of the streams; and that the integral method 
of Squire and Trouncer, using experimentally determined 
constants, is adequate for predicting approximate values 
of concentration and velocity in the mixing region of a jet 
flowing into a moving medium of the same density. Data 
for widely different experiments of various investigators 
show that the turbulent Prandtl and the Schmidt num- 
bers are both within +10 per cent of 0.70, independent of 
the nature of the experiment and the magnitudes of the 
laminar Prandtl and Schmidt numbers. 


NOMENCLATURE 


The following nomenclature is used in the paper (see also Fig 


1): 
a = radius of primary-jet nozzle 
¢ = mixing length coefficient from Squire and Trouncer (see 
Bibliography ref. 66) 
c, = specific heat at constant pressure 
D = diameter of primary-jet nozzle (2a), also laminar coef- 
ficient of mass diffusion 
D, = turbulent coefficient of mass diffusion 
f = a function 
k = laminar coefficient of heat conductivity 
k, = turbulent coefficient of heat conductivity 
L = value of 2/D for end of potential core 
V, = mass flow by diffusion, concentration per unit time per unit 
area 
Q, = heat flow, energy per unit time per unit area 
r = radial distance from jet axis 


rhis paper is based on “Material and Momentum Transfer in 
Coaxial Gas Streams,"’ by Walton Forstall, Jr., Se.D. thesis in De- 
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Nature of Problem 
ing of two coaxial streams, is of interest from at least two view- 


points: (a) Its study should lead to a better understanding of 
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radius where velocity is arithmetic average of its value on 


axis and in secondary stream, for a given z 


radius where concentration is one half the axial concentra- 


tion at a given z 
radius of outer edge of velocity profile 
radius of outer edge of concentration profile 
temperature, deg F abs 
time average velocity in axial direction 
velocity on axis at @ given + 
velocity of primary stream at z = 0 
velocity of undisturbed secondary stream 


axial] distance downstream from jet exit measured parallel 


to axis 
distance perpendicular to 2-direction 
velocity ratio, U,/U, 
viscosity 
kinematic viscosity 
turbulent coefficient of kinematic viscosity 
concentration of helium by volume 
number of radians in a semicircle 
density 


dimensionless slope coefficient, defined by Equations [4! 


and [5] 
shear stress 
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INTRODUCTION 


free turbulence and the mechanism of turbulent diffusion 


The information obtained can be used in certain fields of engineer- 
ing design, for example, combustion chambers, jet pumps, thrust 


augmenters, mixing tanks, and the disposal of waste gases. 


The subject of spreading of jets may be subdivided according 


to the following classifications, where 


items in italies 


conditions applying to the tests reported here 


The spreading of a jet, such as in the mix- 


indicate 
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Geometry of flow (see sketches in Table | 
Two-dimensional planar 
Doubly infinite 
Symmetric 
Three-dimensional arially symmetric 
Secondary stream 
Stationary 
Moving 
Primary and secondary streams 
Alike 
Different as to 
Veloctty 
Chemical com position 
Temperature 
Density 
Diffusing property 
Momentum 
Material 
Temperature 
Initial turbulence 
Primary stream 
Secondary stream 
No initial turbulence 
State of mixing region 
Laminar 
Turbulent 


Previous Work. For the convenience of workers in this field, 
an extensive Bibliography is given at the end of the paper,‘ cover- 
ing the most important analytical and experimental work related 
to the fields of mixing and jets. Table 1 is presented as a guide 
to the Bibliography and as an indication of how previous work 
falls into the classifications of the foregoing outline 

Analytical. The three principal lines of analytical attack on 
the jet spreading problem may be outlined briefly as follows: 

1 Point-source diffusion of momentum, material, or tempera- 
ture, using equations and solutions well known from the study 
of heat flow (67, 75, 76, 84). This method is valid only at dis- 
tances downstream from the point of initial mixing which are large 
compared to the initial jet width. 

2 Boundary-layer form of the Navier-Stokes equations, into 
which are inserted various transport theories 

(a) Momentum transport, using the mixing-length concept 

(6) Vorticity transport, using the mixing-length concept 

(c) Constant exchange coefficient, using the concepts of 
“turbulent” coefficients of viscosity, thermal con- 
ductivity, and diffusion 

(d) Karman similarity theory. 

(e) Statistical theory 

Most of the extensive literature on jets and wakes is concerned 
with this approach. For an excellent summary of the mathe- 
matical steps and the assumptions involved in each of the theo- 
ries just listed, see reference (65) 

3 Integral equations of motion (Karman momentum equa- 
(See references 4, 17, 18, 38, 53, 54, 66). 

All these approaches heve been of some utility in studying 


tions) 
the various types of jet problems However, for the case we 
are concerned with here, that of two moving streams which are 
axially synumetric, only the third approach has thus far proved 
practical, The resulting solution, first worked out for the velocity 
tield by Squire and Trouncer (66), is therefore the most suita- 
ble for comparison with experimental results. Briefly, the 
method and its premises are as follows 

The equations of motion are written in integral form by equat- 
ing the change in total momentum flux between two adjacent 
transverse sections of the jet to the turbulent shear stress acting 


on the jet between these sections. In evaluating the momentum 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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flux at various sections, Squire and Trouncer made two as- 
sumptions, namely, (a) that the velocity profile in dimension- 
less form is identical for all values of z, and (6) that the velocity 
profile plausibly may be represented by a cosine curve. For 
determining the turbulent shear stress, they assumed in essence 
that this stress is proportional to the square of the difference in 
velocities between the center and edge of the jet. With these 
premises, the entire velocity field is worked out in terms of the 
ratio of stream velocities and one proportionality constant which 
must be determined experimentally. The validity of these 
premises and the question of variation of shear-stress propor- 
tionality constant with stream velocity ratio will be examined 
in the light of the experimental data of this paper. 

Experimental. Table 1 shows that scarcely any experimental 
work has been done on the important practical case of two round 
moving jets and, in particular, no comparisons of material and 
momentum transfer for this case have been made. Most of the 
previous researches have been concerned with a single jet dis- 
charging into a stationary medium, and the most common 
measurements of mixing have been in respect to velocity and 
temperature, 

Objectives. 1 To obtain useful design information for the 
transfer of momentum and mass between two coaxial gas streams. 

2 To enlarge the understanding of the mechanism of tur- 
bulent mixing. 

3 To test experimentally the analytieal formulation of Squire 
and Trouncer. 
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Description of Apparatus and Techniques. The apparatus was 
designed and constructed to permit measurement of material 
and momentum transfer from a circular jet (primary) into an an- 
nular stream (secondary). The secondary stream was room air 
at normal pressure and temperature, and the primary stream was 
room air at normal pressure and temperature with about 10 per 
cent by volume of helium added as a tracer. A schematic flow 


diagram is shown in Fig. 2. 
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The tunnel was a 4-in-diam copper tube, mounted horizontally, 

with a baffle board and rounded entrance to provide a uniform 
flat velocity profile for the secondary air streaming in from the 
room, The tunnel exit was connected to the inlet of a single- 
stage centrifugal blower. Eighteen small access holes spaced 
axially 2 in. apart permitted the insertion of a Pitot tube into the 
tunnel, 

For the primary jet, air was supplied from a compressor and 
helium from a bank of six bottles. The air and helium were thor- 
oughly mixed by a series of baffles in the piping and emerged into 
the secondary stream from cither of two interchangeable nozzles, 
one being '/, in. diam., the other, 1 in. diam. 

Each primary nozzle had a smooth transformation from the 
2-in. pipe line to which it was attached, and the latter contained a 
honeycomb so as to produce a uniform stream approaching the 
nozzle. Thus, except for small unavoidable boundary layers 
on the inside and outside of the primary nozzle, both jets had 
flat velocity profiles at the beginning of mixing. 

The Pitot-static tube used for velocity and concentration 
traverses was 0.065 in. OD stainless steel, with four 0.010-in-1D 
static holes and a 0.020-in-I1D impact hole. The Pitot tube was 
clamped into a specially designed micrometer screw traversing 
mechanism graduated in 0.001 in. 

Samples were withdrawn from the stream through the impact 
hole of the Pitot tube and passed into apparatus suitable for deter- 
mining the helium content. This measurement was carried out 
in a standard thermal conductivity cell manufactured by Leeds 
and Northrup and used in a circuit developed for this investiga- 
tion (57). The accuracy of helium measurement was about one 
part in a thousand. 

Since helium has an unusually large laminar coefficient of mass 
diffusion, it was suspected that the use of helium as a tracer might 
give an exaggerated picture of turbulent mass transfer. How- 
ever, calculations for some typical runs showed that the experi- 
mental coefficient of diffusion is of the order of 30 sq em per sec, 
as compared with the laminar coefficient of 0.45 sq em _ per 
sec, thus demonstrating that molecular diffusion played an insig- 
nificant role compared with turbulent diffusion. This conelu- 
sion is further supported by the work of Hinze (31) 

Range of Experimental Variables. For various values of pri- 
mary and secondary velocity, measurements of velocity and con- 
centration were made at a large number of points throughout the 
mixing region and extending downstream as far as 136 jet diame- 
ters. Table 2 gives the velocities employed in each of five series of 
runs, 


TABLE 2) VELOCITIES USED IN FIVE SERIES OF RUNS 


Us Ue Us + Us 

senes fps fps fps 

Cc 180 135 

120 90 075 30 

bk 120 30 0.25 90 

45 Oo” 45 5 

G 22h 45 0 20 180 

Resuits 


Profile Shapes. Fig. 3 illustrates typical experimental data 
arranged in the form of velocity and concentration profiles 
Faired curves were drawn through the observed points, and these 
curves were used in all subsequent calculations 

To compare shiapre s, the profiles were made dimension SS and 
normalized by plotting and & versus 
r/r,,, and r/r,¢, respeetively When fully normalized in this 
manner, all profiles downstream from the end of the potential 
core were strikingly similar, both for velocity and concentration. 
Furthermore, this profile shape may be represented rather well 
by any one of several simple mathematical expressions, as illus- 
trated in Figs. 4(a), (b), and (¢). The shaded region is the same 
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Data shown here were obtained with the '/«-in. primary nozzle, at 2, D s 
with Up = 225 fps, and U, 5 


in all the charts and includes all the points from all the velocity 
and concentration profiles of series G, for values of 2/D larger 
than 6. This composite profile is compared with the following 
mathematical representations, which are shown as broad lines in 
each figure: 


Fig. 4(a) (cosine curve) 


1 ' xr 157 
= + cos = 


Fig. 4()) (three-halves power curve) 


0 203(") 1 37 


Fig. 4(¢) (error curve) 


U. U, = o> 3f 


to 


It should be noted that the broadening of the shaded band near 
the base of the experimental profiles is not significant, because the 
experimental accuracy in determining (UU U,) and € is very 
poor near the edge of the jet. With this in mind, the following 


conclusions may be reached: 


(a) The fully normalized velocity and concentration protiles 
are substantially alike in shape. 

6) Both the fully normalized velocity and concentration pro- 
files have shapes which are substantially independent of 2/D 

(ec) The data for series C, D, E 
not included here, show that the shape of the fully normalized 


velocity and concentration profiles is independent of velocity 


id F, which for brevity are 


rato 

(d) Fig. 4(@) justifies the Squire and Trouncer assumption of a 
cosine profile, especially when it is remembered that previous 
work on many similar problems using the integral momentum 
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band ts identical for all three charts and includes all velocity and 


three-halves power curve, Equation [2]; ¢, error curve, Equation 
a1) 


equations has shown that the results are insensitive to the shape 
of the assumed profile 

Slope Coefficients. Since the slope is a delicate test of shape, 
and since the Squire and Trouncer method uses the value of 
profile slope at the half-radius, it was thought desirable to ex- 
amine the behavior of profile slopes at r,/2. In terms of the 
radius, the equations for velocity and concentration are 


r 
Se Tot 


where f is the profile shape function. We introduce the terminol 


Slope coeflicient = o f’ ( = ) 
2 


where the prime indicates differentiation of the function with 
respect to its argument, and the minus sign is brought in to keep 
@ positive, since OU /Or and Of /Or are negative 

Slope coefficients were obtained by measuring profile slopes at 
the half-radius for both velocity and concentration, and the re- 
sults are shown in Fig. 5. The striking thing is that, despite the 
difficulty of measuring slopes from plotted data, the slope coef- 
ficients remain nearly constant, beginning a short distance down- 
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stream from the end of the potential core. There is no systematic 
difference between the slope coefficients for velocity and con- 
centration, and they appear to be entirely independent of velocity 
ratio. This is further confirmation of the conclusions of the pre- 
vious section. 

Spreading of Jet. Although the outer boundary of mixing is 
the obvious measure of the spreading of the jet, the determination 
of the point where a property just reaches zero involves far more 
difficulty than for the point where it reaches half its maximum 
value. Consequently it is common practice to employ the “half- 
boundaries’’ instead of the outer boundaries, and since similarity 
of profiles has been established, it is permissible to do so. 

Fig. 6 shows half-boundaries for velocity and concentration 
plotted against x/D) with logarithmic scales. In each chart the 
lines indicate the half-boundaries as computed by the method of 
Squire and Trouncer, using two values of their mixing length coef- 
ficient, c?. It can be seen that material diffuses faster than 
momentum, just as other investigators have found that tem- 
perature spreads faster than momentum 

Reference to the list of experimental velocities given earlier will 
show that the velocities employed in series F and C, Figs. 6(a) and 
6(b), respectively, are quite different, but that the velocity ratio 
is 0.50 for both series. The similarity of the results for these two 
series is an indication that the velocity ratio is the most important 
independent variable in determining the flow configuration. 

The data for Fig. 6(e) are taken from Corrsin and Uberoi (17), 
and refer to a jet issuing from a round hole in an infinite wall 
into air at rest. Thus, while these data are for a velocity ratio, 
U,/U,, of zero, they do not represent the limiting case of the 
present tests because of the difference in geometry due to the wall 
Since the Squire and Trouncer theory with c? = 0,007 fits the 
present velocity data, as shown in Figs. 6(a) to (@), it is reasona- 
ble to suppose that it is valid for that same geometry in the 
limiting case where U,/U, 0. Therefore, comparing the line 
for c? 0.0067 in Fig. 6(¢) with the data of Corrsin and Uberoi, 
we see that when the jet issues from a hole in a wall, the mixing 
is less rapid than when the jet issues from a pipe 
Pigs. 6(a) to (d) show that the Squire and Trouncer analysis is, 
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for most practical purposes, adequate for predicting the half- 
boundaries of mixing, with c? & 0.007 for velocity, and c? = 
0.010 for concentration. It is of considerable theoretical interest 
that the most suitable value of c* is independent of the velocity 
ratio, U,/U,, for this means that the factor of proportionality be- 
tween the turbulent shear stress and (U, — U,)* is independent of 
velocity ratio 

Decay Along Aris. Fig. 7 shows values of the properties on 
the center line plotted against 7/D with logarithmic scales 
The dotted lines result from calculations according to the method 
of Squire and Trouncer, using two values of the mixing-length 
coefficient. The data show that, beyond the end of the poten- 
tial core, the value of either velocity or concentration on the 
axis varies inversely with z, irrespective of the velocity ratio. 
Again, the agreement of data for series F and C, Figs. 7(a) and (0), 
shows that property values in the mixing region are a function of 
the velocity ratio rather than the absolute velocities of the two 
streams. 

Figs. 7(b) to (d) show that, in general, the dimensionless con- 
centration on the center line is less than the dimensionless 
velocity on the center line. This confirms the evidence in Fig. 6 
that concentration spreads more rapidly than momentum. The 
apparent inversion of the evidence in Fig. 7(a) is due to an ex- 
traneous influence. Low absolute velocities were employed in 
that series, and the relatively thick boundary layer formed on the 
outer wall of the nozzle had a significant effect on the velocity 
profile 

From Fig. 7 it is clear that the analysis of Squire and Trouncer 
predicts the general order of magnitude of the center-line proper- 
ties, but presents a false picture of the way in which the center- 
line properties vary with distance. 

Empirical Formulas. Examination of the data reveals that 
the mixing region can be well defined by simple empirical for- 
mulas. These are discussed in more detail in reference (86) 
We give here some rules which may be used as a rough guide to 
the designer for the ‘velocity field” downstream of the potential 
core 


Let L be the +/D value for the end of the potential core and 
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be the ratio of initial secondary velocity to initial primary veloc- 
ity, A = U,/U,; then 
L=4+122... (6) 


and, downstream of the potential core (r/D > L) 


7 
z/D (7) 


(1—A) 


U. = 1 + {9} 


Thus the law of spreading for the axial-svmmetric case of two 


streams with equal densities seems to be 


~ (zx) [10a } 


r, ~ (x) 


{106 | 


which is known to be correct for the often measured case of A = 0 
and fits also the theoretical case of A = 1, where for no initial 
turbulence and negligible molecular diffusivity the streams may be 
presumed not to mix at all. 

The lines marked “empirical” in Fig. 7 show how well the 
rules of Equations [6] and [7] fit the experimental data. Good 
agreement is obtained also when Equation [8] is compared with 
the experimental data im Fig. 6 


Comparison Between TURBULENT TRANSFERS oF MoMENTUM, 
TEMPERATURE, AND Mass 

It is widely felt that one of the clues which might lead to an 
understanding of turbulent mixing is the experimental deter- 
mination of the relative magnitudes of momentum transfer, en- 
thalpy transfer, and mass transfer. 

For this purpose it is convenient to define “turbulent” coef- 
ficients of viscosity, heat conductivity, and mass diffusion which 
are analogous to the corresponding coefficients for laminar flow, 
as outlined in the following comparison 


Property 


transferred Turbulent 


Laminar 


Momentum 


Fia.7 


‘ Wa ( k ) oT Qs (> ) oT 
Temperature = = 
cyo/ Oy Oy 


dE 


N, =D 
dy dy 


Mass 
where the exchange coefficients, the coefficients of the gradients, 
are all in units of length squared, divided by time. The exchanges 
of momentum, temperature, and mass may then be compared 
by evaluating the ratios of the respective exchange coefficients 
In the laminar case, the ratio of momentum-exchange coefficient 
to temperature-exchange coefficient is 


and is known as the Prandtl number. Likewise, the ratio of 


momentum-exchange coefficient to mass-exchange coefficient is 


and is known as the Schmidt number. The corresponding ratios 
for turbulent exchange have become known as “‘turbulent Prandt! 
number,” and “turbulent Sehmidt number,” respectively. 

Now the laminar Prandt! and Schmidt numbers are fluid 
properties, and are independent of the flow pattern so long as the 
flow is laminar. The turbulent Prandtl and Schmidt numbers, 
however, must be determined in part by the nature of the tur- 
bulent process, and hence depend on the dynamics of the flow. 
A basic question which arises here is whether the turbulent indexes 
are somehow controlled by the laminar indexes, or whether they 
are controlled entirely by the dynamics of the turbulence. 

By analyzing the case of mass transfer, according to the integral- 
equation method of Squire and Trouncer, with the additional 
premise (justified by the present data) that the normalized veloc- 
ity and concentration profiles are identical, it may be shown that 
the ratio of the experimentally determined values of c* for velocity 
and for concentration is the turbulent Schmidt number. Thus, 
using mean values of c? = 0.007 for velocity, and c? = 0.010 for 
concentration, the average turbulent Schmidt number for the 
present tests is about 0.70, as compared with a laminar Schmidt 
number for the diffusion of helium in air of only 0.34. Within 
the accuracy of the measurements, the turbulent Schmidt num- 
ber is independent of velocity ratio 
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Center-Line or VELociry AND CONCENTRATION 


Dashed lines are from analysis of Squire and Trouncer, for two values of the mixing-length coefficient, c*. Heavy line in each chart represents empiri- 
cal formula, Equation [7 


405 
U.— U, 
= 
U . 
Time 
a 
k k 
“ 
D eb 
4 
4 
4 
4 
2 
$ 
& 
= 
r ol r ou’ 
=v = » fli] 
™ © VEL Ty 
| -ENTRATION 2.0.0067 
NCENTRATION | ~ ¢**0.0067 los 
| 
end ~~ 
~ 
5 20 50 160 200 2 5 20 5 100-200 
2 


TABLE 3 SUMMARY 


- Laminar® 


Prandtl Sehmuidt 

Fluid Tracer number number 
Air Helhum 0 34 
Air City gas 
Air Warm air 0.74 
Air Warm air 0.74 
Air Warm air 0.74 
Air Water vapor 0.71 
Helium Water vapor 1.96 
Carbon dioxide Water vapor on 0.45 


Water Salt water 


mass in turbulent mixing process 
bulent zone of mixing in each set of experiments 
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* Laminar Prandtl and Schmidt numbers are fluid properties, independent of flow pattern, and are found 
from density, specific heat, and molecular coefficients of viscosity, thermal conductivity, and mass diffusion 

6 Turbulent Prandtl and Schmidt numbers are based 
Values reported here represent average experimental values for tur 
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Turbulentd 


lurbulent 
index 


Prandtl Schmidt investigated 
number number by Reference 
0.70 Forstall 86 
0.74 Hinzed 31) 
0 39) 
0.70 Corrsiné 7) 
0.77 Cleeves¢ i4 
0.63 Woertz* 87) 
0 63 W oertz¢ (87 
0. 63 Woertz* 87 


0 64 Bicknell / 


on measured spread of velocity, temperature, and 


© Round jet discharging into moving air stream, with ratio of secondary velocity to primary velocity 


ranging from 0.2 to 0.5 
4 Round jet discharging into stationary air 


* Turbulent core of a two-dimensional duct in which water 


from one wall to opposite wa 


To shed further light on the question, a great deal of experi- 
mental data of various observers on turbulent exchange, includ- 
ing the data reported here, have been reduced to this form and 
summarized in the form of Table 3. For purposes of compari- 
son, the table shows the laminar Prandtl and Schmidt numbers 
as well as the experimentally determined values of turbulent 
Prandtl and Schmidt numbers. 

Several general conclusions may be reached from Table 3: 


(a) Although the laminar indexes vary over a range of some 
2000-fold, the turbulent indexes vary by only = 19 per cent from a 
value of 0.70, thus indicating that the turbulent-exchange proc- 
esses are substantially independent of the laminar coefficients. 

(6) The turbulent Prandtl and Schmidt numbers are sub- 
stantially independent of the nature of the experiment. 

(ec) The turbulent Prandt! and Schmidt numbers are approxi- 
mately equal, thus indicating that in turbulent flow, mass and 
temperature diffuse at equal rates, and that this rate is greater 
than the rate of turbulent diffusion of momentum. 

(d) Speaking in speculative terms, the foregoing comments 
imply that in practical problems of turbulence, the ratio of 
momentum transport to either mass or temperature transport 
has a constant value of about 0.7. 


One of the puzzling questions not yet clearly resolved is why 
momentum should transfer less rapidly than mass or tempera- 
ture, even though, in all qualitative aspects there are remarkable 
similarities among the turbulent transports of the three proper- 
ties. Part of the answer must lie in the fact that momentum 
is a vector quantity, whereas mass and temperature are both 
scalar properties, which means that the averaging procedures in a 
turbulent flow are somewhat different in nature. For example, 
if one considers the large-scale eddies at the edges of a jet, it is 
clear that the velocity boundary of the jet is near the center of 
the eddies, whereas the temperature and concentration boundar- 
ies are near the outer edges of the eddies. Much remains to be 
done, however, before this question is answered adequately, and 
it is hoped that the data presented here will be a stimulus in this 
direction 


CONCLUSIONS 


1 The fully normalized shapes of the velocity and concen- 
tration profiles are substantially alike. 

2 The fully normalized shapes of the profiles are substantially 
independent of velocity ratio and of axial distance. 

3 Beyond the end of the potential core, center-line values of 
velocity and concentration decrease in inverse proportion to in- 
crease in axial distance 


/ Plane jet of saline water discharging into stationary water 


apor was transferred through various gases 


4 The width of the jet depends on the velocity ratio and axial 
distance according to the empirical relation, r, — (z)‘'~™. 

5 Mass transport is more rapid than momentum transport. 

6 The method of Squire and Trouncer, like the integral 
method in general, gives an over-all picture of the mixing process 
which is in the main correct, but is inaccurate in some of the 
details. Their analysis predicts the width of the jet more relia- 
bly than the center-line values of velocity and concentration 
For velocity, a satisfactory value of their mixing length coef- 
ficient is ¢? = 0.007, while for concentration the best value is 
c? = 0.010. These experimentally determined constants are 
independent of velocity ratio, within the accuracy of the method 

7 The turbulent Prandtl and Schmidt numbers collected 
from diverse experiments of several investigators were all within 
+10 per cent of 0.70, despite a 2000-fold variation in the laminar 
Prandtl] and Schmidt numbers among these same experiments 
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Impact on a Multispan Beam 


By W. H. HOPPMANN, 2ND,' BALTIMORE, MD. 


In this paper a study is made of impact on a continuous 
beam on four supports. The impact is produced by colli- 
sion of a solid sphere with the beam at the mid-point of 
the center span. The spans are of equal length and of 
constant cross section. Formulas are obtained for the 
deflections and strains. A numerical example illustrating 
the theory is worked out in detail. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= mass of body which strikes beam 
velocity of body which strikes beam 
coefficient of restitution 
Young's modulus of elasticity 
mass per unit volume 
Poisson's ratio 
length of each span 
area of cross section of each span 
moment of imertia of cross section of each span about 
neutral axis 
a reduced mass (one half of total mass of each span) 


/EI 
pA 
number of nth mode 
= quantity such that 4,/ is a root of the frequency 
equation 
circular frequency of the nth mode 
time 
driving foree assumed to be acting at any point z 
along beam at time ¢ 
driving or contact torce at center of middle span 
during impact 
length of time sinus»idal pulse is assumed to act on 
beam 
sum of potential and kinetic energy in entire beam at 
end of contact between sphere and beam (t = 7,) 
= dimensionless factor in the expression for F,, 
dimensionless function of k,l 
dimensionless function of k,l 
dimensionless function of k,l 
2r 


deflection of beam 
INTRODUCTION 


It is technically important to know the strains and deflections 
in a continuous beam subjected to an impulsive load at a point 
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Statements and opinion 


ood a 


in one of the spans. This knowledge is particularly useful in 
studying the motion to which light equipment mounted on 
the beam at some point may be subjected. Such a situation 
arises in problems of mechanical shock. 

In the present paper a study is made of a three-span beam with 
simply supported ends subjected to an impulsive load at the 
center of the middle span. The impulse load is assumed to be 
produced by the collision of a solid sphere with the beam. The 
method can be generalized for a beam of any number of spans 
and struck at any point. Plans are under way to investigate 
the problem experimentally. 


STATEMENT OF PROBLEM 


The continuous beam on four supports is shown in Fig. | 
on page 3. The ends of the beam are hinged. 

A solid sphere of mass m and Young's modulus £ strikes 
the beam at normal incidence with the velocity vas shown, The 
cross-sectional area of the beam throughout its length is A. 
The moment of inertia /, is also constant. The density is 
designated by p and is assumed to be the same for both sphere 


and beam 


Div PeERENTIAL Equation oF Morton 


The Bernoulli-Euler beam theory will be assumed. The 
cross-sectional dimensions of the beam will be considered small 
in comparison with the length of the span, and the effects of 
shearing force and of rotatory inertia will be negleeted. The 


differential equation then is 


or* ot? 


1 = F(z, t) 1} 


in which F(x, t) 0 in the side spans, and = f(t) at the mid- 
point of the center span. 
The boundary, continuity, and initial conditions are 


w, = 0, atz, = 0 


w, = 0, El =0, atz, =0 


or;? 


o*w 


and 


the solution of Equation [1] may be obtained by separation of 


variables so that 


X,(z) 3} 


uv = 
where 


sin + B, cos kr + C, sinh + D, 


wh 


4 


m 
v 
E 
A 
M 
a 
n 
4 
k, 
Pn 
t 
F(z, t 
i 
fat 
! 
Es j 
= 
| 
Oz," 
G, 
Q, lw ow l 19 
w=w,=0, - = = = — 
wie. 4) « or; 2 | 
- = = atz; = — | 
or;? Ors Or, 2 
v| = 0, | = 0 
t=0 Ot J r= 
: 
| 
X, = 4, 
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i = 1, 2, 3 depending on the span under consideration. For 
all values of the time ¢, XY, must satisfy the twelve conditions 
given by Equations [2}. 

This fact leads to the following frequency equations 


kal kl 
cos sin k,l cot k,l — coth k,l — tan 


k,l | 
tanh = 0 | 
2 


for the symmetrical modes of vibration, and [5] 
sin sin kl {cot k,l coth k,l + cot 


| 
coth =0 
2 | 


for the unsymmetrical modes of vibration, 
For the case of symmetrical vibrations, the deflection of each 


side span is 
sin k,l. 
w, = w, = Yq,(t)- (sin kya sinh 
sinh k,l 
and the deflection of the center span is 


k,l 


cos 


wy = sin cos kyr cosh kx 


cosh 


for the roots of the frequency equation that are not multiples of x 
The defleetion of each side span is 


and the deflection of the eenter span is 


2 cos kyr 


for roots of the frequeney equation that are multiples of 


s = 1, 3, 5, 7, ete 


For the class of unsymmetrical vibrations 


sin k,l 
w, = Ws {sin kur sinh Aur 
sinh kl 
and 
Ws 22q,(t 
kl 
sin 
2 
cos sin kya sinh 
sinh” 
” 


for roots of the frequency equation that are not multiples of » 


while 
= = 2q,(t)-sin kz 
and 
9) 


DECEMBER, 1950 


for the roots of the frequency equation that are multiples of ; 
s = 2, 4, 6, 8, etc. 
The roots of the frequency Equations [5] for the symmetrical 


case are 


k,l = 4.30, 6.71, 4.3 + 29, 6.71 + 20, 4.3 + 44,. 


and {10} 
k,l = 2, 39, 52, 72 
For the unsymmetrical case, the roots are 

k,l = 3.56, 7.43, 3.56 + 2, 7.43 + 2x, 3.56 +49. 

and 


k,l = 2x, 4x, Ox, Sx 


These frequencies have been presented elsewhere in the 
literature as part of studies of frequencies of continuous beams 
(1, 2).% It may be noted, however, that Kaufmann (1) er- 
roneously omits multiples of x for a three-span beam. 

The Lagrangian equations of motion (3) are used to obtain 
the solution corresponding to impact loading on the beam. For 
this purpose we use the potential-energy function 


4 
2 or? 


and the kinetic-energy function 


(13) 
The Lagrangian equations of motion are then 
d ov 
} 
dt 
in which &, is the generalized force. 
Equations [14] with the aid of Equations [6], [7], [12], and 


= R, 14! 


become 


where p, are the circular frequencies, VW is the half-mass of a 


single span 
l k,l 
G, = 1 + 2 sin? ) 
kl 2 


kl 
+ sin? k,l { .. 116] 


k,l sinh? k,l 
cosh? 
9 | 


for roots k,l which are not multiples of x, and 
G.=3 
for roots k,l which are multiples of #. The values of G, are given 


in Table 1. 
The solutions of Equations [15] may now be readily obtained 
(3 They are 


1 
71, = R si (t [17] 
p.G,M sin p, ( 17] 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper 


| 
|. 
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|: 
| 
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ee 
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TABLE FUNCTIONS USED IN COMPUTING CORFFICIENT 
OF RESTITUTION AND DEFLECTION 


Norse: This table is for symmetrical vibrations only; vibrations excitable 
*y central impact or convenience nis given as 1, 2, 3, 4, 5, et lu a eet 


1 7 ontaining both the symmetrical and unsymmetrical vibrations « different 
1 


method of enumeration would be required 


Span No. Span No. 2 Span No. 3 


Then the coefficient of restitution can be written as follows 


bic. Genewat ARRANGEMENT 


The complete deflection equation may be obtained if we can 
determine an explicit expression for R,. This may be accom- 
plished readily if first an expression for the impact force ean be 
derived in terms of known physical quantities. 


Tue Force or Impact 


The method of obtaining the force of impact with the aid of where 


the Hertz contact theory (4) was explained in a previous paper 1 + cos 28) 
(5). It may be written as a sinusoidal pulse as follows =~ = 
2(1 — 4Q,2)* 


t 
f(t) = me(1 + e) = sin = O<t< 7, rhe function ®, is plotted in Fig. 2. 
27, T, 
1G DEFLECTIONS AND STRAINS 
f(t) = 0 > 7, BenvING DeFLEcTIONS AND STRAIN 
Returning now to Equations [17] for g,, we may determine 


where 
, : R, explicitly and integrate. The condition for determining 
¢ coefficient of restitution R.is(3 
T, = 0.855 Ty 


Ty, = Hertz time of contact during impact R,dq, = f(t)-8q,°X,1 <0 


Force of impact f(t), then depends on the coefficient ¢, which whence 
may be determined in terms of known parameters with reasona- 
ble accuracy. For this purpose it is necessary to use an ex- 
pression for the sum of the potential and kinetic energies in the f(t) is given by Equations [18], X, is given by Equations (6! 
continuous beam at the end of the time of contact. Using snk 17). Monee 
3 7 
Equations [12] and [13] it can be shown that the expression is 
— 
E L + m - 1 + cos 19 / f(r) sin p,(t 22 
where This integral is readily evaluated so that g, can then be 
explicitly obtained for the time of contact and for the time after 


A 
2g, = —— contact as explained elsewhere (5) 


9 
Hence we may write the equation for the deflection at any 


point in the continuous beam at any time, using Equations [22 


= half the mass of one span 
in Equations [6] and [7]. 


= mass of sphere 
In particular, the deflection of the center span at any time after 


= velocity of sphere 
the contact ceases Is 


cosh k at 


cosh? 
9 cosh 


for roots k,l which are not multiples of » and 
where 


20) 
for roots k,l which are multiples of r. The values of ¢,, are given 


in Table 1. 


cosh 


| 
— 1 314 3 00 0 333 0 333 
2 4 30 4.84 0 733 0 1638 
6 71 2 18 0 O04 O22 
+ 5 10 58 4 80 0 577 0 145 
x 7 15 70 0 333 0 333 
3 s i6 0 0 146 
19 27 2.18 0 O82 0 
‘= 21 
m 
l+— 
q 
a 
M 
m 
t 
kl 2 m 6, com T, 
4sin? ] w= 4 r(l + eje sin 
2 kl Vv p, (1 2 
cosh ~ 
heal 
k,l 2 cas 
2 1 + 2sin? — ) + sin? 2 
2 sinh? cos kr , 
2 / 23) 
k,l 
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for routs k,l which are not multiples of # and 


6, 


w + ee 


‘) cos | 
2 [241 


for roots k,l which are multiples of 7. 


DECEMBER, 1950 


VQs = 0.676, VQ = 0.828, VQ; = 1.002, VQ = 1.075 


VQ = 1.23 


ENERGY FUNCTION 


As previously noted, the required values of G, and ¥,, are given a 
in Table 1. The circular frequencies p, are obtained from 
Fic. 2) Exeray Function 


The values of k,/ are also given in Table | for convenience. 

The bending strains may be computed from the deflections by 
differentiating with respect to 2 twice in the usual manner 
Because of the presence of damping in any real beam the first 
few terms in the series are usually sufficient. For any particular 
problem, however, a sufficient number of terms in the series 
should be investigated to determine the rate of convergence or, 
what is the same thing, the number of modes appreciably excited. 


NUMERICAL EXAMPLE 


In order to illustrate the theory, the details of determining 
the deflections and strains for a beam on four supports struck 
at the mid-point of the center span will now be considered. ‘The 
dimensions are so chosen that comparison of the results can be 
made with those for a single-span beam investigated in a previous 
paper (6). 

Each span is 59 in. long with a square cross-sectional area of 10 
sq in. The sphere weighs 50 lb and strikes with a velocity of 5 
fps. For both beam and sphere, Young's modulus is 30 « 108 
psi, Poisson’s ratio is 0.3, and the weight per cubie inch is 0.284 
Ib. 

The circular frequencies of the symmetrically vibrating beam 
are in radians per second 


(k, 1)? kl 
pA 


and then using the values of &,/ from Table 1, in radians per 


second 


From Fig. 2 it is found that 4; = 0.99, @ = 0.98, @; = 0.95, 
+, = 0.78, &; = 0.67, & = 0.38, &, = 0.10, d, = 0.04, & = 0.00 


and from Table 1 the corresponding values of ¥, are 


vi = 0.333, ge = 0.733, ¥, = 0.094, Ys = 0.333, os = 0.577, 
vs = 0.082, ¥ = 0.333, vs = 0.584, yp = 0.082 


Hence, using Equation [21], the coefficient of restitution is 


m 
1+ 
M 
= 0.05 


Now all of the quantities in Equation [23] and in Equation 
24| for the deflection can be calculated. The deflections at 
the center of the mid-span corresponding to each mode excited 


by the impact are plotted in Fig. 3 


The corresponding bending strains at the top and bottom sur- 


faces of the beam have been computed and are plotted in Fig. 4. 


Because the impact is at the center of the mid-span only, the 


symmetric modes of the beam are excited. For convenience 


these are referred to as the Ist mode, 2nd mode, 3rd mode, ete. 


The deflection and strain for a single-span beam, having all 


500 


8900 


= 980 Pr = 13100 
= 2380 ps = 15000 
ps = 4699 py = 19700 = 
ps = 5930 
The effective contact time of the impact is (5) 2 
3 


ur 


m? (1 — v2)? 
T, = 3.28 7 = 483 X 10-* sec 


Recalling the expression for Q, 


2r -001 


Q. = 


and using the values just computed for p, and 7, 


Variation or DisptacemMent at Center oF Mip-Span 


= 0.200, VQ: = 0.275, VQ: = 0.428, = 0.601 
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STRAIN x 10* 


i 
30 


20 
TIME X10* SECONDS 


VARIATION OF Strain aT Center or Mip-Span 3-SPan 
Beam 


Fic. 4 


of its dimensions the same as those for a single span of the three- 
span beam just considered, are given in Fig. 5 and Fig. 6, re- 
spectively. The striking sphere is the same in both cases and 
strikes with the same velocity. 

The shapes of the entire beam for the first four symmetric 
modes have been determined and they are shown for an arbi- 


trary displacement seale in Fig. 7. 


Discussion 


It may be of interest to compare the maximum deflection and 
strain obtained in the numerical example of the three-span beam 
with those obtained elsewhere (6) for the single-span beam. In 
the former case the maximum deflection is approximately 
0.043 in. and the maximum strain approximately 3.68 K 10~*. 
In the latter case, the maximum deflection is approximately 
0.070 in. and the maximum strain approximately 6.5 * 10° 
There is, therefore, a reduction of somewhat over one third in 
both deflection and strain in the three-span beam as compared 
with the single-span beam 

It is the opinion of the author that slow convergence of the 
series representing strain or its actual divergence is not serious 
because of the presence of damping in a real beam. Of course 
each case must be examined on its own merits but if the strain 
amplitude decreases as rapidly as it does in the numerical example 
just given, it would seem that the higher modes may be ignored. 
Experiments appear to confirm this belief 

It is of interest to note that two sets of Trequeneies arise in the 
problem of a beam on four supports. One set corresponds to 
frequency roots which are not multiples of w, and the other set 
which are multiples of x 


corresponds to tTrequene) numbers 


In the paper of Kaufmann (1) the second set is apparently over- 
pay 


looked and therefore omitted 
CONCLUSION 


The detlection equation has been developed for central Imipact 
on a three-span beam. The bending strains may be obtained 
readily from it by differentiating twice with respect to the posi- 
tion co-ordinate The question of convergence of the strain 
equation is actually obviated by the observation that damping is 
always present in a real beam 

The method used for developing the defleetion equation can 
r adily be extended to the case of a beam on any number of 
supports simply by deriving the frequeney equations and other 


necessary functions in a manner similar to that in this paper 


OEFLECTION, INCHES 


« 10°, SECONDS 


DisPLaceMENT CENTER OF SINGLE-SPAN 
Beam 


Fic. 5 VaRitation oF 


10%, SECONDS 


Fic. Vartations or Strain at Center or Sincir-Sean Beam 


SHAPES oF Several Mopes or Visnation oF 3-Sran Beam 
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The Theory of Spring-Loaded Valves 


for Reciprocating Compressors 


By MICHAEL COSTAGLIOLA,? GREAT NECK, N. Y. 


The inlet and discharge processes of a reciprocating 
compressor equipped with spring-loaded valves of the auto- 
matic type have been analyzed to determine the effects 
of the main design variables on performance. The most 
important criterion is found to be a parameter involving 
effective flow area through the valves and piston speed. 
Valve dynamics is a secondary consideration. For opti- 
mum valve dynamics, the valve would have no weight and 
a very small spring constant, giving an infinite natural 
frequency of the valve system. If certain valve character- 
istics are known (or measured by static-flow test), the per- 
formance of a compressor using these valves can be pre- 
dicted with fair accuracy. 


NOMENCLATURE 
The following nomenclature is used in this paper: 


= maximum area for flow (either inlet or dis- 
charge valves) with valves fully open 
= area for flow at any time (valves partly open) 
= maximum possible lift of valve 
lift of valve at any time 
weight of one valve 
face area of one valve 
natural frequency of valve and spring 
discharge coefficient associated with A 
Cp = drag coefficient associated with Av 
p = absolute pressure in cylinder at any time 
p; = inlet receiver pressure (const ) 
Pi, Pa» Pa, Ps = pressures at points 1, 2, 3, 4 of po diagram 
(Fig. 2) 
absolute temperature of air in cylinder at any 
time 
absolute temperature of air in evlinder at points 
1, 2, 3, 4 of p-v diagram 
absolute temperature of air in inlet receiver 
weight of air in cylinder at any time, Ib 
weight of air in cylinder at points 1, 2, 3, 4 in 
p-v diagram 
= specific volume of air in cylinder at any time 
mass flow of air in or out of cylinder, lb per see 
= specific volume of air in inlet receiver 
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chanical Engineering at the Massachusetts Institute of Technology, 
June, 1949. 

2 Project Engineer, Sperry Gyroscope Company, Great Neck, 
N.Y. Jun. ASME 

Presented at the Annual Conference of the Applied Me- 
chanics Division, Purdue University, Lafayette, Ind., June 22-24, 
1950, of The American Society of Mechanical Engineers 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street. New York, N. Y., and will be ac- 
cepted until January 10. 1951, for publication at a later date. Dis- 
cussion received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received by the Applied Mechanics Divi- 
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velocity of sound in air, at temperature 7°; 
velocity of sound in air, at temperature 7, 
ratio of specific heats for air 


Cy 


valve-spring constant 

piston position from end of cylinder 

stroke of piston 

cross-sectional area of piston 

angular speed of crank 

crank angle measured from top dead center 

time, measured from top dead center 

gas constant in equation, pp = RT 

change in internal energy of a system during a 
process 

= heat added to a system in a process 

= work done by a system in a process 

= gravitational acceleration 

= 

= 

= 


specific heat at constant volume 
volumetric efficiency 
thermal] efficiency 


Dimensionless Ratios: 


INTRODUCTION 


Reciprocating air compressors are usually equipped with auto- 
matic spring-loaded valves, as shown schematically in Fig. 1. 
Valves of this type open automatically when subjected to a pres- 
sure difference. On the suction stroke, the inlet valves begin 
to open as soon as the cylinder pressure drops below the inlet- 
receiver pressure, and on the compression stroke, the discharge 
valves open when the cylinder pressure exceeds the discharge-re- 
ceiver pressure. A typical p-v diagram for such a compressor 
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INLET RECEIVER DISCHARGE 
TEMP = T; 4 2 


DISCHARGE 


INLET VALVES 


CYLINDER PRESS.- p 
TEMR = 


ULAR VELOCITY 


_8= 


Fic. 1 Compressor ARRANGEMENT 


DISCHARGE 


(a) ACTUAL 
DIAGRAM 


(b) IDEAL 
DIAGRAM 


NM. 


| 


4 
Ss 


Fic. 2) P-V Diagram 


is given in Fig. 2(a). For comparison, the “ideal” p-» diagram 
is shown in Fig. 2(6). The shaded areas in Fig. 2(a) are the re- 
sult of the pressure drops across the valves and, therefore, in- 
crease the work required to compress a given amount of air 
These shaded areas, which we may term the “valve losses.” 
should be made as small as possible to obtain good efficiency. 

In order to determine the valve losses theoretically, one must 
be able to predict the inlet and discharge portions of the diagram 
This can be achieved if a few simplifying assumptions are made 
The purpose of the theoretical analysis is twofold: 


1 To determine the parameters affecting performance and 
their relative importance. 

2 To establish a basis for predicting the efficiency of a com- 
pressor when the major elements of the design have been selected. 


The simplified system analyzed is that shown in Fig. 1. How- 
ever, the analysis is applicable to any type of valve which approxi- 
mates the single-degree-of-freedom system shown. Although 
the drawing shows only two valves, any number may be used 
A valve is assumed to consist of an elastically restrained mass 
with stops to limit the lift to a definite amount. The valve- 
spring force is assumed linear, with zero spring force when the 
valve is closed. ‘‘Perfect gas” laws are used, with no heat trans- 
fer throughout the evele. The piston speed is always low com- 
pared to the speed of sound in air so that the air in the evlin- 
der is essentially at stagnation conditions. Flow through the 
valve ports is calculated by the formula for one-dimensional flow 
through an orifice, with a constant-discharge coefficient. It is 
also assumed that inlet and discharge receivers are infinitely large 
so that pressures in these spaces are constant over the entire 


evele 
DiscHarce Process 


Using the nomenclature given, we write the equation of state 
for the gas in the cylinder at any time 


pA,z = mRT 1 


For the condition at point 2 in Fig. 2 (a) (the start of dis- 
charge), the foregoing relation is 


22 = mRT: 


Dividing Equations | and [2] gives 


-(:)(2)(4) 


During discharge, the process in the evlinder may be considered 
as adiabatic and isentropic, so we write 
= const 
With this assumption we have 
where 


Substituting Equation [5]in [3] and simplifying 


The mass flow out of the evlinder is given by the well-known 
formula for suberitical flow through an orifice 


=K.A ( 
— vr? 


P2 
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where w = flow out of cylinder, lb per sec 


Since the area for flow is proportional to the valve lift at any 
time we put 


= Ava 


where 


Substituting for 7 from Equation [5], in Equation [8], and using 
the formula for the velocity of sound in air 


C: = VkgRT: 19) 


Equation {7 | becomes, after simplification 


2 kpe &-1 
w= K.Ao a Vi q C k 


Now we can eliminate w by noting that, during discharge 


{10} 


dm 


dt 


{11} 


Therefore Equation |6| is differentiated with respect to time ¢, and 
combined with Equation [10] by using Equation [11]. As a 
further convenience, the crank angle @ is taken as the independ- 
ent variable, and the time derivatives converted by the relation 


[12] 


{13} 
dé a dt 


Where & = 


expressed in the following form 


angular speed of crank The final equation can be 


2¢@ dz 

- B, ae * k 14 ) 14 
dé z/(s/2 ( \ ° s dé 


where s = stroke of piston, and 


8 CK Ao 
1 


This ives a differential equation tor the dimensionless evlin- 
the valve lift 
flow 
sa function of the 


15) 


der pressure ¢, involving the piston position z, 


a, the crank angle @, and the dimensionless parameter 


B,. The piston position is given a rank angle 
by 


4eos cos 26 16 


Where a, b, « 


We cannot vet solve Equation [14] as it 


, are constants for a given Compressor 
contains two un 
knowns, @ and a, as functions of the independent variable @ 

To get another equation we ¢ onsider the dynamic sof the valve 
itself During opening or closing of the valve, the forces on the 


valve body are as shown in Fig. 3. The force F is due to fluid 


K,* = SPRING FORCE 


C_# 


F- FLUID DRAG 


Fic. 3 Forces on Vatve 
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drag of the gas flowing around the valve body. This force can 


be expressed as 


Alp Pr) {17} 


This would be an exact statement of pressure drag for incom- 


pressible flow but is only approximate where compressibility is 


concerned, Writing the equation of motion of the valve 


W, dtr 
dt? 


Ps) Avr {18} 


As before, we convert to the dimensionless form by using 


p 
a= 
to 


and @ = 


We also introduce the natural frequency of the valve system by 
the equation 


| 
119} 
Vw. 


The resulting dimensionless equation is 


20) 


where 


Thus, in Equation |16], we have another differential equation in 


¢@ and a, involving two dimensionless parameters J, and q 


During opening or closing of the valve, Equations [14] and [20] 


must be solved simultaneously for @ and a in terms of @ 


The initial conditions for the opening process are 


da 


Oat crank angle @ = 6 
da 


The solution of Equation [20] during this process is given by 


“Duhamel’s Integral’? 


is distinguished 


In this formula, @' is a variable of integration 


from @, which is constant in the integration. The solution for 


the valve lift a, and dimensionless cylinder pressure @ are given 


in the opening process by a point-to-point integration of Equa- 
and [23 hig 


plete discharge process 


tions [14 1 shows a typical solution for the com- 


The integration of Equations [14] and 


23! is carned out until @ 1 (point bin Pig. 4), where the valve 


It is assumed thatt he valve remains against the 
While the valve is held 


the stops, the dvnamie I quation is not valid, and is of course 


strikes the stops 


stops and does not rebound against 


During this period the solution for @ is obtained 


not required 


The general solution of this 
‘ 


from Equation [14] with a = 1 


part of the process is easily found by the method of isoclines, 


since the equation is in the form 


= 


da 


*’Mathematical Methods in Engineering by Th. von Karman 
and M. A. Biot, MeGraw-Hill Book New York, 
N. Y., 1940, pp. 397 405 


Ibid... pp. 6-7 


Company. Ine 
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= 
ad 
a= 
To 
= da a 
“v= +a Jaf 1) =0 
q= 21) 
CpA.p: CpA yp: 
4 
¥ 
= 
4 
(23) 
2 
| 
do 
= 


| 


| start to close (point ¢ in Fig. 4). 
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' 


360° @ 


Fie. Tyrica Curves ror Vatve anp 
Pressure @ Durning DiscHarce 


puRING 
OPENING 


OF VALVE LL POINT WHERE 


VALVE BECOMES 


\ FULLY OPEN 
\ + 110 
\ 


FULLY 
\ 


+ 1.05 


Portion or @ Curves ror Open Vatves (Ba = 6) 
Wits Tyrpicar So_vution 


Fia. 5 


This is convenient where a large number of solutions are required, 
since « plot of ¢ versus @ for the valves fully opened can be con- 
structed for any constant value of B,. 

Fig. 5 shows a part of such a plot as derived by the isocline 
method. Since the equation is of the first order, only one ini- 
tia] condition is required to locate a point on one of the inte- 
gral curves. This point is found by plotting the curve of @ 
versus @ for the opening process on this diagram, as shown in 
Fig. 4. The point where the valve first becomes fully opened 
(point }), will lie on one of the integral curves of ¢ for the fully 
opened valve. Then one follows this curve (in the direction of 
increasing @) until the pressure drops to such a value that it no 
longer will hold the valve against the stops, and the valve will 
This point is found from Equa- 
1 and (d%a)/(dé?) = 0. This gives for 


tion [20], putting a 
point c 


For the closing process, the initial conditions are 


da 
= 0 
dé Je 


a = 1, 


The solution for the valve motion is 


P 
0 
a2l+dJ, ( cos ( ) | [25] 
q 


a The complete solution is obtained by a point-to-point integra- 
tion of Equations [14] and [25], the numerical integration being 


do 
de’ 


JOURNAL OF APPLIED MECHANICS 


shown in Fig. 6. 


DECEMBER, 1950 


carried out until ¢ = 1, which occurs at, or soon after, top dead 
center (@ = 27). 


Thus the cylinder pressure and valve lift (in dimensionless 


form) have been determined for the whole discharge process 


INLET Process 
The thermodynamic system considered in the inlet process is 
Instead of the adiabatic relation, Equation 


CONDITION AT START OF INLET 


INLET 
RECEIVER 


INLET 
VALVE 


DOTTED LINE 
SHOWS BOUNDARY 
or System” 


CONDITION AFTER 4M POUNDS OF 
AIR HAVE PASSED INTO CYLINDER 


(am =m- ma) 


Fic. Process 


{4|, used in the discharge, we used the statement of the first law 


of thermodynamiecs® 


AE = AQ AW (26 


0 (as we are neglecting heat 


For our system, putting AQ 
transfer), Equation [26] becomes 


(m m)T,| 


= dz + 


As before, we use the equation of state and the formula for 


Cy {mT maT, 


{27| 


mya) 


flow through an orifice 
= mRT [28] 


lk 
2gk ( p ) ( p ) ! 
w= kA py k [30] 
\ Pos 


(Here A, and A are the values for the inlet valves.) To get the 
differential equation for the cylinder pressure, we first eliminate 
T from Equation [27] by using Equations [28] and [29], and 
differentiate with respect to time. Then solve for (dm)/(dt) 
from this relation and equate it to Equation [30], since, for the 


p A,z 


poe, = RT, 


inlet process 


Hl. Keenan, John Wiley & Sons, Ine., 


*“Thermodynamics,"’ by J 
New York, N. Y., 1941, p. 12. 
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[31] 


The resulting equation is simplified and made dimensionless 
as before by using the relations 


= Mt, [32] 


to 
= kgRT,... (33) 


(Note that p, = p; = ps, andC,/R = 1/k — 1.) 
The final result is 


k 
= Bya y'/* 
z/(s8 5 ( ay 


&—1 
yk 


g 


The equation of motion for the valve is derived in a similar 
manner to that for the discharge valves. The result is 


(35) 


da 
2 
de 


q ¥) = 0 {36} 


{37 


CpAp, 


[38] 


In these formulas, Cp A,, w,, 7, W,, and K, are the values for 
the inlet valves. The general solution of Equation [36] for the 
opening process is 


* \ do’ q 


For the closing of the valve, the solution is 
) (40) 


as 1 J; ( 
\ de’ 


Here @, is the value of @ when the inlet valve starts to close, and 
is determined from 


(400 


at point ¢ where valve begins to close. 

The complete solution is similar to that for the discharge proc- 
ess. First Equations [34] and [39] are numerically integrated 
until a = 1. Then, while the valves are fully open, put a = | 
in Equation [34] and use the isocline method for the general 
Use Equation [40a] to find the value of ¥ for which the 
For the closing process, Equations 


solution. 
valves will start to close. 
{34} and [40] are numerically integrated. 


CALCULATION OF VALVE Losses EFFICIENCY 


A compressor in any given operating condition will have defi- 
nite values of B, J, and q for both inlet and discharge valves, 
and a certain pressure ratio p./p;. The curves of @ and y can 
be computed for this condition, and from them the inlet and dis- 


charge portions of the p-r diagram. The compression and ex- 
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pansion lines may be assumed as adiabatic with po = const. 


Thus the complete p-e diagram is obtained. 
The theoretical cycle thermal efficiency will then be given by 
(referring to Fig. 2(a)] 


Total diagram area — loss areas 


=_— Total diagram area 

It is evident that the actual diagram, Fig. 2(a), differs from the 
ideal, Fig. 2(6), in two respects, as follows: 

1 In the ideal diagram, inlet and discharge take place at con- 
stant pressure, while the actual diagram has additional areas, 
the shaded portions in Fig. 2(a), which increase the work per 
stroke. 

2 In the ideal diagram, expansion and compression start at 
top and bottom dead center, respectively. Within the range of 
good design practice, the actual expansion line begins very close 
to top dead center. However, due to the inlet throttling, the 
cylinder pressure does not rise to the value of the inlet pressure 
until somewhat after bottom dead center, thereby delaying the 
start of compression. 

This results in reducing the ° 
reduces the amount of air delive 
lowers the volumetric efficiency), in the same proportion. 
volumetric efficiency is defined as 


‘th of the diagram, but also 
per stroke (and consequently 
The 


Volume of air at inlet conditions delivered per stroke 
= 


Piston displacement 


In the ideal case, the volumetric efficiency is readily found to 
be 


(41) 


where z, and z are the piston positions as given on Fig. 2(b). 

The volumetric efficiency of the actual case can be obtained 
from Equation [27] since the volume of air delivered per stroke 
(at inlet conditions) is simply (m, — m,)v,, if there is no leakage. 
One can solve for this quantity from Equation [27] with m, sub- 
stituted for m, for z, ete. 

After rearrangement, the final value of the volumetric efficiency 


ik dz 
, = (¥ — 1) 
& k 


Thus the actual volumetric efficiency is lower than the ideal 


is 


[42] 


due to the following effects: 


1 The value of z, z, 1s lower since the start of compression 
is delayed after bottom dead center, making z,; smaller. 

2 The second term in Equation [42] also reduces volumetric 
efficiency, and is proportional to the inlet loss area in Fig. 2(a). 
The larger this term, the greater the degree of irreversibility in 
the inlet process, and, consequently, the greater the increase in 
entropy and specific volume of the air in the cylinder. 


Thus, for all practical purposes, the volumetric efficiency is 
solely a function of the inlet process and independent of the dis- 


charge process. 
Errect or Various PaRAMETERS ON VALVE Losses 


The foregoing discussion describes how one can plot the 
theoretical p-» diagram for a compressor in any operating condi- 
tion. From the theoretical diagram the valve losses, cycle effi- 
ciency, and volumetric efficiency can be computed. 

In order to investigate the general problem of valve losses, 
however, it is best to treat the inlet and discharge processes 


. 
q 
= 
dm 
j 
d ¥ dz 
) (34) 
dé s dé 
where 
where 
g % = 
| 
| 4 
1 
¥=1 
J; 
| 
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independently. There are three basic parameters B, J, and q (for 
each process) in the differential equations. There is a fourth 
parameter, the pressure ratio of the compressor p2/p,, which de- 
termines the crank angles at which discharge and inlet begin. 
Besides these quantities, one could also consider variations in the 
clearance ratio and crank - connecting rod ratio for the com- 
pressor, but we will consider them fixed, since they do not affect 
valve losses critically within the usual range of design practice. 

A large number of separate cases were calculated, with various 
values of the parameters B, J, and q for both inlet and discharge 
processes, and for different values of the crank angles @ and 4, 
where discharge and inlet begin, respectively. For each case, 
the valve loss was computed as a percentage of the theoretical 
cycle area. Also, the volumetric efficiency was obtained for each 
case of the inlet process 

Since there are so many variables, the results cannot be pre- 
sented in any simple ferm. However, the main results of the in- 
vestigation can be summarized as follows: 


1 The flow parameter B is the most important factor in valve 
losses. The parameters J and q are of secondary effect. For 
low losses, B should be as large as possible. 

2 Valve losses decrease with increase in pressure ratio. 

3 For large values of B (B > 6), the losses vary inversely as 
the square of B, or, in other words, inversely as the square of 
valve flow area and directly as the square of the piston speed.° 
At low values of B(B = 1, approx.), the losses vary about as the 
inverse of B. 

4 When the flow area is small, the effeet of valve dynamics 
(as expressed by variations in J and q), has little influence on 
valve losses. When the flow area is large, valve dynamics is 
important. For example, with very stiff springs and a large 
flow area, the valves make several cycles of opening and closing 
during the inlet or discharge period, thereby increasing losses. 

5 For dynamic considerations the valve would have no weight 
and an infinitesimal spring constant, giving an infinite natural 
frequency. To reach this goal, one must reduce valve weight 
and spring stiffness to a minimum, while keeping the natural 
frequency of the valve system very high. 

6 The parameter B, is the most important consideration for 
volumetric efficiency (in so far as the valves are concerned) 
Valve dynamics has a much smaller effeet. For a high volu- 


as possible 


metric efficiency, B, should be as large 
CorreLatTion or Wrrn ExpeRIMENTS 


Numerous tests were run on a small single-cylinder compres- 
sor, and the results compared with the theory. The type 
of valve actually used was that known as the “reed” or ‘‘feather” 
valve.’ This type consists of a flat strip of steel covering a slot 
which forms the valve port. A pressure difference will lift the 
valve, causing it to flex against a curved stop plate. 

If the reed is considered to move only in the first mode of 
vibration as a simply supported beam, the derived equations are 
the same as for the single-degree-of-freedom svstem analy zed 


prey iously. 


* The piston speed is given by the product si2, or the stroke X 
rotational speed of crank 

7 “Air Compressor Valves,”’ by J. D. Watson, Collicry Engineer- 
wag, vol. 16, April, 1939, pp. 130° 136 
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Fic. 7 Comparison or Toeory With Experiments 


One can predict the performance of a compressor if one knows 
the values of the parameters B, J, and q in any operating condi- 
tion. These parameters are calculated from the known design 
dimensions and the empirical coefficients A, and Cy, which are 
found by means of a simple static test. 

Fig. 7 shows the comparison of predicted cycle efficiency with 
that obtained from the actual indicator cards. This shows an 
agreement within 1 per cent. However, the actual cycle effi- 
ciency should not be calculated solely from the p-v diagram (as 
for the theoretical efficiency ) but as a ratio of 


Ideal eyele work per lb of air X actual air flow (Ib/stroke 


Actual eyele work per stroke 


With this method of calculating efficiency the actual efficiency 
comes out from 3 to 7 per cent lower than the theoretical. The 
measured volumetric efficiencies are also about 1 to 5 per cent 
lower than the theoretical. It is felt that these discrepancies are 
largely due to leakage and heat transfer. 

The dynamics of the valves was investigated also, using a 
mechanical device to record the valve lift as a function of time. 
The results showed ‘hat the theoretical curves of valve lift are 
essentially correct, with the exception of a small amount of re- 
bound where the valves strike the stops. There was no ob- 


servable rebound where the valves struck their seats 
CONCLUSION 


The performance of reciprocating compressors with spring- 
loaded valves can be analyzed successfully, provided a few simpli- 
fving assumptions are made Actual volumetric and thermal 
eficiencies will be slightly lower than the theoretical The 
theory indicates that for a given pressure ratio the valve per- 
formance is principally a function of a parameter involving piston 


speed and valve flow area 
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Characteristics of Irrotational Flow 
Through Axially Svmmetric Orifices 


By HUNTER ROUSE! ann ABDEL-HADI ABUL-FETOUH? 


Although an exact analytical solution of the orifice prob- 
lem has not yet proved feasible, use of the method of re- 
laxation has permitted a numerical determination of the 
flow characteristics to be made with sufficient precision for 
the problem to be considered solved. The coefficient of 
contraction is found to be practically identical with that 
evaluated by von Mises for two-dimensional flow from slots 
over the entire range of area ratio, and reasonable agree- 
ment is shown to exist between measurement and com- 
putation. Co-ordinates of the jet profiles are presented 
in tabular and graphical form, and are found to differ 
appreciably from those previously adapted from the two- 
dimensional case. A composite dimensionless chart is 
also provided showing the distribution of pressure along 
the boundary and center line and across the efflux section 
for the various area ratios. 


INTRODUCTION 


that exists between 
many and axially 


metric three-dimensional flow, there is a pronounced dis- 


ESPITE. the underlying similarity 


patterns of two-dimensional sym- 
similarity in the mathematical limitations to which problems in 
the two flow categories are subject. This situation results in large 
measure from the fact that no three-dimensional counterpart has 
vet been devised for the powerful two-dimensional tool of con- 
formal transformation. There are, to be sure, various alterna- 
tive methods of successive approximation which are applicable 
alike to boundary conditions of either category. However, these 
are seldom general in their applicability, and in no instance can 


they be said to vield an exact solution 


rABLE 1 


0.1 
0.612 


COEFFICIENTS OF CONTRAC 


0.2 0.4 
0.616 0.631 


0.3 
0.622 


0.0 
0.611 


6B 

A 
In 1869 Wirehhoff (1) 
finite plane boundary, deriving an exact relationship for the jet 


ease in point is the analysis of flow from slots and orifices 
solved the problem of the slot in an in- 


profile and showing the linear contraction factor to have the 
O11 


a circular orifice in an infinite plane boundary 


magnitude w/(r + 2) The corresponding axially svym- 


metric Cust Was 
treated in 1913 by Trefftz (2), who found by successive approxi- 
mation that the ratio of the cross-sectional area of the contracted 
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jet to the area of the orifice likewise had a magnitude between 
0.60 and 0.62 
were thus shown to be quite different, definition of the contrac- 


Despite the fact the jet profiles for the two cases 


tion coefficient C, in terms of the area ratio nevertheless permitted 
the discharge equation for both cases to be written simply as 


Q {1} 


V 2p/p 
in which a is the area of the outlet and C 0.61. This, however, 
marked the end of the parallel development; in fact, although the 
exact analvsis of flow from slots in finite boundaries has been 
carried essentially to completion, no comparable analysis of 
orifice flow has yet proved possible 

Some fifty vears after Kirchhoff's original solution, von Mises 
(3) published a very broad treatment of the two-dimensional 
efflux problem, determining by conformal methods the coefficients 
of contraction for jets from slots under a wide variety of boundary 
conditions. The series which is of particular interest in the pres- 
ent discussion involved a symmetric slot in a plane at right angles 
to parallel walls, as shown in Fig. 1, the coefficient of contraction 
(see Table 1) varying from 0.611 to 1.0 as the ratio of slot width 
Although this in- 
vestigation was restricted to the determination of the asymptotic 


b to wall spacing B varied from zero to unity 


limit of jet width, other analyses have yielded the corresponding 
co-ordinates of the jet profiles, at least for the case of a sym- 
For example, in 1931 Betz 
and Petersohn (4) extended the analysis of Kirchhoff over the en- 


metric slot in a normal boundary 


tire range of b/B by means of the hodograph method 

Since the limiting conditions of flow from slots and orifices may 
be expressed in terms of the same equation, the assumption is 
frequently made (5) that the discharge function for slots of 


AFTER VON MISES 


TION FOR SLOTS 


0.9 
0 781 


0.6 
0. 662 


0.7 
0 687 
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various proportions may be adapted to orifices of similar propyr- 
tions (compare Figs. 1 and 2), by utilizing the von Mises coetfi 
cient C, corresponding to a given value of 6/B for the same mag- 
nitude of the diameter ratio d/D 
cases of flow would be described by the same efflux equation 


Under such circumstances both 


C,a WV 2p/p 

in which p is the pressure intensity in the uniform zone of ap- 
proach and C, is a discharge coefficient depending, like C., upon 
1 of the 


the ratio of the outlet area a to the cross-sectional area 
approach passage 


Vi (C.a/A)* 


This assumption formed the basis of a study published in 1936 by 
Kretzschmer (6), who further hypothesized that the jets from 
similar slots and orifices would have not only equal relative cross- 
sectional areas at the limit but also equal relative areas at the 
same relative distances froin the efflux sections—in other words, 
that the jet profiles determined for slots by Betz and Petersohn 


. 
| 
| 
C, = 
= 


~ 


Fie. 1) ~Derinirion Sketen rox From 


could be used to predict the corresponding profiles for orifices, 
through the assumed relationship 2r/d = VV 2y/b for d/D = b/B 
and 2/d = r/b. The validity of this approximation was tested by 
Kretzschmer both by means of the electrical analogy and through 
comparison with measured profiles, without evidence of appre- 
ciable error. 

The fact remains, nevertheless, that experimental measure- 
ments of jet profiles are in themselves rather inconsistent, due in 
large measure to the variable influence of gravity, viscosity, and 
capillarity upon the flow pattern; use of the electrical analogy is 
also subject to experimental inaccuracies unless extreme care is 
taken. For these reasons the Kretzschmer approximation cannot 
be regarded in any sense as an exact evaluation of the axially 
symmetric efflux problem. In view of this conclusion, it was de- 
cided by the authors to undertake a full investigation of the 
problem through use of two alternative procedures which had 
proved of considerable value in similar fields of study at the lowa 
Institute of Hydraulic Research, namely, an improved electrical- 
analogy technique, and the Southwell process of relaxation. 


Mernops or INVESTIGATION 


The electrical-analogy technique used by the Lowa Institute has 
been described elsewhere (7) in detail. Lt involves, in brief, (a) 
representation of a body of revolution by such a small segment 
that the boundary surface need curve in only one plane, and (6) 
replacement of the usual movable probe by a series of small elec- 
trodes precisely located along the boundary. The electrolyte is 
thus contained between a sheet of plate glass inclined at perhaps 
5 deg to the horizontal, two vertical copper terminal plates in the 
approximate form of potential surfaces and well removed from 
the zone of measurement, and a strip of plastic at right angles to 
the glass and formed to represent the curved boundary. The 
center line, corresponding to the intersection of the free surface 
of the electrolyte and the glass plate, is further defined by a low 
wall of paraffin to eliminate capillary creep. A 0.01-molar solu- 
tion of copper sulphate with a small admixture of sulphuric acid 
is used as the electrolyte. The electrodes are formed of 0.015-in. 
copper Wire passing through holes in the plastic strip; the holes 
are drilled on a precision milling machine, the wires cemented in 
place, and the contact surfaces polished flush 

An electrical potential is applied between the terminal plates, 
and the resulting potential difference between each successive 
pair of boundary electrodes is measured by means of a bridge 
circuit containing a sensitive null indicator. The potential dif- 
ference, divided by the electrode spacing, is assumed proportional 
to the velocity at the mid-point between the electrodes. For 
precise determinations the electrode spacing must be relatively 
small, the surfaces clean, the joints tight, and the electrolyte free 
from stratification. Noteworthy is the fact that errors in measure- 
ment will be compensative rather than cumulative, since a local 
discrepancy will merely affect two successive differences in op- 
posite directions. 
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Fie. 2) Derinition Sketcu ror From an OriFice 


Application of this technique to the study of orifice flow in- 
volved the trial-and-error adjustment of the boundary strip in 
such a manner as to yield an essentially constant velocity (re- 
quired by the boundary condition of constant pressure) at all 
points of the simulated free surface. Therefore, those portions of 
the boundary representing the pipe wall and the orifice plate were 
made of '/;-in. lucite plate sealed to the glass by means of melted 
paraffin, while that portion corresponding to the free surface con- 
sisted of '/y-in. pyraline sheet sealed with an external fillet of 
readily removable plasticine. For the chosen orifice radius of 5 
in, the electrode spacing varied from '/; in. near the edge of the 
orifice to 1 in. far upstream and downstream. The flexible free- 
surface strip was first given a reasonable shape and then adjusted 
in accordance with the electrical indications, gradually approach- 
ing the desired shape by the process of successive approximation. 
A point of diminishing returns appeared to have been reached 
when the maximum local variation in potential gradient was re- 
duced to +1'/; per cent. The surface profile was thereafter 
trousferred to co-ordinate paper by means of a wax mold. 

The general method of relaxation has also been described else- 
where (8, 9); in fact, Southwell and Vaisey (10) have already 
applied it to orifice flow for a particular value of d/D. Suffice it to 
say that a longitudinal section through the given zone of flow is 
subdivided by a series of equally spaced horizontal and vertical 
lines, and reasonable values of the stream function ¥ are assumed 
for all intersections of these lines with each other and with the 
boundary. By expressing the Laplacian equation in terms of 
finite differences, a relationship may be written between the 
values of ¥ at any given intersection and at the four intersections 
which surround it. The correct values are then gradually ap- 
proached by a systematic procedure of reducing the errors in the 
original assumptions in accordance with this relationship. Since 
no part of the flow pattern can be wholly rectified unless those 
parts in the immediate vicinity are also essentially correct, the 
procedure necessarily involves a gradual refining of the pattern 
as a whole in successive steps. On the other hand, once the pat- 
tern is as nearly correct as the original degree of subdivision will 
permit, greater local accuracy may be obtained by further sub- 
division and repetition of the relaxation process. 

The foregoing method of determining the flow pattern for a 
given boundary configuration was adapted to the problem of flow 
with a free surface by assuming the free-surface profile, perform- 
ing the relaxation, and evaluating the free-surface velocity from 
the resulting distribution of ¥. The profile was then adjusted in 
such manner as to make the velocity more nearly constant, and 
the relaxation process was repeated. Evaluation of the velocity 
at a given point on the free surface proceeded in accordance with 
the relationship 


1 oy oy 
r On 


t= 


[4] 
rcosa@ or 


in which n refers to distance normal to the streamline in the 
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direction of curvature, and a@ is the angle of inclination of the 
streamline to the axis. In view of the fact that the values of ¥ 
were at hand only at intermittent points and values of a only from 
graphical measurement of an assumed curve, application of 
Equation [4] required considerable refinement of technique 
(i.e., curvilinear rather than linear approximation), before the de- 
sired accuracy along the curved portion of the surface could be 
attained. Less difficulty was encountered at the asymptotic 
limit, where a — 0, the correspondingly more accurate value of 
v, providing the reference magnitude toward which the velocity at 
other points was adjusted. 

Unlike the electrical-analogy method, the accuracy of which is 
definitely limited by practical considerations of construction and 
instrumentation, the relaxation method is governed in accuracy 
only by the element of time. In other words, although the latter 
method cannot be classed as exact, the residual errors may be 
reduced to any desired extent commensurate with the labor 
which can be devoted to the solution. In the present case, once 
the necessary technique had been perfected, the electrical solution 
was carried to its practical limit for the boundary condition 
d/D = 0 in about 200 hr. The same degree of accuracy was ob- 
tained by relaxation in 100 hr, this process then being continued 
another 50 hr, and the maximum variation in the free-surface 
velocity thereby being reduced to +0.7 per cent. Therefore, use 
of the electrical method was restricted to the one boundary con- 
dition, and the relaxation method was extended to (d/D)? = a/A 
ratios of 0.25, 0.5, and 0.75. The upper limit a/A = 1.0, of course, 
has a self-evident solution. 

Once the jet profiles for the five systematically progressive 
cases had been determined, further use was made of the relaxa- 
tion nets in evaluating the distribution of pressure along the fixed 
boundary and the center line and across the orifice opening. As in 
all cases of irrotational flow, the pressure intensity at any point 
with respect to that at a reference point may be expressed dimen- 
sionlessly in terms of the local velocity in its ratio to the velocity 
at the reference point. If a point on the free surface is taken as 
reference, the expression becomes 


» 
2 = [5] 
Use of this expression evidently requires evaluation of the velocity 
ratio v/v, at all points in question. Along the boundary and 
across the orifice opening this evaluation proceeded in the same 
manner as for the free surface. At the center line, however, both 
the reciprocal of the radius and the lateral gradient of the stream 
function become equal to zero, and the corresponding magnitude 
of v had to be determined as a limit from the second derivative of 
the function. 


Discussion oF Resuits 


As may be seen from Table 2, the contraction coefficients de- 
termined by the relaxation method for axially symmetric flow 
were practically identical with those determined from the von 
Mises function for two-dimensional flow at equal values of (b/B)* 
and (d/D)* = a/A 

There is no reason to suspect, moreover, that the slight dis- 
crepancies (less than 0.3 per cent at the most) were anything but 
computational. In other words, the fact that almost exact agree- 
ment between the two functional relationships was found at 
evenly spaced points over the entire functional range would ap- 
pear to indicate that the relationships are indeed identical. For 
all practical purposes, at any rate, the values of C, in Table 1 
may now be considered fully applicable through Equations [2] 
and [3] to the evaluation of discharge conditions for irrotational 
orifice flow. Fig. 3 shows a plot of the resulting discharge coeffi- 
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TABLE 2 COMPARISON OF CONTRACTION COEFFICIENTS FOR 
SLOTS AND ORIFICES 


(d/D)* 0 0.25 0.50 
coo 0.644 0.689 
0.612 0.644 0.691 


0.75 1 
0.757 1 
0.757 1 


(b/B)? = oo! 
Ce for slot 000 
000 


Ce for orifice 


Reloxoron 
© 
_ Weisbach 
Greve 
Laonsford 


+ 


Sera 
Agapred 
von Mises 
function 


Variation or Disenarce Wrra Ornipice 
Ratio 


Fre. 3 


cient against the area ratio, the curve representing the adapted 
von Mises function and the encircled points the values determined 
at Iowa by the relaxation method. 

Passing mention should be made of the value given by South- 
well and Vaisey for the ratioa/A = 1/36. As may be seen from 
the single open circle in Fig. 3, the corresponding point falls be- 
low the actual curve. Although the paper from which this value 
was taken did not provide sufficient information to permit a nu- 
merical check of the computations, it would appear from the text 
and from the foregoing discussion that the discrepancy could be 
reduced by increasing the number of successive approximations. 

The remaining points shown in Fig. 3 were taken from actual 
measurements of orifice discharge by various investigators. Those 
shown as solid points stem from studies made by Weisbach (11) 
nearly one hundred years ago, and are included largely because of 
their frequent citation in hydraulics. Those shown as half-solid 
points were determined by Judd (12), and Greve (13), while the 
crossed points represent average values presented by Lansford 
(14) for both conduit orifices and end orifices. 

Such experimental data, in general, include the effects of grav- 
ity, viscosity, and capillarity, which can be evaluated qualita- 
tively but not Thus influence 
upon the discharge coefficient is negligible except at low Froude 


quantitatively. gravitational 
numbers. Capillary action, similarly, is of little consequence ex- 
cept at low Weber numbers, The effect of viscosity is twofold: 
namely, the effective head is reduced through boundary resist- 
ance in the orifice vicinity; and boundary resistance in the uni- 
form zone of approach results in an increased velocity in the cen- 
tral region and hence a reduction in the degree of jet contraction. 
These two effets are opposite in nature, the former tending to de- 
crease the discharge coefficient nnd the latter to increase it. At 
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moderate to high Reynolds numbers they appear to balance one 
another, since, as may be seen from all points in Fig. 3 except 
those of Lansford, the experimentally determined values of the 
coefficient seatter on both sides of the computed curve for irrota- 
tional flow. The fact that the Lansford values are consistently 
low is probably due to the effeet of the eddies which form around 
the diffusing jet of an orifice located within rather than at the end 
of a pipe. 

Fig. 4 permits a comparison (o be made between the four meth- 
ods of let-profile evaluation described herein. All four curves are 
for the limiting ratiod/D = 0 = a/A. The short-dash profile in- 
dicates the original Trefftz solution. The long-dash profile cor- 
responds to the Kretzschmer approximation based upon the two- 
dimensional profile for b/B = 0. The dot-dash profile is that de- 
termined at Lowa by electrical analogy. Finally, the full profile 
represents the results obtained at Towa by the method of relaxa- 
tion. If the latter (for which the maximum error in r is estimated 
to be *0.2 per cent) is used as the basis of comparison, the Trefftz 
and the electrical solutions are seen to involve relative errors of 
approximately +1 per cent and —1 per cent, respectively, and 
the Kretzschmer two-dimensional adaptation a relative error 
nearly as great as +3 per cent. Although similar comparisons 
have not been made for other diameter ratios, the foregoing may 
be considered roughly indicative of the discrepancies to be ex- 
pected 

All protile data determined by the relaxation method for net 
subdivisions of d/32 are plotted in Fig. 5 More convenient co- 
ordinate values obtained from these data by curvilinear interpo- 
lation are presented numerically in Table 3. Through use of the 
limiting dimensions indieated by the coefficients of contraction in 


Pia. Jer Prorites ror SysTemMatic 


Serres or Area Ratios 


Table 1, the profile co-ordinates for any value of d/D = VV a/A 
should be readily obtainable through further interpolation 


TABLE 3) PROFILE CO-ORDINATES FOR JETS FROM ORIFICES 


a/A = 0.00 0.25 0.50 0.75 
2z/d 2r/d 2r/d 2r/d 2r/d 
0.00 1.000 1.000 1.000 1.000 
0.05 0.945 0.955 0.963 0.971 
0.10 0.911 0.923 0.937 0.954 
0.20 0.867 0.887 0.906 0.928 
0.30 0.841 0. 862 0.884 0.912 
0.40 0 824 0.845 0.871 0.901 
0.50 0.812 0.833 0.860 0.893 
0.70 0.797 0.819 0.847 0. 883 
1.00 0.788 0.809 0.838 0. 876 
1.40 0.783 0 804 0. 833 0.871 
2.00 0.782 0.802 0.831 0.870 


Fig. 6 presents in a composite dimensionless diagram after 
equation [5] the curves of pressure distribution along the bound- 
ary and center line and across the orifice opening for the four val- 
ues of a/A investigated at Iowa and for the obvious limit of zero 
contraction. These curves show at a glance the relative magni- 
tude of the acceleration in the various zones and for the various 
boundary proportions, since the component of acceleration in any 
direction is directly proportion il to the negative pressure gradi- 
ent in the corresponding direction. At once apparent is the fact 
that the mayor part of the acceleration is confined to the immedi- 
ate vicinity of the efflux section. In fact, although the extent of 
the region of appreciable acceleration increases somewhat with 
decreasing values of a/A, even for the limiting ratio of a/A = 0 
the pressure is within | per cent of its asymptotic values only one 
orifice diameter upstream and downstream from the efflux sec- 
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Attention should be called, in connection with Fig. 6, to the 
one pronounced difference which necessarily exists between the 
irrotational and the actual patterns of flow. In the irrotational 
pattern the pressure attains its full stagnation value pr,?/2 at the 
juncture between pipe and orifice plite, whereas in the actual pat- 
tern separation occurs a short distance upstream The eddies 
which form in such a zone of discontinuity not only result in a 
lowering of the loeal boundary pressure but also produce an ap- 
preciable disturbance of the jet. If the irrotation il pattern is to 
be used as the basis of discharge measurement, the prezometer 
must be located at least one orifice diameter upstream, rather than 
at the juncture (15) as frequently encountered in meter construe- 
tion. If the turbulence of the jet is to be minimized, on the other 
hand, a sizable fillet may be introduced at the boundary juncture 
although this should change the flow pattern to some extent, the 
difference will probably be less than that due to the loss in energy 
which the eddies would otherwise produce 

In view of the general agreement which exists between the 
actual 


characteristies of the irrotational flow pattern and those o 
flow conditions, the information presented herewith should prove 


of practical value in a number of ways: (a The discharge fune- 
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tion provides at least an approximate relationship for fluid me- 


tering; in other words, although the calibration of precision me- 
ters is invariably a necessity, use of the curve plotted in Fig. 3 


should insure a probable accuracy of perhaps *2 per cent when 


calibration is not feasible or greater accuracy is not required; (6) 


the jet profiles and the corresponding pressure-distribution 


curves may be utilized in the design of nozzles or transitions for 


conditions under which local drops in pressure would lead to cavita- 


tion or separation ¢) with essentially exact information as 


to the characteristies of irrotational orifice flow now at hand, a 


basic reference at last exists for evaluating the effects of gravity, 


viscosity, and capillarity upon the discharge function 
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The Design of Resonant Quartz-Crystal 
Ultrasonic Transducers for 
Research Purposes 


By G. W. SWANSON, JR.,! ann W. T. THOMSON,* MADISON, WIS. 


Ultrasonic waves have become an important research 
technique in many fields, including chemistry, mechanics, 
and others. Piezoelectric crystals excited by a source of 
alternating voltage are commonly used as a method of pro- 
ducing ultrasonic mechanical vibrations for such purposes. 
Hence it is often necessary that crystal transducers be 
designed, and to those unfamiliar with the theory of 
piezoelectricity, such a design problem may entail time- 
consuming research. The present paper is intended to 
co-ordinate the several approaches to the design problem 
and to present a practical method for designing quartz- 
crystal transducers for ultrasonic frequencies. 


INTRODUCTION 


HE use of ultrasonic waves has become an important re- 

search technique in many different fields, including chem- 

istry, mechanics, electrometallurgy, biology, and medicine. 
The most commonly used method of producing ultrasonic me- 
chanical vibrations for such purposes is through the use of piezo- 
electric crystals excited by a source of alternating voltage of 
the proper magnitude and frequency, usually produced by elec- 
tronic oscillators and amplifiers. It is frequently necessary, 
therefore, for a worker in one of these fields to design a crystal 
transducer to operate at the desired frequency and amplitude 
to accomplish his purposes. This paper, then, is an interpreta- 
tion of the existing literature. 

For one who is not already familiar with transducer-design 
techniques, and particularly with the theory of piezoelectricity, 
such a design problem may entail a good deal of time-consuming 
research in the literature and may result in a certain degree of 
frustration, inasmuch as there exist two somewhat different pro- 
cedures for the derivation of the piezoelectric equations. It is 
the purpose of the present paper to co-ordinate the various ap- 
proaches to the design problem and to present « practical method 
for designing quartz-crystal transducers for ultrasonic frequencies. 


PIERZOELECTRICITY 


Suppose that a quartz plate, cut with its major faces perpen- 
dicular to the z-axis of the crystal (an ‘‘r-cut”’ crystal), is plated 
Ifa 


on both sides with a metallic coating, as shown in Fig. 1. 
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Fig. 1(b) (right) 


l(a) (left) X-Cur Quartz Pilate 


OrrentaTion oF Pirate Naturat 


potential difference is now applied between the plated surfaces, a 
deformation of the crystal will oecur in two dimensions, along the 
z-axis and along the yaxis. The two deformations are 180 
deg out of time-phase, that is, if at any instant the plate under- 
goes a contraction in the r-direetion, it will simultaneously 
undergo an expansion in the y-direction, and vice versa. 
versely, if such a plate is subjected to a force in either the z or the 
y-direction, an electrical potential difference will appear between 
It is these properties that make piezoelectric 


Con- 


the plated surfaces. 
substances useful for transducers. 

In an actual transducer, only the deformation along one of the 
crystal axes is utilized; for example, in an z-cut “‘thickness- 
mode” transducer the force is applied between the two plated 
faces, while, in an z-cut “longitudinal-mode”’ transducer, the 
force is applied between the faces perpendicular to the y-axes 
Both types of transducers can be used equally well for producing 


or for detecting vibrations, the mode of operation being deter- 
mined chiefly by the frequencies. Longitudinal-mode trans- 
ducers are useful in the range between 2 & 104 and 10* cycles 
per second (eps), while the thickness mode is used for higher fre- 
quencies up to about 10’ eps. In recent years little use has been 
made of quartz crystals operating in the longitudinal mode, be- 
cause synthetic crystals and magnetostriction devices are more 
satisfactory for these frequencies. The present paper, there- 
fore, will be concerned chiefly with thickness-mode applications. 

The two more common theories of Voight and Mason can be 
summarized for thickness vibration by the following equations: 


Electric-Field Theory, Voight (1)* 


E, =f 
or 


+ 


* Numbers in parentheses refer to Bibliography at end of paper. 
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as follows: 


X 


, = Stress in x-direction (positive for compression ) 
£ = particle displacement in z-direction 

or 

Ek, = electric intensity in x-direction (applied voltage divided 


= strain in x-direction (positive for extension ) 


by crystal thickness) 
o = charge density on electrodes 
P, = polarization in z-direction 
(¢ = stress-to-strain ratio under constant charge 
f = piezoelectric constant = ratio of stress to charge density 
at constant strain 
e = piezoelectric constant = ratio of stress to electric intensity 
at constant strain 
k = dielectric susceptibility of ervstal under constant strain 
K = 1+hé = dielectric constant of quartz 
C® = stress-to-strain ratio under constant electric intensity 
« = 8.854 X 10>"? farads m~' = permittivity of free space 


The relationship between the coefficients of the two theories 
can be obtained by substituting the expression for the charge 
density 

e = KeE, + P,....... [5] 
into Equations [3] and [4] and comparing with [1] and [2]. It 


now appears that 


ll 
~ 
= 
+ 
>= 


f = —e/Keo [7] 
Kwl+k..... 


It is immaterial which theory is used provided the foregoing 
relationships are adhered to. 

Using the electric-field theory of Voight, the steps leading to 
the three final equations are as follows: Substituting ?, from 
Equation [5] into Equation one obtains 

or 


Because o is zero within the dielectrie and appears only on the 


electrodes, (00) /(0r) = 0, and 
ok e 
= 10 
or Key or? 


Paking an element of thickness de and applying Newton's equa- 


tion of motion, the unbalanced foree on the element, per unit 


ok 
( ‘ C®il 4 
Or? or or? 


ore e2 ovr 
= 1 + . 12 
of? p 


The latter equation is recognized as the wave equation in one 


area, is 


and 


space co-ordinate, representing a plane wave of displacement 


propagated with a velocity of 


cr 2 
r= t [13] 
p 


meters per second. Accepted values of the constants appearing 


All units are in the rationalized MKS system and are defined 
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in Equation [13] are (from Cady, but converted into MKS 
units): 


2 


c® = 8.51 & newton meter~? 
p = 2.65 X 10° kilogram meter~* 
e = 1.73 X 10~' coulomb meter~? 
K = 4.46 


= 9.0 X 


eKCF 

It is evident from these figures that A? is negligible compared 
with unity, so that, from Equation [6], C¢ is equal to C® for prac- 
tical purposes, 

Assuming simple harmonic motion, a solution to Iquation 


{12} can be written as 


wr wr 
g cos + C2 sin . [14] 


C, and C, are evaluated at the face 1 = 0, where the velocity and 
force are & and F; = AX,, respectively. Letting & and F, be 


the corresponding quantities at the other face 2 = /, it follows 
that 


ok) cos je: Zo sin .. {16 
t 


where 
A = plated area of crystal face 
l, = thickness of erystal 


Ae 
= 
p = density of crystal 
Zo = Apvy = characteristic mechanical impedance of crystal 
E = 1,E, = applied voltage 


The current in the erystal is 


Oa 
i= dA 17 
ot 


Differentiating Equation [9| with respect tot 


Oo vt 
= jeoKwk, + ¢ IS 
ot or 
and substituting into Equation [17 | yields 
Ake eA LdA 
E + 19] 
l, Ou 1 


The surface integration can be changed to integration in the 2- 


Then 


direction by noting that /,dd = dV = Adr 


or A 
and 
= pl E + o (é é,). 20) 


Cy is thus defined as the capacitance between the two plated 
surfaces of the crystal A Keo 


Equations [15], [16], and [20] can be rearranged into the form 


al, 
F, Fy = (& + &)jZo tan — .. [21] 


| ——— 
| & = & cos j sin — {15 
v Ze v 
_ 
OX, 
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&).. [22] 


oE = (wan 


If forees are considered analogous to voltages and velocities to 
currents, these equations represent a six-terminal electrical net- 


work as shown in Fig. 2. 


J Z,lan 


JZtan 


Fic. 2. Stx-Terminat Network Representing Crystat System 


Fig. 2 represents a crystal with an electrical input voltage 


driving two mechanical loads, one on each plated surface. In 
the more common 


practice this scheme is setom, if ever, used; 
situation is the one in which all the energy is radiated from one of 
the faces of the ervstal. In the latter case the nonradiating face 


must be treated in such a way that no energy can be radiated in 


this direction; in other words, a nonabsorbing backing material 


must be used If one considers the propagation of compres- 


sional Waves through the ervstal to be analogous to the propaga- 


tion of voltage waves along an electrical transmission line, then it 


is apparent that the mechanical impedance of the backing mate- 


rial must be much greater or mu h Jess than the characteristic 


impeda we of the quartz, in order that the energy transfer be 


negligible 
Air is commonly used as a backing mate rial, beeause its char- 
teristic impedance is extremely small in comparison with that 


of quartz. Furthermore, the energy dissipation in air at ultra- 


sonic Trequencies 1s high enough so that the input acousti al im- 


pedance tou hickness of sever il wave lengths is nearly equ il lo 


the characteristu 1rnape lance, regardless of the material at the far 


iguinst if a quarter- 
The 


to produce an infinite 


the erystal, it is necessary merely to place 


wave-length plate of metal, whieh, in turn, is backed by air 


‘transtormet 


metal plate then acts as a 


impedance at the surface of the crystal 
Returning again to Fig. 2, it is apparent that if one side of the 
The resulting 


erystal is exposed to air, Z,; must be a short cireuit 


iffer simplification, ts 
the ervstal, the 


therefore the cireuit reduces 


equivalent circuit, shown in Fig. 3(a 


At the resonant thickness is 


oft 


2f)m 


wave length, or/, = A 
to the simple form shown in Fig. 3(6 


If one side of the erystal is backed by an infinite impedance, 


the terminals at F, are open-circuited and the eireuit diagram is 


given by Fig. 4(@), in which 


wl, wl wl 
cot = sin™' ( : tan : 
v v 2v 


At resonance, for this type of backing, the thickness is caly '/, 


QUARTZ-CRYSTAL ULTRASONIC TRANSDUCERS 


Should an infinite terminating impedance be desired for~ 
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~2/Z,cot 


E 


Fic. 3(a) 


Eqvuivatent Circuit ror Arr-Backep Crystal 


dc 


Fie. 3(6) Ar Backine Wrrn = 


wave length because the erystal surface next to the backing mate- 


rial cannot move. For this condition, the equivalent circuit is 
given in Fig. 

For either type of backing, it is clear that at resonance the 
only impedances in the eireuit are Z,, the input impedance of 
the load, and (y, the capacitance between the plated surfaces 


of the ervstal 


de 


CRYSTAL 


Fie. 4a Backep py Inernrre IMprpance 


INFINITE 


Impepance Backine Wirn = 


Cuaractertstics oF Loap Menta 


Load media can be liquid, solid, or gaseous In the case of a 


45, however, the Hipecance presented to the transducer is so 
low that it is usually difficult to accomplish a significant power 
transfer without the use of'a large diaphragm or-cone (as in the 
esse olga loud-speaker The successful operation ot the system 
depends upon the proper impedane e match between the alternat- 
If the 


it is clearly impossible to mateh the 


ing-voltage source and the mechanical load load is as- 


sumed to be purely resistive, 
resistive impedance of a vacuum-tube 


conventionally output 


implifier without the addition of an inductance to the trans- 
The 


or it ean be connected in series with the entire circuit 


ducer circuit inductance can be connected in parallel 
with Co, 
In either ease its value should be calculated to make the input 
impedance to the transducer purely resistive. The output im- 
pedance of the electronic amplifier, of course, should equal the 
input impedance to the erystal, which in turn is determined by the 
load medium 


In most applications, very little of the radiated energy wall be 


sin —* 
F, ok = tan &+ (& [23] | 
2v wl, 
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reflected back into the transducer; therefore the impedance Z, 
seen by the crystal will be nearly a pure mechanical resistance. 
The value of this resistance is found by multiplying the char- 
acteristic impedance of the load medium by the plated area of the 
erystal. Division of the resulting number by ¢? (or 4¢? as the 
case may be) gives the equivalent electrical resistance in ohms, 
provided all quantities are stated in MKS units. Table 1 gives 
the characteristic impedances of a number of typical media (3). 
The velocities given for solid media are the velocities of longi- 
tudinal waves. All values are approximately correct for atmos- 
pheric pressure and 20C. 


TABLE | CHARACTERISTIC IMPEDANCES OF TYPICAL 
MEDIA 


Velocity of Characteristic 
propagation (v), Density (») impedance (pv), 
Medium m/sec kg/m! MKS unit 
Cast iron ° . 3400 7800 26.5 x 10* 
Lead 4800 11300 54.2 108 
Mercury 1400 13500 18.9 x 108 
rass . 8400 8400 28.6 x 10° 
Steel (mild) 5000 7700 38.5 x 10* 
Concrete. . . 3100 2600 8.06 x 10° 
Limestone..... ... 8300 2600 8.57 10¢ 
Fresh water 1440 1000 1.44 x 10¢ 
Sea water 1800 1030 1.54 
Air... ° 344 29 444 


CALCULATION 


Air-Backed Crystal, Ime. An air-backed crystal must be '/2 
wave length thick. For quartz, from Equation [13], the velocity 
is 5670 m per sec. The wave length at 1 mc is, therefore, 5.67 
10-3 m, so that the erystal should be ground to a thickness of 
0.283 cm. Assume that the plated area of the erystal is 4 em’. 
Then (o, the shunt capacitance across the crystal, is AKe/l, = 
5.58 10°! farad. The value of = Ae//, is 246 107? 
'. If the load on the radiating face of the 
crystal is water, the mechanical impedance on the crystal face is 
1.44 10° X 4 & 10 * = 576 MKS mechanical ohms. Divid- 
ing by 4 ¢?, the electrical impedance due to the mechanical load is 
2.38 10° ohms. 
tance of Co is connected in parallel with the crystal, the input 
resistance of the crystal is 2.38 & 105 ohms, and the output im- 
pedance of the driving amplifier should also have this value. It 


coloumb-meter 


If un inductive reactance equal to the reac- 


can be shown that if the compensating inductance is connected 
in ‘‘series’’ with the crystal, any desired input impedance much 
lower than the load impedance can be obtained by making 


=wh = V Ria 


Usually an additional capacitance must be connected in parallel 
with to bring about this condition. 

A typical method of mounting an air-backed crystal is shown in 
Fig. 5. The particular application illustrated is the projection of 
a beam of ultrasonic energy into a tank of liquid. If the liquid is 
a nonconductor, a light flexible wire must be soldered to each 
plated surface of the crystal to provide an electrical connection, 
It is worthy of mention that actually plating the erystal is un- 
necessary; thin sheets of aluminum foil carefully cemented to the 
surfaces have given excellent results 
The directional properties of crystal transducers must be con- 
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sidered in connection with most applications. In the megacycle 
range a practical crystal plate has surface dimensions large with 
respect to a wave length in any medium; therefore the energy is 
radiated in a narrow beam. A commonly used formula for de- 
termining the beam width of a circular plate (4) 


@ = 2 tan~! (0.45 


where a is the angle between. the directions in which the radiated 
power is 0.1 that radiated normal to the plate, \ is the wave 
length in the external medium, and a is the radius of the plate. 

For practical purposes the energy dissipated within the crystal 
ean be neglected. The radiated power therefore can be calcu- 
lated from the relationship E?/R, where F is the effective value of 
the applied voltage, and R is the input electrical resistance of the 
erystal at the frequency in question. It must be remembered, 
however, that quartz has a breakdown potential gradient of 6.7 
< 108 volts per meter, which must not be exceeded. Furthermore, 
the maximum permissible voltage is often limited by the forma- 
tion of an are in the medium in which the crystal is immersed. 
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The Uniform Distribution of a Fluid 
Flowing Through a Perforated Pipe 


By WILLARD M. DOW,' SHREVEPORT, LA. 


A theoretical analysis is made of the flow through a per- 
forated pipe with a closed end for the special case of a con- 
stant linear rate of discharge along the length of the pipe. 
The results of the fluid-flow considerations are applicable 
to many practical manifold systems. The practical signifi- 
cance of the results with respect to pipe burners for gase- 
ous fuels is emphasized as the results make possible the 
design of simple high-capacity and extended-range pipe 
burners of industrial importance. The capacity of com- 
mercially available pipe burners may be increased several 
hundred per cent. The validity of the theoretical results 
was verified by experiment. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


cross-sectional area of manifold pipe at any point, sq ft 

cross-sectional area of manifold pipe at inlet end, sq ft 
= total port area, sq ft 

numerical constant 

diameter of manifold pipe at any point, ft 

diameter of manifold pipe at inlet end, ft 

Fanning friction factor, dimensionless, defined by relation, 


dF = D 


per unit mass of fluid flowing for a differential length of 


f 
dx, where dF is the friction in foot-pounds 


pipe, dx 
active length of manifold pipe, ft 
length.of pipe in which fluid flow is in turbulent-flow re- 
gion, ft 
hydraulic radius, defined as cross-sectional area divided 
bv wetted perimeter, ft 
= hydraulic radius at inlet end, ft 
numerical constant 
pressure, psf 
pressure difference, psf 
volume rate of flow at any point, cu ft per hr 
volume rate of flow at inlet end, cu ft per hr 
= average velocity of fluid in manifold, ft per hr 
distance along manifold pipe from inlet end, ft 
distance along manifold pipe trom dead end, ft 
= constant (approximately 1 for turbulent flow and ' , for 
streamline flow), dimensionless 


8 = dimensionless 
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/ ( sol, 


absolute viscosity, Ib see /ft* 


) , dimensionless 


kinematic viscosity, ft? see 
density, slugs /ft® 
INTRODUCTION 


The problem of uniform distribution of a fluid flowing through 
a manifold outlets many practical 
systems. Familiar examples are liquid-distribution systems, 


with spaced arises in 
steam and feedwater-distribution systems in boilers, sewage- 
disposal systems, multitube air heaters, and pipe burners for 
gaseous fuels. It is a problem of particular interest in the case 
of pipe burners because the potential industrial utility of this 
simple type of gas burner appears to be great. 

The pipe burner is one of the many types of burners which use 
gus as a fuel and, in its simplest form, consists of a closed length 
of pipe having a row of ports drilled along its length. The gas 
is introduced through the open end inspirating primary air 
The air-gas mixture flows toward the closed er dead end, es- 
caping through the burner ports where the gas is ignited to pro- 
vide the flame. In spite of its physical simplicity and potential 
utility, it has not been widely used in industry, apparently be- 
cause the dynamics of its gas flow has not been well understood. 

Accepted burner design? stipulates that pipe burners should not 
be designed for lengths greater than 6 ft and that the cross- 
sectional area of the pipe should not be less than 1'/, times the 
total port 
on the capacity and utility of the burner 


area. These conditions impose serious limitations 
A drilled-port pipe 
burner which could have a high capacity and unlimited length, as 
well as uniform flame height and heating characteristics, would 
be desirable and applicable in many industrial heating installa- 
tions. It would have the obvious advantages of simple and cheap 
construction, and it would obviate the usual hazards of fire and 
damage due to overheating by a concentrated gas flame. It 
could be adapted to many heating installations where direct gas- 
flame heating is normally precluded owing to high cost and im- 
practicability of a large number of conventional burners. 

The limitations and necessary conditions for satisfactory burner 
performance of drilled-port pipe burners were disclosed by a mathe- 
matical consideration of the more general problem of the uniform 
distribution of a fluid flowing through a perforated pipe with a 
closed end. A system of ordinary differential equations was set 
ul and solved for the spec ial case of « constant linear rate of dis- 
charge along the length of the pipe Theoreticall, this solution 
h would give a 

length. The 
validity of the theoretical design equation was checked by experi- 


should be the design basis for a pipe burner whic 
uniform flame height and uniform heating along i 


mentation with conventional and modified pipe burners 
agreement between the theory and experiment was excellent 
THEORETICAL CONSIDERATIONS 


Briefly, the mathematical treatment consists of the develop- 
ment of the necessary conditions to insure that the pressure drop 


? “Combustion,"’ American Gas Association, Mack Printing Com- 
pany, Easton, Pa., third edition, 1932, pp. 122, 132-134. 
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due to friction losses in the flow through the pipe is exactly bal- 
anced by the pressure increase due to the deceleration of the 
flow in the pipe which necessarily oceurs when part of the gas es- 
capes through the ports. When these two pressure trends are 
exactly balanced, the static pressure remains constant along the 
entire length of the burner, which insures a uniform flame height 
and uniform heating. 

In genera], the pressure loss due to friction is related to the sur- 
face area of the pipe, while the pressure gain due to deceleration is 
related to the cross-sectional area of the pipe. Therefore it is 
possible to control the pressure by adjusting the ratio of these 
two areas. This can be acc omplished by several means, such as 
inserting a tapered plug in the pipe, actually changing the diame- 
ter of the pipe, or constructing the burner manifold according to 
geometric design. 

For mathematical purposes the discharge of the fluid through 
the ports may be considered as a continuous function of the dis- 
tance along the pipe. An energy balance for a differential length 
dr of the perforated pipe 


udu dp 2fu? 

+ + -dr = 0 [1] 

a dD 

If the ports are the same size and their distribution along the 

length of the pipe is constant, uniform fluid distribution requires 

that the rate of flow through the pipe must vary linearly from a 
maximum at the inlet to zero at the dead end, or 


uA =Q = Q ( [2] 


The fluid velocities through the ports must be equal to give a 
uniform distribution, Therefore, (dp)/(dz) must equal zero for 
a discharge into a constant-pressure atmosphere. Equation [1] 
may now be reduced to 

du 2af 2af 


= dr = [3 


Differentiation of Equation [2] and substitution into Equation 
[3] gives 
dD 
= af [4] 
dy 2y 
This is the fundamental differential equation to be solved to give 
the physical dimensions of a pipe burner which will have uniform 
flame height and heating characteristics. The frietion factor f 
is a function of the Reynolds number, Du/», which varies from a 
maximum at the inlet end of the pipe to zero at the dead end. 
Case 1, Laminar Flow. If the Reynolds number is less than 
about 2100, the flow through the pipe will be in the laminar region, 
and the friction factor will vary inversely as the Reynolds num- 
ber 


Du 
This relationship may be introduced into Equation [4 to give 


ip Dy favrl 


2 


Which may be integrated for the boundary condition of D = dD 


when y L, to vield 


DECEMBER, 1950 


where 
davrl 
= 
Qo 


Equation [7] relates the diameter of the pipe to the distance 
from the dead end for laminar flow through the pipe. If 3 =! 
the diameter of the pipe remains constant. If 8< ! 2, the diame- 
ter decreases with the distance x. If 8 > '/2, the diameter in- 
creases with the distance zx. 

quation [7] holds only if the cross-sectional shape of the pipe 
is circular. For other shapes, a satisfactory approximation 
should be obtained by substituting the hydraulic radius for the 


m =m ( ) 7a 
L 


Equation [7a] may be verified mathematically for certain ele- 


diameter 


mentary shapes, such as a square or rectangle whose length ratio 
of sides remains constant. However, the differential equation 
becomes intractable for other shapes. Fig. 1 is a plot of Equa- 
tion [7a] which shows how the hydraulic radius varies with dis- 
tance along the pipe manifold for various values of the parameter 


Qo 


107 
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Mantroip ror Laminar Flow 
Case 2, Turbulent Flow In the turbulent-flow region, Fan- 
ning s friction factor may be expressed empirically as a function of 
the Reynolds number by the following type of equation which 
represents the relationship exceptionally well over a wide range 


of Reynolds numbers 


— 
| 
12 
| 
| 3 
| 
4 
i 
( 4 ) 7 4 
L P 


where / and n = numerical constants. This is a form of the 


familiar Blasius relationship 


0.3164 


cs Sa! 
4(Np,) [8a] 


Equation [8] may be combined with Equation [4] to give the 


differential equation 
db D 


(2 y 9 
dy 


ab 


(4Qo/avL)*" 


w here 


This is a homogeneous first-order differential equation which may 
be integrated after a suitable change of variables has been made. 
However, it is also the so-called Bernoulli type of differential 
equation Which may be reduced to a first-order linear equation 
whose integration is somewhat easier than the homogeneous 


form. Therefore the following substitution of variables 


= 
reduces the equation to the linear equation 


(1 nv (1 n)y 
= [9a } 
dy 2y 


dv 


which may be integrated for the boundary conditions of D = 
Do when y = L, and expressed in terms of the original variables 


to vield 
4] n (z ye ( y ) 


For noncircular cross-sectional manifold shapes, the diameter 
may be replaced by 4 times the hydraulic radius to give the de- 
equation 


( y ) ( y ) 
= +2 2 (10a | 
(* | L "HL "AS 


Fig. 2 is a plot of Equation [10a], showing the variation of the 


" 


[10] 


hydraulic radius with distance along the pipe manifold for various 


values of the parameters Qo/(rL) and 4mo/L. 


Case 3, Negligible Friction. For this case Equation [1] re- 


duces to 


du = 0 {11} 
which combined with Equation [2] gives 
Q [ a dA 
du = — | — y =0 12 
L LA A? 
or 
dy dA 
= 12a} 
y A 
When this last equation is integrated for the boundary condition 
of A = Aywhen y = L, one gets 


which represents a true linear taper of the cross-sectional area of 


the manifold with distance along the pipe 
Vanifold Serves as Infinite Reservoir 


changes accompanying the flow of the fluid through the manifold 


Case If the pressure 
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due to frictional and kinetic-energy forces are negligible in com- 
parison to the pressure drop across the discharge ports, then the 
flow will be distributed uniformly through the ports. In effect, 
this is the case where the manifold is so large that it is equivalent 
to an infinite reservoir. 

To obtain design criteria for this condition, one may assume 
that the pressure changes are negligible, so that uniform distribu- 
tion of the fluid through the ports exists, and then calculate the 
pressure change due to friction alone and due to kinetic-energy 
effects alone, and compare these values with the pressure drop 
through the ports, 

For drilled-port pipe manifolds the pressure drop across the 
ports may be approximated by assuming the ports behave as 
sharp-edge orifices with discharge coefficients equal to 0.60 
Using Poiseuille’s relationship for laminar flow and Blasius’ 
empirical relationship for turbulent flow, one may then develop 
the design criteria for the case of negligible pressure change along 
the constant diameter manifold 


( Ap)por 
* ) >> 1 (14) 
(Ap)ke i. 


( 
= 0.10 ( 
( AP )iaminar whe 


Q 
= 26 
wh 


EXPERIMENTAL VERIFICATION 


(AP )ports 


~ 

we 
Vv 


(AP) ports 


(AP turbulent 


Equation |7| shows that there is a single optimum delivery rate 
for the uniform distribution of the fluid when the flow is in the 
laminar region and the manifold does not behave as an infinite 
A pipe burner operating at this optimum rate would 
At higher 
flow rates, the flame height and heating would tend to increase 
dead end 


rest. vour 
produce « uniform flame height and uniform heating 


toward the while ot lower flow rates they would tend 
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Fia. 3(a) 


Fie, 3(b) 


Fic. 3(c) 
to decrease toward the dead end. Theoretically, this optimum 
flow rate of primary air-gas mixture is 


Qy = \17 


Figs. 3(b) and 6(¢) show two different pipe burners each operating 
at the optimum flow rate and producing exceptionally uniform 
flames in agreement with the theory. Figs. 3(@) and (¢) show the 
first burner operating at rates above the optimum and below 
shows the second burner 


the optimum, respectively. Fig. 6(a 


operating at a rate above its optimum. These results are in 


agreement with the theoretical predictions. 


Fig. 4(a) shows « simple pipe burner operating at a flow rate 


approximately 4 times the optimum rate, and its flame dis- 
tribution 4(b) 
same burner under the same conditions but with a tapered plug 


obviously is unsatisfactory. Fig shows the 


designed in accordance with Equation [7a] inserted in the pipe 
The flame height is now remarkably uniform along the length of 
the burner. The flow through the manifolds of all the burners 
mentioned was in the laminar region 

Figs. 5(a) and (b) show a simple commercial pipe burner operat- 
ing at low 
maximum-capacity 2-in-diam pipe burner commercially availa- 


and high flow rates. This burner represents the 
ble. For a reasonable range of flow rates the physical dimen- 


sions of this burner satisfy the criteria developed in the foregoing 
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Constant-Diameter Pipe Burner, Detivery Rate 


Constant-Diameter Burner, Ortimum Derivery Rate 


Constant-Diameter Pieper Burver, Low Devivery Rate 


for the ease of the manifold behaving as an infinite reservoir. 
There are two rows of ports along the manifold of this burner. 
The slight irregularities of the flames are caused by burrs formed 
when the ports were drilled. 

Figs. 6(a), (b), and (¢) show the same burner asin Figs. 5 (a) and 
b) with the ports enlarged from '/s in. to */¢ in. in order to in- 
crease its capacity. The conditions necessary for the manifold 
to behave as an infinite reservoir were no longer satisfied, and the 
simple constant-diameter burner did not produce a uniform dis- 
tribution of the gas as one ean see from Fig. 6(a Fig. 6(b) shows 
the modified burner with a tapered plug inserted in its manifold 
The tapered insert was designed in 
10a} as the flow through 


producing a uniform flame. 
accordance with Equations [7a] and 
the manifold was in both the turbulent- and laminar-flow regions. 
Fig. 6(c) shows the simple pipe burner operating at the optimum 
rate of flow as specified by Equation {17} 

Figs. 7(a) and (6) show the same burner as in the two previous 
series of illustrations but with the ports enlarged to '/,in., which 
enabled the burner to operate at 400 per cent of the capacity of 
the original commercial burner. Fig. 7(a) shows the modified 
burner operating without an insert and producing a very non- 
uniform flame. Fig. 7(6) shows the modified burner with an 
insert, producing a uniform flame. 

Figs. 8 (a) and (6) show the same burner further modified by 
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4(a) Constant-Diamerer Pipe Burnen 


Fic. Pire Burner Wrrn Insert 


Fie, 5(a) Commerctat Constant-Diamerer Pipe 


Fic. 5(6) Commerciat Constant-Diamerer Pipe Burner, Hica Detiveay Rate 
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6(a) 


Fia. 6(b) 


Fic. 6(¢) 


the addition of a third row of '/,in. ports which permitted an 


operating rate equal to 600 per cent of the capacity of the origi- 


nal commercial burner. They show the burner operating with- 


out and with a tapered insert under «a yellow-flame condition of 
low primary air-gas ratio. Although such a flame condition is 
unsatisfactory for an actual heating application, it clearly shows 
the difference in the distribution of the gas in the two cases. 
This burner was successfully operated under blue-flame condi- 
tions. 

Table 1 gives the pertinent data for the experimental tests 
conducted with the pipe burners 


TABLE 1 


Flow rates, cfh 
Burner Natural Primary 


Fig. no gas 


Movirrep Commerctat Burner Wrirsovut Insert, Detivery 
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Mopirieo Commerctat Burner Wrrnovut Insert 


Moptriep CommerctaL Burner Wits Insert 


Rate 


Discussion OF Resutts AND Previous Work 

The theoretical and experimental investigation has resulted in 
a rational guide for the design ota simple high-capac itv and ex- 
tended-r inge pipe burner which should have considerable indus- 
trial importance. The investigation has demonstrated that the 
conventional low-capacity pipe burner may be converted into a 
high- pacity und more useful gas burner. The theoretical results 
are also applicable to other fluids and devices such as liquid-dis- 
tribution svstems, headers of multitube air heaters, steam and 
feedwater-distribution systems in boilers, sewage-disposal sys- 


tems, and many others. However, the application of the results 


EXPERIMENTAL DATA 


Active 
length, 


Total port 
area, 


. 
| 
id 
¥ 
+ ? 
| 
—— 
4 
diam 
air Total in. in sq in 
7.8 38.1 9 36 0.622 0.903 
: 5.0 20.0 25.0 36 0.622 0.903 
3.5 15.0 36 0.622 0.903 
é 4(a) 4.2 30.0 34.2 12 0 622 0 601 
416 4.5 30.0 34.5 12 0 622 0. 601 
iia).. 10.2 44.1 54.3 45 2.067 2.42 
40.8 164 205 48 2 067 2.42 
iia 106 410 516 is 2.067 5.44 
61 100 380 480 48 2.067 5.44 
32 4) 4s 2.067 5.44 
Zia) 120 481 601 48 2 067 9.68 2% 
7(b) 164 670 834 48 2.067 9.68 
S(a) 570 625 1195 48 2.067 14.52 
Sib 580 640 1220 48 2.067 14.52 > : 
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Fic. 7(a) Burner Wrrn oer 


Fic. 7(6) Commercian Borser Wera INserr 
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to pipe burners was emphasized due to the industrial importance 
of a high-capacity pipe burner and the convenience of experi- 
mental verification of the theory with such a device. 

The theoretical solutions can be extended readily to numerous 
other problems, such as a definite but nonuniform distribution of 
fluid from the manifold. Thus a pipe burner could be designed 
for a controlled distribution of heat over an extended length. 

It was tacitly assumed in the theoretical solutions that the dis- 
charge ports were so small and closely spaced that the laminar 
and turbulent velocity profiles normally found in tubes would 
exist in the manifolds, and also that the discharge could be 
treated as a continuous function of distance along the manifold. 
It was also assumed that a fully developed flow pattern would 
exist at the first port of the inlet end, and that the flow through 
the pipe changed abruptly from turbulent to laminar. As the 
experiments have demonstrated, these assumptions are accepta- 
ble for standard-size pipe burners with conventional port open- 
ings and likewise should be acceptable for other physically 
similar systems. Obviously, the present results could not be 
applied to any manifold system regardless of size and number of 
discharge ports. 

Keller? made a mathematical analysis of the flow of a 
fluid through « manifold having a uniform cross section and 
uniformly spaced discharge ports along its length. This is the 
ease of the ordinary pipe burner. He concluded that there are 
two dimensionless ratios which define the operating character- 
istics of such a manifold, namely, the ratio of active length to 
diameter L/D, and the area ratio A,/A. His theoretical rea- 
soning led him to conclude that the variation of discharge is 
uniquely defined by these two ratios, and that only for the con- 
ditions of L/D = 70 and A,/A S&S 1is the distribution sufficiently 
uniform to meet practical requirements. He stated that for 


higher or lower values of L/D or higher values of A,/A, it would 


be impossible to obtain a uniform flame height. Figs. 3(6), 
5(a), (b), and 6(d) are graphic proof of the fallacy of Keller’s 
conclusion. The variation of the discharge is not a unique func- 
tion of these factors but also depends on the rate of total gas 
flow. The variation of the discharge may be altered for any 
constant-diameter pipe burner as shown by Equations [7] and 
{10}, and Figs. 3(a), (6), and (c). Keller failed to recognize the 
variation of the Reynolds number and the corresponding varia- 
tion of the friction factor with distance along the manifold even 
though a constant fluid-flow rate exists at the inlet end. He as- 
sumed that the friction factor was constant along the entire 


**The Manifold Problem,’ by J. D. Keller, Trans. ASME. vol. 
71, 1949, pp. 77 -85. 
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length of the manifold for any given inlet-flow rate. Keller also 
considered manifold problems which were variations of the pipe- 
burner problem; however, these solutions also involved the 
erroneous assumption of a constant friction factor. 

Olson‘ has given a theoretical solution for the flow through a 
pipe with a porous wall when the flow is in the laminar region. 
However, his solution is valid only for the limiting case of negli- 
gible discharge through the porous wall because he neglected 
the kinetic-energy term. 

Wills* made a theoretical investigation of gas flow through 
burner manifolds. However, he ignored friction losses in the 
manifoid. He concluded that the cross-sectional area of the 
manifeld should be about 3 times the port area in order to obtain 
a vniform flame. This conclusion corresponds to one of the 
criteria for the case of the manifold acting as an infinite reservoir. 


SUMMARY AND CONCLUSIONS 


Theoretical considerations of the flow through a perforated 
pipe have resulted in a clarification of the operating character- 
istics of pipe burners and physically similar manifold systems. 
it has been demonstrated that drilled-port pipe burners for 
gaseous fuels, which have a far greater utility and capacity than 
now realized, may be designed readily. The capacity of com- 
mercially available pipe burners may be increased several 
hundred per cent. 

Design equations have been developed for the construction 
of manifold systems which would have a uniform distribution of 
fluid along their length. Likewise, a manifold which would have 
a desired but nonuniform distribution of fluid along its length 
could be designed. The validity of the theoretical considera- 
tions has been verified by experiment for manifold systems 
which are physically similar to ordinary pipe burners 
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Measurements of Diffraction of Shock Waves 


and Resulting Loading of Structures 


By WALKER BLEAKNEY,? D. R. WHITE,* 


Although the idea of using a shock tube to generate 
waves of large amplitude and to study their properties is 
not new,‘ nevertheless this technique has been improved 
greatly in recent years. This circumstance, taken to- 
gether with good optical methods of measurement, has 
provided a powerful tool for the investigation of a great 
variety of problems in transient interactions of shocks and 
fluid flows with solid objects and with each other. This 
paper is concerned with the evolution in time of a flow 
pattern about an obstacle initially in still air, passed over 
by a sudden front of high-speed flow induced by a shock 
wave, the stream approaching a steady configuration. 
Such information is not only of interest in the theory of 
fluid dynamics but it also is of considerable practical im- 
portance, since the principal forces on the obstacle can be 
measured as a function of time, and the character of the 
loading determined. The main objective of this paper is 
to elucidate the method by giving examples of a great 
variety of experiments and at the same time to provide a 
large amount of basic data which may be used by others in 
various types of analyses. 


Description oF Merion 


Hk apparatus employed in these investigations has al- 

ready been described.5 Suffice it to say that the plane 

shock wave is generated in a rectangular tube of 4 in. X 
18 in. cross section. The observation windows are 5 in. in diam 
and through them photographs are made by the shadow, schlieren, 
or interferometric methods, usually the last. In order to inter- 
pret the data about to be described, it is important to realize 
that a uniform free-stream velocity and constant pressure ex- 
tend over a considerable region behind the incident shock, and 
all of the results given in this paper were obtained in this region 
The Mach number of this flow relative to the laboratory may be 
anything from zero to 1.7 in practice, depending upon the 
strength of the shock which may be adjusted at will within thi< 
range. (uantitative interpretations of the optical data are read- 
ily made if the phenomena are two-dimensional in character 
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otherwise the computations are difficult if not impossible. One 
other circumstance should be borne in mind, and that concerns 
the boundary layers which are negligibly thin on the walls of the 
tube, apparently because of the short duration of the flow. 

In the experiments described in this paper, interferograms are 
made both in still air and in the disturbed flow, and from these, 
contours of equal fringe shift are plotted throughout the fields 
of interest. Since the density change in the air integrated over 
the optical path is directly proportional to the fringe shift, these 
curves are also density contours. In many cases, if the shocks 
are not too strong, it Is sufficiently accurate to assume isentropic 
flow behind the incident shock, and to this approximation the 
density contours are identical with the pressure contours. 

There is no adequate theory for the diffraction of a shock wave 
around simple objects. Even the case of propagation along « 
wall which makes «a sudden change in direction has not been 
treated except in the case where this change is small.¢ In an 
effort to determine the actual facts in simple cases a number of 
experiments were performed, each designed to measure the den- 
sity pattern at different times after the shock wave collided with 
the obstacle. There are two distinct ways of using the inter- 
ferometer to obtain the density contours, In the first, the ad- 
justment is such that in the undisturbed state of the gas the 
order of interference is the same all over the field of, view, and 
hence no fringes are visible. In the disturbed state, any fringe~ 
that appear represent lines of constant fringe shift and, there- 
fore, contours of constant density directly. This method dis- 
plays the phenomena in dramatic fashion, but it is not always 
possible to identify the quantitative values of the contours. In 
the second method closely spaced parallel fringes represent the 
undisturbed state and any changes in the field will shift this pat- 
tern. Contours of constant fringe shift may be plotted and the 
density field determined 

An example of the first method is shown in Fig. 1 whieh de- 
picts the density field about a rectangular block after being 
struck by a shock wave of pressure ratio 2 across its front. The 
shock has passed out of view on the right. This photograph may 
be compared with Fig. 6 which was evaluated by the other 
method for the same conditions of pressure and time. Fig. 2 
illustrates an interferogram obtained by the second method, the 
one used for all the other experiments described in this paper 

The following notation applies to the figures included in thi- 
report 

1 The incident shock weve travels toward the right 

2) Subscript 0 refers to conditions in the undisturbed medium 
of the shock 

3. Subseript 1 refers to conditions behind the incident shock 
neregions not disturbed by the obstacle 

i Quantities without a subscript refer to a general field 
point behind the incident shock 

5 AT is the time elapsed in microseconds after the incident 


shock first touches the obstacle 


Pressure Behind a Shock Wave Diffracted Through a Small 
Angle,”” by C. H. Fletcher, D. K. Weimer, and W. Bleakney, Physi 


cal vol. 78, 1950, pp. 644 0385 
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Contoun Fringes or Dirrraction or SHock Wave Over 
a RecTaneucar Biock 


(With this adjustment of interferometer, points of equal gas density lie on 
the same fringe.) 


Fic. 1 


bic. 2) Distortion or Princes Propucenp 
BY Direraction oF SHock Waicn Appears Mipway Across THE 
Biock 


(A discontinuous jump of about eight fringes occurs across the incident 
shock front.) 


6 The number V associated with each contour in the figure, 
represents the total fringe shift with reference to the undisturbed 
air ahead of the incident shock. Therefore the curves represent 
contours of equal fringe shift or contours of constant density 
change 
7 P denotes pressure, p density, and Y the ratio of specific 
heats taken as 7/5 for air 

S) The incident shock when visible is denoted by a heavy 
continous ltt 

Allother shocks are denoted by a dashed line —-——— 

10) Density contours are denoted by continuous lines 

11 Slip streams are le noted by crossed das' es + 4 4 + 
A slip stream may result from the interaction of shoek waves 
It represents a discontinuity in density but not in pressure 

12 The ke ading eoclwe of a rarefaction is denoted by alternate 
dots and dashes 
\ k(p po) and N p 


stant, it follows that 


Since . Where & is « con- 
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It is not easy to calculate P/P, precisely from Equation |2} and 
the diffraction pattern, but fortunately, the assumption that all 
changes are isentropic and adiabatic after the incident shock 
has passed leads to an approximation which in the work dis- 


cussed here is never in error by more than a few per cent and 
usually is considerably better than this. Making use of this 
assumption 
= P,/p,7 
and 
P/Po = (Pi/Po) (po/pi)™ (p/ po)” 


The first two factors on the right side of Equation [3] are related 
to each other by the Rankine-Hugoniot equations’ 

1)Po/P,| 
1) + (y + 1)Po/Pi] 


pi/po = +1 4+ (¥ 


This expression substituted in Equation [3] gives a relation for 
PP, in terms of p/po, which in turn is obtained from the fringe 
shift by the relation for p/po given on each figure. 

A somewhat cruder approximation is to neglect the entropy 
change across the incident shock in which case 

P,/Po = (pi / po)” 
and Equation [3] becomes simply 

P/Po = (p/po)” 
or in the case of Figs. 3 to 24, inclusive, where the initial condi- 
tions are nearly the same 

P/Py = (1 + 0.074 N)'/* 6 

This relation will never be in error by more than 2 per cent when 
applied to these cases, and usually will be more ac« urate than this 
limit. 


APPARATUS AND PrRoceDUR: 


To adapt the apparatus described by Bleakney, Weimer, and 
Fletcher® to this experiment, a horizontal plate with a sharp 
The 


On this 


edge was installed just below the center of the window 
plate was about 2 ft long, the edge pointing upstream 
plate in the middle of the field of view the various objects whos 
outlines appear in the figures were bolted. The blocks were 
made of steel or aluminum and extend the full width of the tube 
from one window to the other. 

After the lines of constant fringe shift are plotted, there re- 
mains the problem of numbering the contours correctly. Usually 
this ts solved when the absolute fringe shift is determined for one 
shift across a discon- 


point One method of finding the fringe 


tinuityv, sueh as a shock, makes use of white-light fringes. It 


the shift is not too great, one can identify the central or zero 


order of numbering In the work deseribed in this report a prece 
ot pl ine glass Was inserted at 45 deg in the light beam just before 
the light enters the filter in the camera. A few per cent of the 
light was reflected in this wav to a second plate, the intensity 
bemg sufheient to record the white-light fringes, while the mair 
ifter passing the filter records the usual monochromativ 
Hence the absolute shitt 


sume event as that from which the other con- 


interferogram the determination of 


Was made on the 


tours were drawn 


It will be noted that each figure represents a different experi 


ment, the time delay being the adjusted parameter However 


other conditions were not re produc ed exactly so that small varia- 


tions in pressures and shock strengths oceur All necessary 


Fluid,” by 
New 


Introduction to Aerodynamics of a Compressible 
H. W. Liepmann and A. E. Puckett, John Wiley & Sons, Ine 


York, N. Y., 1947 
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Fic. 3) Prov or Prince as Measvrep ON INTERFPEROGRAM 
IN Fic. 2 
(Number attached to each curve may be substituted for N in formula to ob- 
tain value of density contour.) 


hic. Direraction Over Two Rectancutar 


These blocks are somewhat smaller than the one in first series 


Fic. 6) Srrvation is Fieure Corresponps ix 
Fig. 1 
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0.078N 


Over Trianoutar Brock 


0.078 


hia. 13 


data are given in each figure. As yet, no experiment has been 
performed where the scale or Reynolds number was a variable. 
There is reason to believe that scale effects will not be large, es- 
pecially on those surfaces of the objects where the velocity of 
flow is small. This point, however, needs further investigation. 


RESULTS 


The diffraction of a shock wave of pressure ratio about 2 around 
a two-dimensional rectangular block is portrayed in Figs. 3 to 7 
In Figs. 8 to 10 the same initial conditions are applied to two 
blocks in series so that one may determine the amount of shielding 
of one block by another. Note that these blocks are smaller in 
size than the first series. The third series, Figs. 11 to 14, is 
concerned with a triangular block, and the fourth series, Figs 
15 to. 18, with a “loaf,” that is, a rectangular block with rounded 
corners, The results for a semicylinder will be found in Figs 
to 24 
results in smoother flow with reduced gradients, except for the 
disturbance which seems to be caused by the reflection of the 
This effect is illus- 


The absence of sharp corners in the last two shapes 


incident shock after passing over the bloek 
trated in Fig. 23, 

To illustrate the method by which the transient forces may be 
evaluated, the rectangular block has been investigated in some 
detail. Using the methods described, the pressure distributions 
on the front, top, and back faces are plotted in Fig. 25. Here 
the number attached to each curve is the time on a seale such 
that the length of the top face divided by the velocity of the in- 

ident shock is unity. The pressure in “atmospheres” (given by 
(P 1)/Po) is plotted perpendicular to each face. The area 
between each curve and the corresponding face is a measure of 
the total force on that face at the de signated time These loads, 
obtained from Figs 3 to 7, and some others not included here, 


Fie. 14 


are plotted as a function of time in Fig. 26, where the load on the 
back side is taken as negative. Obviously, a similar variation of 
force with time could be made for any small segment of the sur- 
face. Let it not be forgotten that this is a two-dimensional phe- 
nomenon and one must speak of loads per unit distance per- 
pendicular to the plane of the figure. 

The density field surrounding a typical airfoil® when struck 
by a shock wave is shown in Figs. 27 to 31. This foil, a modifi- 
eation of NACA 65. 015, is in still air until struck by the 
wave at an angle of attack of 4.5 deg. It remains to be seen 
what theoretical and practical value can be made of these meas- 
urements, but it is obvious that a large amount of data can be 
secured by this technique. It is also possible that a combination 
of two shock waves may be devised such that the first sets up a 
quasi-steady flow over the foil, while the second is used to study 
the transient perturbation resembling gust loading. 

In mounting instruments such as pressure gages and other de- 
vices in the path of shock waves to measure their properties, care 
must be taken that the instruments themselves do not distort 
the pressure field unduly. Usually this precaution involves some 
kind of baffling system. Interferograms of shocks passing over 
wedges serve to determine the regions where the free-flow varia- 
bles are least affected for this type of baffle. The density field 
around such two-dimensional wedges at various times is shown 
in Figs. 32 to 36. For the indicated shock strength, little varia- 
tion in density occurs on the parallel sides if the point of ob- 
servation is 5 or more thicknesses behind the shoulder. When 
the incident shock is strong enough to set up supersonic flow in its 
wake, the situation may become quite complicated as indicated 


* We are indebted to Lawrence Levy and H. G,. Stever of M.1.T 
for the model of the airfoil and for suggestions regarding the ex- 


periment 


| 
| 
/ \ WER | 
/ 
Fia 12 
at 
/ 
\ J \s \ ~ ] / 
¥ 
| 
| 


BLEAKNEY, WHITE, GRIFFITH—MEASUREMENTS OF DIFFRACTION OF SHOCK WAVES 


Fico 15) Direraction Over Brock Wrrn Rounpep Corners 
Fig. 19) Dirrraction Over «4 


Fig. 16 


20 


443 
/ 
4 
‘ 
of 
“Ne 
] 
| 
| ‘ 
\ | | 4) 
4 
— 4 
\ 
A 
~ 
~ 
Fic. 17 7 
Fia. 21 
{ 
4 
A | \ ‘ 
| 
J ‘ 
— \ 
kia. 18 Fic. 22 


JOURNAL OF APPLIED MECHANICS DECEMBER, 1950 


R 
eR + 1.93 rm, 


Fig. 2 


DirrrRactioN or a SHock Wave Over A SYMMETRICAL 
AT AN ANGLE or Arrack or 4.5 Dro 


bic 25) on Paces of Reersnautar Brock at Various 
Dives, Puorreo Lak TO CORRESPONDING Face 


Time attached te each curve n units of transit time across block 
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Fic. 32 Dirrraction or SHock Wave Over Rounv-Nosep Wepce Fic. 36 


(Inadvertently this occurred at a small angle of attack.) 


33) Dirrraction Over Squarke-ENpED Wepar 


Fic. 37) Conriguration Weooe Arising 
From Dirrraction oF a STRONG Shock 


(Pressure ratio of incident shock here is Ps 0.05 geving free-stream 
Mach number of 1.33 


in Fig. 37, where the configuration of shocks onty is shown at 
three different times. When the flow becomes steady, a shock 
radiates from a point near the shoulder, but in the earlier phases 
a secondary transient shock sweeps along the parallel sides of the 


plate 
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The Use of Skewed Rolls in 
Calendering Operations 


By G. F. CARRIER,’ PROVIDENCE, R. I. 


In many commercial operations it is desirable to pro- 
duce a uniform sheet of material by passing the viscous 
raw ingredients through rotating cylindrical rolls. With 
rolls supported at the ends only there is danger of wide 
variations in thickness of the finished product. This 
may be overcome by “skewing’’ the rolls the amount 
necessary for any given thickness and material properties. 
This paper presents an analytical approach to determining 
the optimum operating position of the rolls. 


INTRODUCTION 


N many commercial operations (such as in the manufacture of 
linoleum), it is desired to produce a uniform sheet of material 
by passing @ viscous raw material between a pair of rotating 

cylindrical rolls. However, when the rolls are supported only at 
the ends, the uniformity in the sheet thickness frequently is lost 
when large deflections of the roll occur. These deflections arise, 
of course, because of the large force exerted by the viscous ma- 
terial on the roll. In view of the fact that the magnitude of the 
deflection depends upon the thickness of the sheet being manu- 
factured, it is desirable to find an adjustable “cure”’ for this situa- 
Such a cure can be found by skewing the rolls by an 
thickness and material 


tion. 


amount depending upon the sheet 


at 
z? + 
8R 
where the omitted terms are of higher order in the quantities 
taken as small. 
If we observe that the rolls are essentially pin-supported beams, 


we may write 
(d*y)/(dr*) = p 
where p is the force per unit length normal to the beam. The 


boundary conditions require that y'(0) = y” (0) = 0, yY = 
y"(J) = 0. It is an experimental fact that the pressure p exerted 


properties. The present paper is an analysis which predicts the : B - 
optimum operating position of the rolls. : ‘a 7 
|| 
ANALYsts OF SKEWED Rous \ 
Consider the rolls, Fig. 1, whose axes are inclined at an angle 
a. If the deflection of the rolls is denoted by y, the undeflected 
roll clearance at x = 0 by 2to, and the roll radius by R, then we 
may write 
0,’ O' = 2(R + to + y cos B) 
0,’ O' = rtana + 2y sin B 
and 
(O,' = A(R + 0)? + + y cos 
+ (x tan a + 4y sin 8)? 
or 
, titan? a 
R+t= \ (R + to + y)? + : + 2rytan asin 8 — 2(R + to)y(1 — cos 8) {1} 


We may, however, anticipate that a, 8, y/R as well as to/R are 
{1 ] becomes 
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very small so that Equation 


Discussion 


to be 


by a material such as we are discussing is closely given by kt for a 
given roll diameter, speed of rolling, and the like. The value of k 
must, in general, be determined from known properties of the 
material or experimentally. Using this formula (i.e., p = k/t) we 
obtain 


(EI d‘y) /(dr*) k/(to + cx? + y) . (2) 


For convenience we introduce the dimensionless parameters 


a (kl) (elt), (al?) /(SRto) 
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CARRIER 


and obtain in place of Equation [2] 


(d*u) /(dt*) = a/s = a/(1 + + U) 


where u’ (0) = u” (0) = u(1l) = u"(1) = 0. 

We wish, of course, a solution u such that s is constant. This 
(rigorously) is impossible, however, since, when we write s = 
const = so, the solution of Equation [3] is 


+ 5) 
which leads to 


1 + rg? + — + 5) 5] 


24 80 


s= 


which cannot be constant for any values of A and so other than 
A = 1/89 = 0 (this solution is, of course, meaningless). 

Let us, then, try the following procedure: Assume that A can be 
chosen so that s varies only a little about some average value 


to = 


Replace s by this value 8» in Equation [3] and obtain the approxi- 
mate solution as given in Equations [4] and [5]. To find the 


“best’’ value of A we write 
1 1 
re) re) 
— = — tdt — a?) = 0... 
2 (8 — s*dt (6) 


We also have the condition that 


1 
0 24 80 


in order that the function s of Equation [5] have the average value 
8. Equations [6] and [7] lead successively to the results 


a/s, = 14/3 


Now, if one knows a, the “skew angle” a is determined for any 
sheet thickness. The average of the sheet thickness as given by 
the foregoing formulas is 

43 
= 1+ 
45 
and the maximum and minimum values are 


413 
1+aA, 1+ A 
441 
NUMERICAL EXAMPLE 


According to information at our disposal, a typical situation is 
associated with the following values of the parameters: 
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to = 0.020 in., 
0.050 in. 


a = 1.92, R = |4in., 1 = 54 sheet thickness = 


Using the foregoing formulas, these values lead to the following 
results 


A = 0.314, Umax = 1.314, umin = 1.294, tare = 1.300 


Thus the deviation in the sheet thickness is less than 2 per cent. 


Without skewed rolls it would be 20 per cent The skew angle for 
this case is given by 


= VS Rt = 0.022 radians 
Accuracy oF SoLuTiIon 
The solutions obtained in the foregoing (Equations [4 }, [5], [8]) are 
valid only if Equation [4] is very nearly the correct solution of 
Equation [3]. To show that this is the case we may write (where 
u* is the exact solution of Equation [3]) 


a 
= 
1 + Ag? + 


= 


So 


a(8o 1 ws Ag? — u®) 
so(l + Ag? + 
a —¢ 


80 +t) +¢ 


where «(¢) = 1 + Ag? + u — &o, is never greater in magnitude than 
20/45. 
We may now introduce a successive-approximation scheme 
wherein we set 
= 0 
_—el&) — 0 


= solution of = = 
So + + 


a 
So 8 + € + 
The exact solution of Equation [3] is then given by 


u*=u-+t iim ¢, 


and this differs so little from u that the variations in ¢ stfil remain 
within 2 per cent of tavg for values of a in the range discussed. 
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Vibration of Rectangular Plates 
by the Ritz Method 


By DANA YOUNG,' AUSTIN, TEXAS 


Ritz’s method is one of several possible procedures for ob- 
taining approximate solutions for the frequencies and 
modes of vibration of thin elastic plates. The accuracy 
of the results and the practicability of the computations 
depend to a great extent upon the set of functions that is 
chosen to represent the plate deflection. In this investi- 
gation, use is made of the functions which define the nor- 
mal modes of vibration of a uniform beam. Tables of 
values of these functions have been computed as well 
as values of different integrals of the functions and their 
derivatives. With the aid of these data, the necessary 
equations can be set up and solved with reasonable effort. 
Solutions are obtained for three specific plate problems, 
namely, (a) square plate clamped at all four edges, (6) 
square plate clamped along two adjacent edges and free 
along the other two edges, and (c) square plate clamped 
along one edge and free along the other three edges. 


NOMENCLATURE 


HE following nomenclature is used in the paper. Any 
consistent set of units ean be used for the physical quan- 
tities. For reference purposes the units are given in terms 

of the engineering inch-pound-second system: 
V = elastic strain energy of bending of a plate, in-lb 


FE = modulus of elasticity, psi 
= Poisson's ratio 


h thickness of plate, in 
= = bending stiffness of a plate, 
Ib-in 
w = lateral deflection of plate, in 
rou rectangular co-ordinates 
p = mass density of plate material (Ib see?/in.*) 
f = frequency, cycles per sec (cps) 
w = = angular fre quency, radians 
wiphah = characteristic value 
a,b lateral dimensions of plate, in.; see Fig. 1 
= 1 = length of beam, in 
mn 
1k 
= positive mtegers 
Ped 
r, s| 
1,,,. = coefficient used in series representation of deflec- 
tion 
X,, = afunetion of x alone 


' Professor of Applied Mechanies, University of Texas. Mer 
ASME 

Presented at the Annual Conference of the Applied Mechan 
ies Division, Purdue University, Lafayette, Ind., June 22 24, 1950 
of Tar Soctery of Mecnantcoar ENGIneers 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1951, for publication at a later date Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by the Applied Mechanics Divi- 
sion March 27, 1950. Paper No. 50 APM-18 


Y,, = afunction of y alone 
= characteristic function of a vibrating beam, as de- 


fined by Equations [5], [6], [7] 
a, = parameter in expressions for ¢,; values given in 
Table | 
«¢. = parameter in expressions for ¢,; values given in 
Table 1 
gga = definite integrals defined by Equations [10], [11], 
Kan (12) 


= coefficients defined by Equations [15] and [ 16} 
5... = Kronecker delta, defin d by Equation [14] 


INTRODUCTION 


An exact solution of the differential equation of a vibrating 
plate is known for the case of a rectangular plate which is 
simply supported at all four edges (1, 2),? and also for a ree- 
tangular plate which is simply supported along one pair of oppo- 
site edges with any conditions at the other two edges (3). For 
other combinations of edge conditions the solutions are more 
complicated, and it has been necessary to resort to various ap- 
proximate methods. The procedure developed by Ritz (4) has 
been found to be useful in such problems and, in fact, was used 
by Ritz himself (5) to caleulate in great detail the frequencies 


and nodal patterns of a square plate with all four edges free 


The convergence and accuracy of Ritz'’s method have been 
discussed by various authors including E. Trefftz (6), R. Cour- 
ant (7), and L. Coliatz (8). It is known that this method gives 
upper bounds for the frequencies, that is, the frequencies cal- 
culated by Ritz’s procedure are always higher than the exact 
values. Also, the accuracy of the results cannot be estimated 
with certainty in most cases. In spite of these limitations, the 
method has yielded satisfactory solutions for numerous problems 
in equilibrium, buckling, and vibration 

While Ritz’s method is well known, it has not been used as 
much as might be expected for plate-vibration problems. There 
appears to be little published data for the vibration of rectangu- 
lar plates by Ritz’s method except for a square plate with free 
edges (5 This is probably due, at least in part, to the great 
amount of computational labor which is required both to set up 
and to solve the necessary equations. The amount of computation 
involved depends to a large extent upon the set of functions that 
is used to represent the plate deflection. For these functions 
some investigators have taken a series of polynomials while others 
have used combinations of the characteristic functions which de- 
fine the normal modes of a vibration of a uniform beam. For 
example, an application of the polynomial functions to a plate 
equilibrium problem has been given by G. Pickett (9), while the 
use of the beam-vibration functions is illustrated by Ritz’s solu- 
tion (5). It is these latter types of functions that have been 
selected for use in this study. 

In order to simplify the computations, values of different in- 
tegrals of the functions and their derivatives have been calcu- 
lated, and the results are given herein. In addition, tables of 


Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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values for the functions are now available (10). With the aid of 
these data the work required to set up the necessary equations is 
considerably reduced. A simple iteration procedure can be used 
to solve the equations 

It is to be observed that the analysis herein is for a homogene- 
ous plate of uniform thickness and is based upon the ordinary 
theory of thin plates 


Ritz’s Metuop 


For a uniform plate which is vibrating harmonically with 
amplitude w(z, y) and angular frequency w, the maximum po- 
tential energy is given by 


ff 


Ox? Oy? 


\* 
p) dx dy [1] 
oroy 
and the maximum kinetic energy is 


/ w? dr dy 


where the integrations are to be taken over the domain of the 


dz* 


slate surface. Equating these two expressions, we have 
if 1 


2 Vv 
2 [2] 


ph 


It is known, see (2), (5), or (11), that the natural frequencies are 
determined by finding expressions for w that satisfy the boundary 
The di- 
rect application of the caleulus of variations to minimize Equa- 
tion [2] leads to the partial differential equation for a vibrating 
Instead of following such a procedure, Ritz'’s method 
consists of assuming the deflection w(z, y) as a linear series of 


conditions and minimize the expression, Equation [2] 


plate 


“admissible” functions and adjusting the coefficients in the series 
so as to minimize Equation [2] 
For ree(angular plates, with the edges parallel to the z2- and y- 


axes, it is expedient to take the series approximation for w in the 


Re 
wir, y) = ) 


that is, it 


form 


Each function X,Y, must be “admissible,”’ must 
satisfy the so-called “artificial boundary conditions,”” but need 
see (8) or (11) 


In the case of plates, prescribed values for the deflection and also 


not satisfy any “natural boundary conditions; 


for the slope constitute artificial boundary conditions, while the 
requirement that second or third derivatives or combinations 
thereof vanish at the boundary is a natural condition. From 
a practical consideration of the rate of convergence, it is desira- 
ble to satisfy natural boundary conditions if possible 

When w(z, y) as given by Equation [3] is substituted in Equa- 
tion [2], the right-hand side becomes a function of the coeffi- 
cients A This is minimized by taking the partial derivative 


Thus 


mn 
with respect to each coefficient and equating to zero 
we arrive at a set of equations each of which has the form 


ot wph 
a 2 oA wirdy = 0 
2 


where A,, is any one of the coefficients A,,,. Equation [4] repre- 
sents a system of linear homogeneous equations in the unknowns 
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A,,,. The natural frequencies «;, ws, are determined from the 
condition that the determinant of the syste.a must vanish. 

As discussed in the introduction, the appropriate characteristic 
functions for vibrating beams will be used for YY, and Y,. A 
summary of the properties of these functions is given in the next 


section. 
CHARACTERISTIC FUNCTIONS FOR VIBRATING Bram 


The different types of beams will be identified by a com- 
pound adjective which describes the end conditions. Thus a 
“clamped-clamped” beam is one which is rigidly clamped at 
a “clamped-free” beam is clamped at the end r = 0 
a “free-free’’ beam is free at both 


both ends; 
and free at the end z = /; 
ends 

For each type of beam there is an infinite number of normal 
modes in which the beam can vibrate laterally. The method of 
determining the set of characteristic functions which define the 
normal modes for any type of beam is given in standard refer- 
ences such as (1) and (2). The characteristic functions for the 
three types of beams used in this paper are as follows 


Clamped-Clamped Beam 


cos = a, (sinn = 
l 


cos a, sinh 
l 


¢, = cosh 
Clamped-F ree Beam 


et 
= cosh 


Free-Free Beam 


¢ = cosh 
ic! 


hence 
each expression defines an The nu- 
merical values of a, and « for each set of functions are given in 
Table 1. It should be noted that, while Equations [5] and [6] 
have the same general form, the values of a, and ¢, are different. 
The functions have significance only in the interval 0 < z < / 
Tables of values of these functions are given in (10) to five deci- 


In each of the foregoing expressions fr = a > 4, 


infinite set of functions 


mal! places and at intervals of the argument-z// = 0.02 
Equation [7e] is the usual expression for the characteristic 
= 3 we have the first mode 


free beam; when + 


The functions ¢ 


functions of a free 
of free 
body translation and rotation and are included in order to ob- 


vibration and yg» represent a rigid- 
tain a complete orthogonal set 

The boundary conditions satistied by the functions in each set 
are the same as the end conditions of the corresponding beam 
That is, for the clamped-clamped functions ¢, = d¢,/dz = 0 at 
x = Oandz = /; for the clamped-free functions ¢, = dg,/dz = 0 
atz = Oand d*y, dr? yp, ‘dx? = Oat z = for the free-free 
functions 


= Oatr = Oandzs 


Each of the characteristic functions except Equations [7a] and 
Rach 
that is, 


[76] satisfies the differential equation d‘y,/dz* = «,*¢,/l* 
set of the functions is orthogonal! in the interval 0 to J, 
for any two functions ¢, and ¢, in the same set, the following rela- 
tions hold 


= 
4 4 
oy? 
‘2 
7 
[7a] 
er er | er \ 
— 
@y, 


a . 
r 


&.7300 408 
7.8592 
10.9956 O78 
695 
17.2787 396 


20.4203 522 
r>6 1.0 (ar 1)a/2 
| 2  @.7380 955 1.8753 


6940 
7-897 
10.9995 SOT 


| 1.0 (2r - 1)a/2 
Free-Free | | ° 
° 


300 408 
7.8552 O86 


10.99%6 078 


14.1971 655 


17.2787 596 


io (2r 3)a/2 


tions [7(a), (b)], for which 


dx = dx 
dx* 0 dz? 


it is necessary to evaluate 


dy, de, 
dr, and 
dx? o dx dr 


TABLE 2 INTEGRALS OF CRAB ACTERISTIC FUNCTIONS OF 


500.64 
3 609.557 
1s 617.630 
9 3.719 
69 135.807 
175 661.516 


12.362 


865.509 
3 806.566 
617.273 
39 945.832 


° 

S00 . 
3 809.997 


617 .630 


CLAMPED BEAN” 


TABLE 3 INTEGRALS OF CHARACTERI 
CLAMPED-FREE BEA 


77 .29889 


4.59198 22.8952 


2 1.87385 + 13.2985 } = 9.0a222 

3 1.36852 3.22953 §5.90825 

. 3.087 57 5.58065 4.25360 
2.23264 


5 0.91404 5.71642 


CLAMPED. 


20.16205 


STIC FUNCTIONS OF 
M 


- 7.99023 | 


6.59339 


as. 


- C6827 


~ 8.719% 228.25325 


30.4019 33.70907 
8.99597 
+ 7.8289" 


399 95.799 
89 195.407 


=0 


For convenience in handling these exceptions, it is expedient to 
define « = «& = O arbitrarily for the free-free functions; 
this notation the relations, Equations [9], are valid for all fun : 
tions ineach set. Numerical values of are given in Table 1 
In addition to the integrals defined by Equations [8] and [9], 


dx 


FREE-FREE 


¢ ¢,dz (forr = s) 
0 = 0 (forr # s) { 
The second derivatives of the function in each set are also or- 
thogonal and satisfy the relations 2 © | 22.00000 13.85682 
dir = (lorr = s) 
| 5 ° ° 
0 (lor r # 8) 
with the exception of and for the free-free functions, Equa- ° ° % 


Values of 


with i 18.58910 ° 


BEAM 


9.86075 


TABLE 4 INTEGRALS OF CHARACTERISTIC 


OF 


FUNCTIONS 


1365601 ° 

° 

° 78.0116 
20a 

802 . 22805 


° 
Be 08889 ° 

° 101 .62255 
99. 50868 ° 


- 
° 
6 15.19457 "1.27645 376 .15006 
> 
| 
Type of t 
“9 
\ 2 | 2.0007 T7732 r 
0.9999 6645 a 4.64778 7.7987 «59298 
5 0.9999 9998 20.16203 
Free 
1. Values of | >, — «a 
| Jo 
1.0000 3355 | ~ 
| 
| 
6 2.0000 0145 | | 
‘ 
° ° 
: 
39.97752 E 
° 
186 .86671 
- 
76.10116 
= a 
° 
2 . 5 6 7 
‘ 
] 
° 
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when using these functions in Ritz’s method. Values of these 
integrals have been computed and are given in Tables 2, 3, and 
4, for the clamped-clamped, clamped-free, and free-free functions, 
respectively. 


Application or Rirz’s Metruop 


The characteristic functions discussed previously are the func- 
tions that will be used for X,, and Y, in Equation [3]. The par- 
ticular sets to be used in any problem will depend upon the 
Consider a rectangular plate, 
Assume, 


boundary conditions of the piate. 
Fig. 1, bounded by the lines z = 0,z = a,y = 0, y = b. 
for example, that the plate is clamped along the edge z = 0 and 
free along the other 
three edges. In this 
ease the clamped-free 
functions, Equation [6], 
should be used for X,,, 
an and the free-free fune- 
tions, Equation [7], 
| should be used for Y,, 

| 

I 


b We observe that when 
any one of the sets of 

xX functions, Equation 
© (5], [6], or [7], is used 
Fic. | Co-Orprnate System ror Piate for X,, we take l = a; 
if used for Y,, we take 

l = band replace z by y. Appropriate changes of the subscripts 
r and s to either m and i or to n and k are to be made in each 
case. With the three sets of functions given herein, solutions can 
be obtained for rectangular plates having any combination of free 


and clamped edges. 
It is convenient to introduce the following notation 


"a 
ax 

=a X, dz “der 
0 dz* 


dy 


dy 


“uy, dY, 
h dy 
0 dy dy 


Since the appropriate g-functions are to be used for X,, and Y,, 
the numerical values of the foregoing integrals can be taken di- 
rectly from the data given in Tables 2, 3, and 4. 

Using Equations [3] and [1], and taking into account the or- 
thogonality relations, Equations [8] and [9], the set of Equations 
[4] can be reduced to the form 


— Ann = 0 


m=l 


H.. = K,, 


where 
w* phah/D 
= 1 for mn = tk 


mn 
= Ofor mn # ik 


a 


+ + 201 


For mn = ik, the coefficient is 


which is valid for mn # ik 


+ 201 
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In Equation [16], « is to be taken from the data in Table 1 cor- 
responding to the ¢-function that represents X,,, while «, is to be 
taken from data for the ¢ function that represents Y,,. 

There will be one equation of the type [13] for each of the p-q 
combinations of ik. The characteristic values 4 are found from 
the condition that determinant of this system of equations must 
vanish. If there are more than three or four equations in the 
system, the mathematical labor of expanding the determinant 
and solving for roots of the polynomial in \ is prohibitive. In 
such cases it is expedient to solve for \ by one of the known itera- 
tive procedures. One of the advantages of using the ¢-functions 
for XY, and Y, is that the diagonal terms in the determinant are 
large compared to the others, and as a result the characteristic 
values and modes can be found by the simple iteration procedure 
used by Ritz (5) 


Square Canrivever 


Consider the case of a square plate which is clamped along one 
edge and free along the other three edges. Using the co-ordinate 
system in Fig. 1, let us take z = 0 as the clamped edge. For 
Y,, we use the clamped-free functions, Equation [6], and for 
Y, we use the free-free functions, Equation |7]. Takinga = 6 
and assuming Poisson's ratio «4 = 0.3, the coefficients C,,'™) as 
defined by Equations [15] and [16] have been computed for an 
18-term series based on taking m = 1, 2,3 andn = 1, 2, 3, 4, 5, 6. 
It is found that the corresponding system of 18 Equations [13] 
divides into two independent groups of 9 equations each. One 
of these groups includes only n = 1, 3, 5 and represents deflec- 
tions which are symmetrical about the line y = 6/2. The other 
group includes only n = 2, 4, 6, and represents deflections which 
are antisymmetrical with respect to the line y = b/2. 

The coefficients for the symmetrical group are given in Table 
5. The coefficients along the principal diagonal are large com- 
pared to the others and, consequently, the system can be solved 
quite simply by the iteration procedure which was used oy Ritz 
(5). A brief explanation of this procedure will now be given. 
The equations corresponding to the coefficients in Table 5 are 


h) Ay + 4.79 Ay + 11.33 Ay + 
A) + 244.21 + 
A) Au + = 0 


(12.36 
4.79 Ay + (828.51 
11.33 Ay + 244.21 Ais + (15794.99 


Only the first three equations have been indicated here in order 
to save space; the six other equations are to be understood as 
following these. 

Assume that we wish to find the lowest frequency. 
inferred from examination of the equations that A,, is the predomi- 
For convenience, take Ay = 1.0. 


It may be 


nant amplitude coefficient 
The first equation can be written as 


KX = 12.36 + 4.79 Aw + 11.33 Aw +. la} 
and the others can be put in the form 


(4.79 + 244.21 Ay 4 )/(828.51 — ad)....[b] 


1 = 


{, = (11.383 + 244.21 Ay, 4+ . /15794.99 ).. fe] 
and similarly for the other six equations. For the first trial, 
assume values for Ay, Ay,...; these may be taken as gero if no 
better guess is apparent. Using these first trial values, calculate 
\ from Equation [a| and then calculate A,, from Equation {6}. 
and the first trial values for the 


Continue the 


Using this improved value for A, 


other A,,, calculate from Equatior {c] 

procedure for the remaining equations 
After these improved values for A,, 

substituted back into Equation [a] and a second trial value for 


Following the same steps as before, we now re- 


are calculated, they are 


d is calculated 


= 
3 
| 
ite} 
= dy na 6 {i 
‘ dy? 
) 7] 0 4 
— 
. [14] 
and 
Co (15) 


452 


calculate Aj, Ay, .... The procedure is re- 
peated until the values of \ and A,,, in succes- 
sive iterations are close enough to give the de- 
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TABLE 5 COEFFICIENTS FOR VIBRATION ved ae ARE CANTILEVER PLATE 
M) 


SYMMETRIC MO 


The same procedure can be used for the 2 1 | 22.36 4.79 u.33 0 10.98 24.72 © 8.72 20.64 
higher frequencies. For example, examination i 4.79 828.52 -65.89 474.80 | 159.20 165.95 
of Table 5 indicates that A», is the predominant 5 ass | | -258.98 389.75 -=1637.83 | 362.29 | 629.15 170.16 
amplitude coefficient for the next higher fre- 2 a 65.49 885.52 18.01 62.62 
quency. Accordingly, we take A» = 1.0 and 2 0.65 | | 1368.69 | -30.49 | -2526.98 | -1062.02 
start by rewriting the equation corresponding to 2 5 | | -2207.96 | -9675.29 
the fourth row of coefficients in Table 5 in the : 159.3 $62.23 | -119.1 | 3806.55 | -236.00 609.67 


form 


A = 485.52 


- 65.49 Ais 154.94 Ais + 


The other equations are written in a form simi- 
lar to Equations [b] and [c], and then the equa- 


10000 .69 


TABLE 6 FREQUENCIES AND OF SQUARE CANTI- 


tions are solved in the same manner as before. 
The first three frequencies of the symmetrical 


modes and the first two frequencies of the anti- 
symmetrical modes have been calculated and 


the results are given in Table 6. The relative Vo/imat 
magnitudes of the amplitude coefficients A,,, 
corresponding to each frequency are also given porno a 


in the table. In each case the magnitude of 
the predominant amplitude coefficient is taken 
equal to unity. 

Knowing the relative values of A,,, and the 
values of the y-functions, the shape of each 
mode of vibration can be calculated from Equa- 
tion [3]. In this particular example, the pre- 
dominant amplitude coefficient is so large com- 


pared to the others that the shape of each mode | 
is practically determined by the term in Equa- as | 
tion [3] corresponding to that one coefficient. | 
Thus it is seen that the lowest symmetrical Tee 


mode is primarily a cantilever beam deflection 


in the z-direction and practically a constant in 


the y-direction. In the lowest antisymmetrical 
mode, each section z = const rotates essentially 
as a straight line about the axis y = 6/2. The nodal lines for 
each mode of vibration are shown by the sketches in Table 6. 


CLAMPED Square PLATE 

Consider a square plate which is clamped along all four edges. 
For this case we use the clamped-clamped functions Equation 
[5] for both X,, and ¥,. The calculations for this problem 
have been carried out for a 36-term series based on taking both 
mand n equal to 1,2,3,4,5,6. The 36 equations of the type [13] 
divide in four independent groups of 9 equations each. If we 
denote by z’ and y’ the co-ordinates referréd to a set of axes 
through the middle point of the plate, then one group contains 
only functions which are even in both 2’ and y’; the second group 
contains only functions which are odd in both x’ and y’; the third 
group contains functions which are even in 2’ and odd in y’; the 
fourth group contains functions which are odd in 2’ and even in 
y’. The last two groups are essentially the same if we inter- 
change z and y, and lead to identical fre quencies; hence there are 
only 3 groups to solve. Further, each of the first two groups ean 
be rearranged to form two independent subgroups, one of which 
has 6 equations and the other 3 equations; the first subgroup in- 
cludes solutions for which A, = A 


mn 


while the second subgroup 


nm 
includes solutions for which A,,, = —A,,,,. 

The frequencies and relative amplitudes have been calculated 
for the first 6 modes and the results are presented in Table 7 
The magnitude of the predominant amplitude coefficient is taken 
as unity for each mode. 


LEVER PLA 
ist bode Lode rd Lode 4th ode bh | 
? 27.46 u.1? 
oar A iu 427 
| | 
1050 ou | n3 1786 
| 1 
| | 
| | 
| 


The fundamental frequency of a vibrating clamped square plate 
under a uniform tension in both the x and y-directions has been 
computed by A. Weinstein and W. Z. Chien (12). The calcu- 
lations are based upon a variational method developed by A 
Weinstein. This method gives a “lower” bound for the fre- 
quency as contrasted to Ritz’s method which gives an “upper” 
bound. As a check, the Ritz method calculations for a clamped 
square plate were extended to include the effect of a uniform 
tension T per unit length. In order to obtain a direct comparison 
with the results in (12), the calculations were carried through for 
two different values of 7, namely, 7) = 10x*D/a? and T; = 100 
rD/at. A 9-term series, corresponding to taking both m and n 
equal to 1, 3, 5. was used; this leads to a system of only 6 equations 
since AL. = A The funda- 
mental frequeney calculat od on this basis was found to be higher 
than the lower bound given in (12) by only 0.1 per cent for the 
tension 7) and by 2.5 per cent for the tension 7). Results are 
} for a Ritz method solution based upon the two- 


for the fundamental frequency. 


given in (12 


term series 
wr 
u 1 cos? cos? + B eos cos! 


The upper bound for the frequency in this case is higher than the 
lower bound by 0.8 per cent for the tension 7,, and by 4.5 per 
cent for the tension 7 


| 
|| 
| 
: 8.7 165.99 629.25 -1526.98 1287.98 | 256.00 3079.5 
| 4 
: | 
| | 
af : 
| 
b 
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9 “Solution of Rectangular Clamped Plate 
limes With Lateral Lead by Generalized Energy 
--- = 4 ( } r4-4 Method,” by Gerald Pickett, JournaL or Ap- 
‘ Mecuanics, Trans. ASME, vol. 61, 1931, 
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For this case assume that the plate is clamped 
along the two edges z 0 and y = 0, and free 
along the other two edges. The clamped-free 
functions, Equation [6], are used for both X,, and 
Y,. Caleulations for this problem have been 
earried out for a 9-term series based on taking 
both m and n equal to 1, 2, 3. The set of 9 
equations can be divided in two independent 
groups. One group which contains 6 equations 
represents modes which are symmetrical about 
the diagonal line x y, while the other which 
contains 3 equations represents modes which are 


antisymmetrical about the line z 
The frequencies, relative amplitudes, and nodal 
patterns for the first 


Table 8. As before, the magnitude of the pre- 
dominant amplitude coefficient is taken as unity 


= y. 
5 modes are presented in 
for each mode 
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Gaskets and Bolted Joints’ 


H. G. Kocn.?, The author has given us a simple and logical 
relation between the significant properties of a gasket and the 
performance of an assembled flanged joint. Some of this theory 
will require verification by test. For example, the assumption 
that the hydrostatic pressure works only to the inside diameter of 
the gasket (Equation [9] of the paper), the use of an averaged 
recovery modulus (Equation [15]), and the assumption that 
elastic and plastic effects occur independently in the gasket 
material (Equation [22]) are approximations which should be 
evaluated by experiment 

To the gasket manufacturer, the paper is valuable as a listing 
of the gasket properties which are of specific interest to the de- 
signer and on which data eventually should be made available. 
Accumulation of such data will be a formidable task, as the author 
points out. It is not generally recognized that gasket charac- 
teristics such as m values are not a fixed property of the gasket 
material, but depend to a great extent on the service conditions 
Thus values of m, differing as widely as m = 50 and m = 3, 
have been observed on the same gasket material when sealing 
against nitrogen and water, respectively, under the same condi- 
tions of load and temperature. Other service variables which 
will have an appreciable effect on this property are temperature, 
thickness and width of gasket, roughness of flange and gasket 
surfaces, ete. We hope, therefore, that the flange designer will 
not be surprised to find that gasket data corresponding to his 
particular service conditions are not immediately available from 
the manufacturer; it is probable that it will take many years to 
gather reasonably complete information. Certainly this paper 
will help to stimulate interest in the accumulation of such data. 


A. R. C. Marku.* 
with the author’s desire to see flange design established on a 
fully rational basis and welcomes the contributions offered 
toward attaining this goal in the present paper, which may be 
considered as covering the following two phases of the wider 


The writer is in wholehearted sympathy 


problem: 


1 The determination of the gasket loading required to main- 
tain a tight joint between rigid flanges. 

2 The determination of the optimum gasket type and size 
and the corresponding maximum bolt spacing for a ring flange 
with full-face gasket 


In so far as gasket loading constants are concerned, the Ger- 
man‘ and British® papers referred to by the author, together with 
American® contributions to the subject, were 

r unconsidered when the Rules for Bolted 
the ASME Code were formulated. But, 
constants were obtained under idealized 


less comprehens 
not entirely unknown 
Flanged Connections t 
considering that the 


published in the June, 1950, issue of the 
169- 


1 By Irving Roberts 
Journat or Mecuanics, Trans. ASME, vol. 72, pp 
179. 

2 In charge of Packing Research, Johns Manville Research Center, 
Manville, N. J. Jun. ASM! 

i Chief Research Engineer, Product 
lube Turns, Inc., Louisville, Ky 

* Author's Bibliography. ref. (1). 

* Author's Bibliography, ref. (2). 


Engineering and Research, 


¢*The Ring Joint,” by E. C. Petrie, Heating, Piping & Air Condi- 
tioning, vol. 9, 1937, pp. 213-220, among others. 
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conditions, it was felt that they should not be accepted directly 
as a design basis, but should be modified on the basis of service 
experience. While no claim is made that the values so derived 
are scientifically correct, their application has generally led to 
satisfactory designs. The basis, moreover, is more in accord with 
logic and experimental results than the author has perhaps 
realized, as will be shown. 

As a result of his study of the conditions for tightness, the 
author has concluded that the tests can be interpreted in terms 
of a gasket factor which decreases from infinity toward unity 
as * limit as the initial gasket stress is increased. They can be 
evaiuated thus but the question arises whether the assumption 
of a continuous mathematical law, which appears implicit in 
this approach, however attractive, does not tend to misdirect 
future efforts. Also, the author's disregard of the repeat measure- 
ments taken in the German tests is open to criticism. It is 
suggested that the curve visualized by the author strictly con- 
sists of two distinet branches and that the Code procedure, with 
its dual check for gasket seating and tightness under pressure, 
gives a more adequate qualitative interpretation of the two 
stages involved, (1) of producing, and (2) of maintaining, a tight 
joint 

The first stage involves the application of a sufficient bolt load 
to bring the mating surfaces of the gasket and flange into con- 
formity through “plastic” deformation. The effort required is a 
function of the contact area and the yield strength (or, where 
yield strength is not recognized, its equivalent, for which the 
term “design seating stress” is used in the Code). As an illus- 
tration of an instance where this controls up to high pressures, 
the data on initial tightening of flat copper gaskets given in the 
German paper* have been redrawn in Fig. 1, herewith. Note 
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that the un’t gasket compression is practically constant for the 
narrowest width tested, varying by no more than about 500 psi 
from a mean of 11,000 psi. Observe further that the author's 
logical deduction that gasket factors should decrease with in- 
creasing width because of reduced chances of the fluid finding 
t leakage channel is contradicted by the test data; the probable 
cause of this unexpected trend, in the German authors’ opinion, 
is to be found in the inereased probability, with increased gasket 
width, of encountering thickness differences of sufficient magni- 
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tude to impede sealing. The order of magnitude of the stresses 
required to effect a tight joint corresponds to about 5 per cent 
strain in fully annealed copper, which may be considered to 
support the concept of vield or seating stress postulated herein. 

In the second stage, a reduced loading is generally adequate to 
keep the joint tight; once the gasket has been made to conform 
in the first stage, more or less “elastic’’ action is sufficient to 
maintain the intimacy of contact necessary to avoid leakage 
The ratio of gasket pressure to leakage pressure is substantially 
constant, i.e., the gasket factor controls. In a final analysis, the 
latter can probably be related to short-time and creep data of the 
type presented by the author for Cranite. As an illustration of 
the dual control of yield strength and gasket factor over the 
joint behavior, data on lead abstracted from the German paper 
are given in Fig. 2. The vertical line drawn through the approxi- 
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mate mean of the initial test values indicates a seating stress of 
approximately 1900 psi,’ while the sloping lines radiating from 
the origin and bracketing the repeat-test values reflect a gasket 
factor of unity with about 20 per cent scatter. 

While the Code approach accordingly appears basically sound 
from a qualitative standpeint, much work needs to be done to 
improve the adequacy of the quantitative values given. It is 
greatly to be hoped that the experimental program mentioned 
in the introduction to the paper will come to pass and that it will 


7 Throughout the present discussion, yield strength and seating 
stress are referred to the full contact area, in distinction from the 
Code, which applies them to one half the area only 
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receive generous support from all interested parties. To be fully 


useful, the following program would appear necessary : 


1 Stress-strain determinations on strips of preferably at least 
three standard widths, both under short-time and creep condi- 
tions. (Strips of as great as practicable a length-to-width ratio 
are suggested in preference to the author's L-in. squares, so as 
more closely to simulate actual conditions. ) 

2 Gasket compression versus leakage pressure determinations 
between rigid platens, similar to the German tests 

3 Similar determinations between pairs of actual flanges of 
one or more sets of standard dimensions so selected as to permit 
evaluation of the effect of flange stiffness and bolt spacing 

4 Additional investigations as in item (2), but with eccentric 
load attack to simulate combined pressure and bending moment 

5 Additional investigations as in item (3), with the addition 
of a bending moment. Fig. 3 of this discussion illustrates to 
what extent even relatively moderate*® bending moments influence 
leakage pressure. 

6 Duplication of all the foregoing tests at different tempera- 
tures, subzero and elevated 

7 Supplementary tests under pulsating pressure, cyclic 
bending, thermal-shock, or quench conditions, 


The development of an approach to the determination of the 
maximum permissible bolt spacing by means of the theory of 
elastic foundations given in the latter part of the paper is inter- 
esting and useful, although its application would appear limited 
to extremely light flanges, such as used as examples by the author. 
For ordinary flanges, tests have indicated that variations in bolt 
spacing within reasonable limits, which are intuitively under- 
stood by the average designer, have no effect on leakage pressure. 

The author makes a good point in ealling attention to the 
necessity of considering the interaction of all component parts of 
a flanged assembly if a truly rational analysis is to be achieved. 
All who have given thought to this problem will agree that this 
is so, but, considering the complexity of present flange calcula- 
tions, despite simplified assumptions and precaleulation of con- 
stants, the question arises how much refinement can be justified, 
weighing increased engineering time against possible savings in 
materials 


R. W. Novan.’ Another factor, which complicates the prob- 
lem of gasket design, is temperature differential. A high- 
temperature steam line may be shifted suddenly to saturated 
steam, or may suddenly receive a slug of water because of boiler 
priming. In either case, the flange will cool considerably faster 
than the bolts, and the differential may, in some cases, be several 
hundred degrees. Since the flange is cooler than the bolts, it 
will contract more and thus cause a reduction in gasket pressure. 
In one case, which the writer has in mind, with high-temperature 
steam and high gasket modulus, there is a possibility of entirely 
removing the gasket pressure und causing leakage 


D. B. Rossnem"™ ano J. J. The author is to be 
congratulated on his basic approach and presentation of the 
gasketed-joint problem. As be has pointed out, no co-ordinated 
attack on the essential factors has been made, and reliable basic 
data on gasket properties are lacking, particularly in the case of 
soft nonmetallic gaskets. The paper should reawaken interest 


* The present rules of the Code for Pressure Piping, Section 6, 
Expansion and Flexibility, permit extreme fiber stresses up to 24,000 
psi in seamless Grade B pipe. 

* Newport News Shipbuilding and Dry Dock Company, Newport 
News, Va. Mem. ASME 

” Chief Engineer, The M. W. Kellogg Company, New York, N. Y. 
Mem. ASME. 

'! The M. W. Kellogg Company, Jersey City, N. J. 
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in the problem to the point that work will be done to get the 
desired data and improve present methods of handling th« 
problem. 

The author has criticized certain features in the ASME Boiler 
Code’s method of dealing with this problem and suggests a new 
approach for establishing gasket and bolting. Therefore a 
discussion on the Code approach and the suggestions made should 
be in order. 

The ASME Boiler Code Rules for Bolted Flange Connections 
have come into wide usage because of their adoption by the Code 
Committee. In formulating these rules the Committee was 
concerned primarily with flange strength. However, tightness 
cannot be divorced from flange design, being of prime importance 
to users, and involving safety to a varying degree. Hence 
gasket factors were included, but the Committee was hampered 
by the same lack of gasket data the author experienced, and 
further felt that the rules must be kept as simple as possible. 
For these reasons the use of these gusket factors has never been 
mandatory and no attempt has been made to bring in the effect 
of gasket thickness, variations in surface finish, creep, or the 
variation of gasket properties with temperature. The author 
has referred to the paper by the writer and Mr. Markl (reference 
8) proposing revisions to the Code. Most of these suggested 
changes have now been incorporated in the Code and include 
recognition of a width effect as shown by the tests of reference 
(1). The Code now reduces the effective seating width of a wide 
gasket for caleulation purposes leaving m unchanged. An 
equivalent effect could be obtained by leaving the width un- 
changed and reducing m. 

While the Code method of establishing minimum bolting and 
gasket factors has been kept simple, the general success of 
flanges so designed for all types of service is a tribute to the 
approach used. An important factor in the successful usage of 
such flanges undoubtedly has been the relatively low allowable 
bolt stress used in design calculations, which never exceeds one 
quarter the yield point. Code allowable bolt stresses are in- 
tended to reflect the value to which the bolt stress can relax 
in service with the expectancy that a tight joint will be main- 
tained rather than the initial stress on tightening. Those who 
formulate these rules are fully aware that bolted joints are 
commonly made up by pipe fitters without any special instrue- 
tions and that the initial stress in the bolts is generaliy much 
higher, approaching the vield point in the case of carbon-steel 
bolts. This factor provides a desirable margin for variations 
and imperfections in surface finish, for uncertainties of gasket 
properties and variations between manufactured products for: 
relaxation due to properties of the gasket, flange materials, 
flange rotation or temperature differentials, and for loadings other 
than internal pressure which may be experienced in service, such 
as piping thermal-expansion moments. Code-designed flanges 
have demonstrated a practical capacity to absorb the usual 
handling and service loadings. In some cases such flanges may 
appear overdesigned. These are likely to be joints using soft 
gaskets for relatively mild pressure and temperature conditions. 
More precise test data and knowledge of the behavior of such 
gaskets can improve this situation but modification of gasket 
factors would have relatively little effeet on the design of flanges 
for the more severe services 

While the Code Committee will be found quite receptive to 
proposals for changes substantiated by good theory and test 
data, such proposals will be closely scrutinized from the prac- 
tien! angle. The writers’ present reaction to some of the pro- 
posals made in this paper is to doubt their practicability 

In deriving Equation [12], the author predicts an increase in 
bolt stress and draws some qualitative observations. To our 
knowledge no increase in bolt stress has ever been observed with 
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guskets located inside the bolts, even with very soft gaskets. 
On the contrary, the bolt stress has been observed to reduce as 
internal pressure is applied both with solid metal and soft gaskets 
until the gasket precompression is lost and leakage begins, after 
which the bolt stress begins to rise again if higher internal pres- 
sure can be applied. This effect is due to rotation of the ring 
flanges under the applied moments and far outweighs the effect 
formulated by the author which was based on the assumption of 
rigid flanges. In recent tests of light plate flanges using cloth-in- 
serted rubber gaskets under simple hydrostatic test, the initial bolt 
stress was observed to fall off as much as 25 per cent as internal 
pressure was applied before leakage was experienced. Any 
precise treatment of bolt and gasket stress relations with changing 
pressure would have to include the effect of flange rotation, 
whereas the effect cited by the author would be negligible for 
most services. It would also have to include the effect of tem- 
perature differentials between bolts, flanges, and gaskets under 
operating and transient conditions, an impractical problem for 
general design purposes 

The author includes « proposal for bolt spacing to insure 
tightness. The refinements of including the effect of boltheads 
in distributing the load and for the stiffening effect of the hub 
certainly cannot be ignored for most applications and would 
add to the complexity of the approach. Any such approach 
would have to be proved by experience also. The Code makes 
no recommendation on bolt spacing nor on the materials or facing 
for « given service. Taylor Forge Company, in its manual 
“Modern Flange Design,” recommends an empirical formula 
for maximum bolt spacing of 

+ 
m+ 0.5 

where 
d = bolt diameter 
t = flange thickness 
m = Code gasket factor 


This has been generally used by designers for many years with 
good results. 

In discussing Code m-values, the author states the Code uses 
one half the gasket area us «a design basis. A more complete 
statement is desirable on this point. The Code establishes an 
effective gasket seating width for applying the y-factor, and this is 
varied with the type gasket and facing. In the ease of a flat 
gasket on a smooth facing it is one half the gasket bearing width. 
In applying the m-factor, however, it is applied to twice this 
width, which in the case of the same gasket and facing becomes 
the full width. 1 
Code has endeavored to take some account that the gasket may 


By working in terms of an effective width, the 


not seal over its full width due to nonuniform bearing stress 
caused by the gasket or facing detail or tlange rotation. The au- 
thor suggests use of a variable m-factor depending on initial stress 
with no minimum seating load and with a lower limit of m = 1 
This would leave no margin for uncertainties and operating v) via- 
bles, and present test data are wholly inadequate to sur™ ©. it 
to the extent that it could be used in design. Expe:.cnce and 
observation of the behavior of flanges in service and on .est indi- 
cates to us that for all practical purposes there is a minimum 
initial gasket stress which must be applied before a particular 
joint will hold any pressure to speak of, but it is subject to varia- 
tion, and the minimum value undoubtedly cannot be tied down 
as definitely as the table of Code values might seem to indicate 
Looking on code practice as one designed to insure a low m-value 
is an acceptable viewpoint. 

Experience also shows that much more care and attention must 
be given to surface finish and the manner of making up flanges 
with metal gaskets, than with soft gaskets, the difficulty increas- 
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ing with the hardness of the gasket and its tendency to work- 
harden. A design basis requiring a progressively higher mini- 
mum m-factor for such cases is felt to be better than one which 
goes down to a common minimum of m = 1, depending on initial 
gasket stress. 

The use of torque wrenches has been recommended. This 
undoubtedly represents the best practice, but it is not commonly 
used, by any means, and apparently has not been found necessary 
by users except in relatively few instances for severe service, par- 
ticularly at elevated temperatures. The superiority of such prac- 
tice in the latter instances has been adequately demonstrated in 
service, but users are not likely to be receptive to it as general 
practice. 

It is hoped that this paper will spur work to obtain the needed 
gasket data. Such data will be invaluable for final evaluation of 
this paper relative to modification of the present Code design 
basis or the gasket factors or both. Tests on gasketed joints 
should not be confined to tests in a tensile machine which main- 
tains uniform gasket compression but must include tests with 
bolted flanges so that the effect of nonuniform gasket stress both 
radially and circumferentially due to flange rotation and bolt- 
load concentration may be better evaluated. More accurate de- 
sign information is also desirable on maximum permissible load- 
ing to avoid gasket crushing or marring of contact facing and 
gasket proportions to avoid blowout 


R.A. Srrus."? Besides the uneven distribution of gasket stress 
due to the concentrated bolt load, the deflection of the flanges due 
to bending stresses also contribute toward an uneven distribution 
of the gasket stress. As shown by tests" this effect may be, in 
certain cases, sufficiently large to justify a study similar to the one 
carried out for concentrated bolt loads. 

The theory of the paper giving the stress variations in th 
assembly is based on a relation assuming that the elastic defor- 
mation of the bolt is compensated by an equal amount of gasket 
expansion when the assembly is submitted to the working load 
A,p,;. This assumption is only an approximation which, in some 
cases, will lead to erroneous calculations. In so far as the 
writer is aware, previous works on bolted assemblies by T. J. 
Dolan,'* A. Thum, and others are based on relations similar to 

those, Equations [12] to [14], in- 

troduced into the paper. It can, 

(T.1) /F4 however, be shown that these 
7 relations correspond only to an 
extreme case in which the work- 


ing load A,p, is assumed to have 
no direct influence on the elastic 
deformation of the assembly 
Referring to the accompany- 
ing illustrations, it can be seen 
at once that in Fig. 6 the stress 
in the gasket will be relieved by 
the application of pressure more 
than in assembly Fig. 4 though 
Fic. 4 the elasticities of the bolt and 
- the joint are the same. The 
joint is defined here as being the gasket and the zone of the 
structure transmitting the gasket load to the bolts. As shown 
in the illustrations, the load due to the pressure itself is also 
supported by the bolts (flange stress field), and the correspond- 


'? FE. I. du Pont de Nemours and Company, Inc., Belle Works, W. Va 

"The Influence of Bolt Tension and Eccentric Tensile Loads on 
the Behavior of a Bolted Joint,"’ by T. J. Dolan and J. H. McSlow. 
presented to The Society for Experimental Stress Analysis, Detroit, 
Mich., May 20, 1949. 

“Load Relations in Bolted Joints,” by T. J. Dolan, Mechanical 
Engineering, vol. 64, 1942, pp. 607-611 and 688 
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ing stress field is different from the one produced by the gasket 
load (joint stress field). These two stress fields can never be 
combined in a single one for the computation 

The variation of the joint length 6 when the internal load is ap- 
plied, must compensate the deformation of the bolt and the de- 
formation of the flanges due to the effect of the working load 
A,p, alone. Therefore we have to consider three elastic charac- 
teristics which will be called: the flange characteristic giving the 
law of deformation at the gasket when the assembly is submitted 
to internal pressure only, the bolt characteristic, and the joint 
characteristic 

This general way of studying the load distribution in a bolted 
assembly leads to a better understanding of the mechanism of 
deformation and load distribution. The condition of compati- 
bility can be established readily by referring to Fig. 5 represent- 
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ing the graphical computation of a bolted joint within the elastic 
range. The joint deformation 6 must be compensated by the 
bolt deformation 8 and the flange deformation ¢ due to the work- 
ing load alone 


b=S+¢ 
This relation, together with the equilibrium condition of loads 
A Gon, AN G,a)) Av 


will lead to the general relations giving the load variation in the 


volts 


and in the joint 
(Oa JA, = 


Relations {12} and [14] of the paper under discussion can be 
obtained from relations, Equations {1} and [2], herewith, if we 
assume that the flanges are infinitely rigid f/(A,;#,) = 0, when sub- 
mitted to the working load Aypy. In this case the flange char- 
acteristic f will be a vertical line. However, if the deflection at 
the gasket of both flanges and joint are equal, when submitted 
to unit loads A,p; and A,o;, respectively, the corresponding elas- 
tic characteristics symbolized by the factors f/(A;K,) and 
t/(Ay) will be equal, and no variation of stress will take place 
in the bolt. A pure exchange of load occurs between the joint 


~ 
\/ 
c 
Ag! imi 
is Jor 
STMESS 
BESS g 
« 
\ 
~ 
a 
A, 
Ay E;t 1] 
A, 
’ Av Est 
4 
Cou) E;l 


458 JOURNAL OF APPLIED MECHANICS 


| 
| 
| 
| 


load Ajo; and the working load A;p;. In Fig. 7, herewith, 
the load A j¢;.) is the final load in the joint which is almost ready 
to open whereas in Fig. 5 a much larger working load A,p; can 
still be applied before opening occurs. 

If the joint characteristic j is not a linear function of the gasket 
load, relations (a) and (b) will no longer be linear. These types 
of relations can, however, be used if the secant modulus £; is 
introduced. The graphical representation can still be used after 
drawing the curve of the experimental law of deformation of the 
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joint in place of the straight line 7. In this case the variation of 
the joint load after time has been allowed for creeping is 


Ay =f) E 


l 
the joint deformation 6 = 7) being a function of 
the stress range and of the working temperature 7’. 

For superpressure equipment in which sealing is often made by 
lapped faces, it is important to consider the third characteristic 
f if good correlation between tests and calculation is expected. 
It is also important to consider it in the design of bolted assem- 
blies using relatively hard metallic gaskets. However, in cases 
dealing with lower pressures and soft gaskets the approximate 
formula may be sufficiently accurate. 


F.C. Tuorn.'® The author has performed an excellent service 
in pointing out four fundamental errors in the present ASME 
Code formulas. These are as follows: 


1 The m-value is not a constant but is a funetion of initial 
gasket load, flange finish, and probably also gasket width and 
thickness, temperature, time, and the intrinsic tendency of the 
gasket to adhere, whic may be modified by surface coatings such 
as graphite. 

When the subject is fully explored, it will be found also that the 
m-value is influenced by the medium being packed. Perhaps 
technically all fluids are alike in that they penetrate any clear- 
ance however small. Practically, the more viscous fluids, such as 
liquids, take a long time to get through, so that a joint may be 
called leakless when it is not really leakless as is shown promptly 
when the same joint is tested with gas. Also, some liquids are 
self-sealing in that they tend to swell the gasket material as they 
pass. 

2 There is no such thing as a y-value for any gasketing ma- 
terial in the sense that y/2 is a constant unit initial load necessary 
to prevent leakage at all fluid pressures below a fixed minimum. 
Actually, the transfer from a high m-value to a low m-value takes 
place over a rather broad band of initial loads. 

3 The introduced fluid load does not simply subtract itself 
from the original gasket load——as assumed in the formulas 


'® Research Director, The Garlock Packing Company, Palmyra, 
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neither does it add itself to the bolt load, leaving the gasket load un- 
impaired. The truth lies in between. The added fluid load 
is distributed, in part as a subtraction from the gasket load, and in 
part as an addition to the bolt load, the manner of distribution de- 
pending upon the dimensions and elastic constants of the opposing 
members. In ap earlier article’* the writer called attention to 
this in the form of a graph (Fig. 8, herewith). 

The procedure was to take any point on the gross load line, 
and plot in opposite directions from this point, the gasket retrac- 
tion curve, and extension curve of the bolt circle, all to the same 
scale. The point of intersection C represents the initial equi- 
librium between gasket and bolts. This equilibrium is disturbed 
by the introduction of fluid pressure times the inside area of the 
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joint, which is represented by line AB. The new equilibrium is 
found by tucking line AB into the angle formed by the bolt and 
gasket curves. The part AD is an addition to the bolt load; 
the part BD is a subtraction from the gasket load. Referring to 
Equation [10] of the paper, it will be seen that the first term is 
line DB; the second term is line AB, and the third term is line 
AD. This equation is, therefore, the mathematical expression of 
the graph and of course is much more satisfactory to use provid- 
ing we know DC as a function of DB; in other words, we know f 
Tay. 
straight-line retraction curve down to 50 per cent retraction is a 


It seems probable that the author’s assumption of a 


sufficiently good approximation for compressed asbestos sheet, 
and his more elaborate parabolic formula is not really needed 

+ The fourth error in the formulas to which the author calls 
attention is the absence of any provision for gasket creep in the 
interval between bolt tightenings. Most of the packing failures 
which oceur in joints designed in accordance with ASME for- 
mulas, occur at gasket loads which are far below either the gasket 
load called for in the formula or the gasket load actually developed 
in installation. These low gasket loads are the consequence of 
creep. We have data in our laboratory indicating declines in 
gross gasket loads of ordinary '/;.-in. compressed-asbestos gaskets 
between 400 Ib ASA flanges of the order of 68 per cent in 20 hr at a 
temperature corresponding to 350 psi steam. The decline in the 
residual gasket load, after correcting for fluid relief, is even worse, 
of the order of 82 percent. An initial m-value of 2.5 as preseribed 
by the ASME tables would have been quite inadequate to have 
prevented a blowout under these conditions. The higher m- 
value of the ASA joint —about 6.3-—-was barely sufficient to pre- 
vent a blowout at the end of 20 hr operation. 


'® “Gaskets,” by F.C. Thorn, Industrial and Engineering Chemis 
try. vol. 28, 1936, pp 164-174. 
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In view of the seriousness of gasket creep as a factor in joint 
design, the writer regrets that the author did not see fit to make 
provision for it in his formulas. His reason is that no formula 
exists for computing the creep. This may be true at the present 
time, but, pending such time as a formula may be developed, the 
designer would do well to incorporate empirical corrections for 
creep, based on observations of actual decreases in bolt length 
with exposure time of similar gaskets mounted in standard steam 
joints 

D. B. Wessrrom.” In this well-conceived and well-written 
paper the author presents a number of concepts in flanged-joint 
design that appear for the first time in print. These are concepts 
that must be understood and appreciated by designers if there is 
to be any progress in thinking on the subject. Therefore the 
author is to be congratulated on having made a valuable contri- 
bution to the art. 

The author brings out the highly significant fact that the de- 
compression modulus of the gasket material, obtained on release 
of the load, is an important factor in determining the amount of 
gasket loading that remains after application of the internal 
pressure. Many gaskets and gasket materials have a certain 
amount of “‘slack"’ that must be taken up in the initial tightening 
of the bolts, and the elastic vroperty that really counts is that 
which exists after the slack has been eliminated. It is the 
“springback” or elastic recovery, therefore, that is important 
in keeping a gasket tight, and this is the physical property that 
should receive most attention from gasket manufacturers in their 
research programs 

In view of this, it is not so apparent why the modulus during 
initial compression should be used in calculating the permissible 
spacing of the bolts. The bolt-tightening operation is usually a 
slow-loading effect, especially for large-diameter joints, and the 
effective modulus at final pull-up can be expected to be compara- 
ble with that existing thereafter. The final “once around” on 
the bolts also may eliminate « large part of the time effect shown 
in the author's Fig. 10. 

The importance of the time effect obviously depends on the 
type of gasket material, as well as the time taken to tighten the 
bolts, which in turn depends on the size of joint, number of bolts 
and general procedure in tightening. It is sometimes necessary 
to retighten joints after a short period of service, and this may be 
due partly, although not entirely, to relaxation of the gasket that 
follows too rapid a make-up of the joint 

The time effect also may be important when there are rapid 
pressure fluctuations. The erecp or hysteresis, or call it what you 
will, of the gasket material shduld result in a temporary reduc- 
tion of the gasket force below its expected value when the internal 
and, conversely 


pressure is applied quickly; in a temporary in- 


crease above the expected value when the pressure is suddenly 
decreased, followed by relaxation to the value previously existing 
at the decreased pressure. This would indicate that a joint that 
would remain tight with slow application and variation of pres- 
sure might not do so if the changes in pressure are very rapid. 
The time effect should receive further study by gasket manu- 
facturers, as well as designers, in general, as it may have an im- 
portant bearing on the successful functioning of designs in some 
services. 

There is one essential point in which the type of joint covered 
by the paper differs from that covered by the rules of the ASME 


17 Design Division, Engineering Department, E. I. du Pont de 
Nemours & Company, Wilmington, Del. Mem. ASME, and Past- 
Chairman, ASME Boiler Code Subcommittee on Bolted-Flanged 
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Unfired Pressure Vessel Code, and, therefore, makes the theory 
developed by the author inadequate for the design of the latter 
type of joint. The author, it will be noted, takes account of the 
elasticity of the bolts and the elastic characteristics of the gasket, 
but neglects the flexibility of the flanges. This is entirely cor- 
rect for the type of joint shown in Fig. 7 of the paper, where the 
gasket is centered about the line of the bolts and the flanges can- 
not be deflected, regardless of how severely the bolts may be 
tightened. However, this is the type of joint to which the rules 
in the ASME Code specifically do not apply. The ASME rules 
apply only to joints having gaskets entirely inside the bolt circle, 
in which the moment of the bolt force can deflect the flanges to- 
ward each other. This is the ustial type of bolted-flanged con- 
nection, and to cover it adequately, the author's theory should be 
extended to include the deflection of the flanges. 

If this is done, it will be found that in an actual joint the total 
bolt load is not constant but varies with the internal pressure in 
such a way that changes in the bolt load are proportional to the 
pressure. In many cases, the bolt load will decrease appreciably 
as the internal pressure increases so that even less gasket force 
will be available than otherwise might be expected. 

One such case was clearly demonstrated in tests made on heat- 
exchanger joints and reported by Rossheim, Gebhardt, and 
Oliver.“ From the actual strain measurements shown in Fig. 7 
of that paper, it can be determined that the reduction in bolt 
stress upon applying 650 psi hydrostatic pressure amounted to 
about 12,000 psi. Mathematical analysis will show that this is 
exactly what should be expected and, in fact, will check the actual 
results with reasonable accuracy. Assuming a design pressure 
of one half the test pressure, the initial bolt stress in this case 
had to be at least 2.75 times the stress assumed under the Code 
rules, for the joint to be tight at test pressure. 

The author's reference in his suggested design procedure to 
“the allowable working stress of the bolts” and “the design stress”’ 
seems to overlook the important consideration that the initial 
bolt stress upon tightening must be sufficient to provide a tight 
joint, not at the design pressure, but at the hydrostatic test pres- 
sure of 1'/, or 2 times the design pressure, according to the appro- 
priate Code rule for testing. Among the elements that make up a 
pressure vessel, the bolted-flanged joint is unique in that it is a 
prestressed structure in which high stress is deliberately gener- 
ated and exists before any internal pressure is applied. The 
point at which m-values as low as unity might be tolerated, there- 
fore, is at the test pressure. At the design pressure, the bolt load 
is somewhere between the initial load and the load at test pres- 
sure, with the result that the actual gasket force at the design 
pressure may represent an m-value of many times unity 

Unless the elastic action of the flanges is included in the analysis 
and unless the necessity of tightness in the hydrostatic test is 
taken into account, joints designed by the author's procedure 
might be inadequate, especially if a low value of m, approaching 
unity, is used. The actual initial bolt stress required might be 
2 or more times the design stress on which the Code calculation is 
based. Two recent experiences in the writer’s knowledge attest 
to this 
the test pressure until a softer gasket was substituted 
showed that the initial bolt stress required for the harder gasket 
was greater than could be developed by the usual means in bolts as 


In one case it was impossible to obtain a tight joint at 
Analysis 


large as were used (3'/,in. diam). In another ease, the joint was 
tight at test but leaked at the operating pressure 


lieved to be due to differential expansion between the flanges and 


This was be- 


the bolts that overstressed the flange and caused it to yield and 
thereby relax the force on the gasket Both of the designs men 

'S “Tests of Heat-Exchanger Flanges,” by D. B. Rossheim, E. H 
Gebhardt, and H. G, Oliver, Trans. ASME, vol. 60, 1938, pp. 305-314, 
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tioned were large-diameter joints for moderately high pressure 
and met all the requirements given in the ASME Code. 

It would be rather premature, therefore, to adopt the author's 
suggested design procedure before the subject has been developed 
further, and other factors as just described are taken into ac- 
count. The author's paper, however, is a very necessary first 
step leading to the ultimate development of a satisfactory theory. 
For the time being, the rules of the ASME Code should be fol- 
lowed, as tending to lead to more trouble-free designs. The 
writer looks upon the m-factors given in the Code as weighted con- 
stants that compensate in most cases for the changes in bolt load 
and gasket force which take place between the design pressure 
and the test pressure. 

The author's equations, whieh do not include the flexibility of 
the flanges, should be correct for an experimental setup for deter- 
mining gasket properties, such as shown in his Fig. 7, or any simi- 
lar arrangement using a testing machine, provided the applied 
forces are not affected by deflection of the parts 

The values of m derived from the British and German tests 
seem to present some anomalies. However, the lower m-values 
for the wider gaskets can be interpreted by saying that statisti- 
cally there is less probability of a complete leakage channel with 
a wider gasket. It should be pointed out, also, that the effective 
width for the arrangement in Fig. 7 is probably the shortest dis- 
tance from the inside edge of the gasket to the bolthole. 

The writer considers it significant that the effect of gasket 
width becomes less important with higher initial gasket stress 
This is most clearly indicated in Fig. 1 of the paper, where, if 
the initial stress is high enough, a value of unity for m can be used 
regardless of width. Although the data indicate that there may 
be no unique value of initial stress which can be called a “yield 
value,” it does appear that if the initial stress is made high enough, 
the gasket width can be neglected as a complicating factor in the 
choice of initial stress. Where the data indicate that the gasket 
width is a factor, it suggests that the initial stress is not high 
enough to seat the gasket properly 

The term yield value is not a happy one and the latest re- 
vision of the rules has changed it to “design seating stress.” 
Since the actual initial bolt stress must be on the order of 2 times 
the design stress, in order to pass the hydrostatic test, the actual 
seating stress will be on the order of 2 times the values given in the 
Code. These doubled values, therefore, should be the real meas- 
ure of what is actually required to make the gasket seat itself 
properly. 

The author's theory for maximum permissible bolt spacing and 
his experience data on actual designs apparently have to do with 
the arrangement of his Fig. 7 where the gasket width is centered 
If so, it would not necessarily be appli- 
This is not 


about the line of bolts 
cable to the type of joint covered by the Code rules 
only beeause the bolt foree depends on the flexibility of the 
flanges, but also because the flange deflection tends to pinch the 
gasket at its outer edge. 

With regard to the actual examples cited by the author, there 
is a question whether tightness could not have been obtained by 
further loading of the bolts. In other words, would a value of 
4/q less than 0.95 be suitable if go were great enough to provide 
an adequate value of gq? This should be possible if alloy-steel 
bolts are used instead of carbon-steel bolts, provided the yield 
strength of the flange is not exceeded. The author’s theory seems 
to be based only on deflection, without any check of the stresses 
that may exist. 

It is the writer's opinion that further development of the theo- 
ries presented by the author is needed, and that the paper is a wel- 
come and timely contribution toward reaching the ultimate 


answers. 


JOURNAL OF APPLIED MECHANICS 


DECEMBPER, 1950 


AvuTHorR’s CLOSURE 


The author is gratified by the volume of discussion which has 
followed this paper, and believes that this reflects the general de- 
sire to establish the design of bolted joints on a rational basis. 

Mr Markl, in his discussion, has attempted to find some justi- 
fication for the Code concept of ‘“‘yield value’”’ or “design seating 
stress” on the basis of the data in the Siebel, Hering, and Raible 
paper. If this concept were correct, there would be found, for a 
given gasket material, a unique value of gasket stress which would 
seal a wide range of pressures, and below which no sealing 
would oecur. Jn Fig. L of the discussion Mr. Mark! finds such a con- 
stant gasket stress value for the narrowest of three copper gaskets, 
while the two wider gaskets do not give this effect. A similar 
constant stress value is shown in Fig. 2 of the discussion for a lead 
gasket, but this is the widest of three lead gaskets studied by the 
German authors, and the other two do not show a constant value. 
Finally, none of the other five gasket materials studied in the 
German paper yields a curve which can reasonably be interpreted 
to show a constant stress value for any of the gasket widths. It 
seems likely, then, that the two examples of apparent constancy 
in the curves found by Mr. Markl are explained by the large 
amount of scatter in the data. Even if a yield value does exist 
for the cases quoted, the effect is apparently the exception rather 
than the rule, and cannot reasonably be used as a general basis of 
design. 

Mr. Markl also argues that the conclusion of the paper that 
wider gaskets should give lower m values is contradicted by the 
fact that the curves for the 10 and 20-mm width gaskets fall to the 
right of the 5 mm curve-in Fig. 1 of the discussion. This figure 
plots the gasket stress at the point of leakage only, and gives no 
indication of the initial gasket stress to which each gasket was 
subjected. In actual fact, the 10-mm and 20-mm gaskets had 
lower initial stresses than did the 5-mm gasket, which is probably 
the major reason for their poorer sealing properties. As may be 
seen from Fig. 7 of the paper, at the same value of initial stress, 
the wider gaskets show as good sealing properties as the 5-mm 
gasket. It may be concluded that plots such as Figs. 1 and 2 of 
the discussion do not adequately represent the data since they do 
not show the effect of initial gasket stress, and it is for this reason 
that the author prefers to plot the data as in Figs. 1 through 7 of 
this paper 

Mr. Nolan and other discussers bring up the question of ther- 
mal shock as a complicating factor. It is known that the design 
of simple bolted joints to take up the amount of thermal shock 
mentioned by Mr. Nolan requires the introduction of so much 
A more promising 
approach is the development of other types of closures which do 
not depend upon the elastic properties of bolts for tightness. The 
author knows of one program for the development of such closures 


elastic effect as to make the joints impractical. 


which is in progress. 

Messrs. Rossheim and Murphy, and Mr. Wesstrom emphasize 
the complicating effect of the rotation of the flanges when the 
gasket is located inside the bolts. Such rotation is usually a fac- 
tor in high-pressure joints of small diameter, in which the stiffness 
of the vessel walls adjacent to the flanges restricts the flange rota- 
tion to a reasonable value. For such joints, advantage can be 
taken of the increased flange stiffness to make use of small-gasket 
There 
is, however, a large class of bolted joints for which the stiffening 
This includes large rectangular 
joints such as in gas-turbine power plants, and large-diamet~> cir- 
For such 
joints, unless additional flange stiffening is provided, the use of a 
gasket inside the line of the bolts results in such severe rotation 
Therefore in this class 


widths in order to decrease bolt load and weight of flanges 
effect of the vessel wall is minor. 


cular joints such as in low-pressure process vessels 


that it is impossible to achieve tightness 
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of joints, it is common practice to prevent rotation by the use of 
a full-face gasket or equivalent means, such as two narrow gaskets 
one inside and one outside the line of the bolts. For these joints, 
and others in which the gasket is centered around the line of the 
bolts, the treatment given in the paper should be adequate. It 
will also‘apply to joints in which the flange rotation is a negligible 
factor because of the stiffness of the closure. 

For joints in which flange rotation is important, its effect on 
the gasket and bolt stresses must, of course, be included in the de- 
sign procedure. The effect may be large or small, depending pri- 
marily upon the diameter of the joint, the thickness of the vessel 
wall, the thickness of the flanges, the elastic modulus of the gasket 
and flange material, and the operating pressure. It is to be 
hoped that a theory will be developed for flange rotation, so that 
the gasket loading in such joints may be computed for at least the 
standard pipe flanges with the more common gasket materials 
Mr. Wesstrom mentions that he has calculated with reasonable 
accuracy the rotation effects for one group of tests; the publica- 
tion of the method used, even if it gives only approximate results, 
would be of interest. 

Mr. Strub, in his discussion, has extended the theory of gasket 
and bolt loading given in the paper to inelude the elasticity of the 
flanges. The theory does not consider flange rotation, but it does 
take in two effects, namely, the elastic follow-up of the flanges 
with stretching of the bolts, and the elastic compression of the 
flanges under internal pressure. As pointed out by Mr. Strub, 
these corrections will be important in cases in which the flanges 
are highly stressed, as in superpressure equipment using hard 
metallic gaskets or using lapped faces for sealing. 

The author is in complete agreement with Mr. Wesstrom’s 
comment on design for the hydrostatic-test pressure rather than 
for the operating pressure. The author did not make this dif- 
ferentiation in the paper, and welcomes Mr. Wesstrom’s clear 
statement on this point. In answer to Mr. Wesstrom’s question 
regarding further tightening of the bolts in the examples cited in 
the paper, no amount of further tightening would seal the joints 
In some cases, the provision of alloy-steel bolts might have sealed 
the joints by increasing go to the point that an adequate value of 
q were obtained. However, in most cases, the gaskets were so 
severely crushed or hardened in the region beneath the bolts as 
to make them useless as elastic sealing members 

The author is pleased to take this opportunity to state that, 
under the auspices of the Subgroup on Gaskets of the ASME 
Boiler Code Special Committee on Rules for Bolted Flange Con- 
nections, a limited experimental program for the measurement of 
m values, gasket modulus, and gasket creep is already under way 
It is realized that a considerable amount of work, both theoretical 
and experimental, remains to be done in this field, and the sug- 
gestions made by all the discussers are greatly appreciated 


Some Experiments on the Interaction 
of Shock Waves With Boundary 


Lavers on a Flat Plate’ 


Lester Lees.?. Although one can disagree sharply with cer- 
tain conclusions stated in this paper, the authors are to be com- 
mended for their approach to the experimental investigation of 
the boundary layer - shock wave interaction problem. They have 
attempted to eliminate as many extraneous variables as possible 


in order to deal with fundamental problems, such as the shock- 


1 By F. W. Barry, A. H. Shapiro, and E. P. Neumann, published in 
the June, 1950, issue of the Journat or Apptiep Mecuanics, Trans 
ASMP, vol. 72, pp. 126-131 

? Aero Engineering Laboratory, Princeton, N. J 


wave reflection from a plane surface, where some theoretical re- 
sults are also available. 

The writer cannot agree with the statement, ‘the effect of the 
boundary-layer regime noted here, and the other effects found by 
previous investigators, may be in part illusory.”” It seems that 
the experimental results here presented, and others, show quite 
clearly that the difference in behavior between the laminar and 
turbulent boundary lavers can be traced essentially to the dif- 
ferent response of these two flows to pressure increases in the flow 
direction. In the case of the laminar boundary layer, the effect is 
felt far upstream, of the order of 100-150 boundary-layer dis- 
placement thicknesses from the point of incidence of the oblique 
shock. For the turbulent boundary layer, it is known that a 
much larger pressure gradient is required to cause a given rate of 
thickening, and the shock-wave interaction effects do not spread 
upstream nearly as far as for the laminar layer 

One important fact that is revealed by the present experiments 
is the difference in boundary-layer behavior for strong and weak 
incident shocks, particularly in the case of the laminar boundary 
layer. For the weak incident shock, the boundary layer appears 
to separate upsteam as predicted theoretically, but the flow down- 
stream appears to remain laminar. The incident shock is re- 
flected as an expansion, followed by rapid compression as de- 
scribed by the authors. In the ease of the strong incident shock, 
however, separation occurs so far upstream that the laminar 
“jet”’ becomes turbulent, and «a very rapid thickening of the 
“boundary layer’ occurs in the immediate vicinity of the incident 
shock. With such thick viscous regions, the incident shock is 
apparently refracted through the viscous layer and reflected, fol- 
lowed by an expansion region, and then « gradual compression as 
the flow turns parallel to the wall again. In the case of a strong 
shock, then, one might expect « rapid pressure rise followed by 
pressure drop on the wall in the immediate vicinity of the point of 
incidence of the shock. This phenomenon might also occur for 
weak shocks but would be confined to a very narrow region 
This fact might account for the result found by Liepmann, Ackeret, 
and others, that the pressure distribution on an airfoil in transonic 
flow with shock wave in the flow is “smooth” for a laminar boun- 
dary layer. 

It will be interesting to see whether the approximations for up- 
stream influence found in Princeton University Aeronautical 
Engineering Laboratory Report No. 143 are borne out by these 
It seems clear that any theoretical approach 
might be 


measurements 
based on the older Prandt! boundary-layer theory 
successful in predicting the extent of upstream influence of the 
shock, but describe the phenomena in 
vicinity of the shock where there 


incident could not 
the immediate 


must be very large pressure and density gradients normal to 


incident 


the flow 

H. W. and. Daawan.’? The authors’ work repre- 
sents a worth-while attempt to extend the investigations of the in- 
teraction of shock waves and boundary layer to higher Mach num- 
bers. The investigation is of specific interest to the writers since 
research on the interaction problem in transonic and supersonic 
flow has been pursued for some time at the California Institute of 
Technology.‘ measurements of the reflection of 
shock waves from boundary layers at Mach numbers of about 
M = 1.3 to 1.4 made at the Institute are closely related to the 


In particular, 


‘California Institute of Technology, Pasadena, Calif 
“Experiments in Transonie Flow,” by H. W. Liepmann, H. Ash- 
kenas, and J. D. Cole, USAF Technical Report No. 5667, February, 
1048 
“On the 
W. Liepmann, A 
NAw5631, July, 1949 


teflection of Shock Waves From Boundary Layers,”” by 
Roshko, and 8. Dhawan, NACA Contract 
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work of the authors at higher Mach numbers, and the results can 
be compared. 

1 In investigating the reflection characteristics of shock waves 
from boundary layers we have found that the case of a shock wave 
of a “step type” must be distinguished from that of an “impulse- 
type’ wave. The pressure in the former, the ordinary type, rises 
from one constant level to another higher level. In the impulse- 
type wave the initial compression is followed immediately by a 
rapid expansion. The reflection patterns in these two cases dif- 
fer. For example, we believe that the shock wave in Fig. 8 of the 
paper is definitely of the impulse type; the shock waves in Figs. 
3 to 7 are probably step waves, but the expansion zone from the 
shoulder of the wedge which produces the shock waves does not 
appear to be far enough downstream to leave the reflection pat- 
tern completely unaffected. It seems to us that for quantitative 
data more clearly defined experimental conditions are needed. 

2 The velocity profile in the boundary layer at the point of 
impingement is clearly of importance. This statement in itself is 
too broad and insufficient to lead to any definite conclusions. 
More important appears the question whether or not the reflec- 
tion phenomenon is essentially nonlinear, i.e., the extent to which 
the shock itself influences the boundary-layer velocity profile 
ahead of it and vice versa. The degree of influence of the shock 
upon the development of the boundary layer differs for laminar 
and turbulent layers, and the reflection patterns in these two 
cases differ accordingly. 

3 We agree with the authors that parameters such as surface 
curvature, origin of the shock wave, etc., are important. But we 
are actually more impressed with the general similarity of the re- 
sults between the early measurements in transonic flow and the 
recent investigations in supersonic flow, e.g., the reflection charac- 
teristics of a shock wave from a laminar boundary layer are 
strikingly similar to the phenomena observed in transonic flow, 
etc. ‘ 


There is no doubt that the limitations imposed by the small 
tunnel used render the experimental technique more difficult and 
the results less clear than similar investigations in a larger tunnel. 
It is greatly hoped, therefore, that the authors’ investigations will 
be continued and if possible carried out in a larger tunnel. 


W.A. Loes.* The authors have ably discussed this extremely 
complicated problem with an eve to both generality and detail. 
There are, however, a few points that may be worthy of further 
expansion and emphasis. 

In the early work on this subject it was generally concluded 
that the boundary-layer regime (turbulent or laminar) was of the 
utmost importance in determining the nature of the shock wave- 
boundary layer interaction. In disputing such a conclusion, this 
paper mentions the results of the injection of a high-speed air 
stream into a thick turbulent boundary layer in order to alter the 
velocity profile of the boundary layer. This experiment was 
carried out in much the same manner as those described in the 
present paper. By increasing the injected air flow it was at times 
possible to alter the character of the reflected shock from the 
original no injection configuration, to no apparent reflection, and, 
thence to av entirely new configuration. This indicates that the 
turbulence of the boundary layer does not, of itself, determine the 
shock wave-boundary layer interaction, and that the boundary- 
layer velocity profile may play a large part in this complicated 
relationship. 

The manner of shock generation is another variable mentioned 
In this paper and in the work discussed previously the incident 
shock was generated by turning the stream toward the wall on 
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which the interaction was observed. Had the shock been gener- 
ated by some other method, the observed interaction might have 
been altered considerably. This seems logical since the con- 
figuration is determined not only by pressure, inertia, and vis- 
cosity requirements, but by directiona! bounding conditions 
imposed by the solid wall. 

In the injection work mentioned, the wedge used to generate 
the initial shock slanted back to the passage wall some distance 
downstream. Thus an oblique compression shock was generated 
at this point by turning the air stream into a direction parallel to 
the passage walls. The observed boundary-layer interaction dif- 
fered considerably from that observed in the case of the primary 
upstream shock even when this primary shock was moved down- 
stream to a corresponding position in the passage. This may be 
due of course to the many upstream disturbances preceding this 
second compression shock, but the possible effect of the method of 
shock generation cannot be ignored. 

This paper points up the generally increasing interest in boun- 
dary-layer effects. Today, as we move toward higher-perform- 
ance aerodynamic machinery, the necessity for such knowledge 
is becoming more and more evident. Soon the designer of such 
machinery must seek to incorporate in his designs the newer ad- 
vances in boundary-layer knowledge. Further extensions of such 
knowledge are to be heartily welcomed and applauded. 


AvuTuors’ CLOSURE 


The authors wish to thank the reviewers, all of whom have 
made original contributions to this problem, for their interesting 
and relevant discussions, 

It is clear from the disagreement in interpretation of some of 
the measurements that there are still many unsolved questions 
relating to the complex problem of the interaction between shock 
waves and boundary layers. 

The authors have completed a further investigation in an 8 X 8- 
in. tunnel, incorporating considerable quantitative data, which 
sheds additional light on these questions, and which is soon to be 
published. 


Longitudinal and Torsional Impact 
ina Uniform Bar With a 
Rigid Body at One End’ 


H. 
of the Laplace transform to this type of problem, since it can be 


It may be of interest to mention the application 


used to give expressions for stress and velocity for all values of the 
time in terms of the Heaviside step function. This automatically 
contains the results of the recurrence formulas, which are in this 
ease obtained from the single expression for the associated La- 
place transform. Expansion by the binomial theorem in powers of 
e ” gives the successively reflected wave fronts, the delay in their 
appearance in the equation being determined by the step-fune- 
tion multiplier. This method is described by Carslaw and Jae- 
ger.? The writer has found it to be a most convenient way of 
dealing with successive reflections in both the types of problems 
dealt with, namely, “striking” and “force’’ impact 


ALEXANDER Yororavtis.‘. The author has applied the mathe- 
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matical method of analysis to the solution of the problem of elas- 
The results, 


summarized in dimensionless charts in Figs. 5, 6, and 7 of the pa- 
per, form a valuable addition to the data in this field of mechan- 


tic impact in a certain linear mechanical system. 


ws 

While this mathematical analysis is exact and rigorous, it can 
be time-consuming, difficult, and often beyond the ability of the 
Dur- 
ing the last two decades, graphical methods were developed which 


practicing engineer who is confronted with these problems. 


are relatively simpler, and enable better visualization of the phe- 
nomena involved. The general derivation of the graphical analy- 
sis as applied to impact in elastic bars, was presented by DeJu- 
hasz® in one of his many publications on graphical methods.® 

In the discussion to follow, the graphical method will be ap- 
plied to obtain results similar to those in Figs. 3anc tof the paper 

The author’s mathematical analysis considers finite elasticity 
und finite velocity of stress propagation in the bar, but assumes in- 
finite rigidity and infinite velocity of propagation of stress waves 
in masses Wand W’. The graphical method considers finite ve- 
locity of propagation in all members, the bar, as well as masses W 
and W’. When the time interval for the traversal of the stress 
waves in one member of the system is considerably smaller than 
the time needed for traversal of another member, the sinaller time 
intervals can be “lumped,”’ thereby simplifying the problem with- 
out substantial loss in accuracy.’ In this particular case, the 
time interva! for traversal of W (also W’) was taken as '/; of that 
needed for the traversal of the bar. If all three members are of 
the same material, the velocity of wave propagation c is the same 
for all three; weights W and W’ have the same length ('/, the 
length of the bar), and their areas are 20 times and 200 times, re- 
spectively, as large as the bar. These values correspond to a bar 
ratio of 4, and body ratio of 10 as in the main paper. 

The graphical analysis is carried by the aid of two diagrams as 
follows: 

1 The time location or t-x diagram, Fig. 1 herewith, in which a 
point denotes a certain cross section z and a certain instant of 
time ¢. In this diagram, the progress of the stress waves are rep- 
resented by straight lines having the slope 


Ar 
= = tan (* 
At 
These lines divide the diagram in areas marked 1, 2, 3, ot 


2 The velocity-force diagram in which a point denotes the veloc- 
ity and force existing at cand ¢ in similarly numbered regions 
The force and velocity changes due to a stress wave are always 
proportional 


Change of force 1k 
= tun (* @) 
Change of velocity c 


Using subscripts 1 for the bar, 2 for mass W, and 3 for mass W’, 
then, since FE and ¢ are material constants for all three members 


* “Graphical Analysis of Impact of Elastic Bars,"’ by K. J. De- 
Juhasz, JourNaAt or Apptiep Mecuanics, Trans. ASME, vol. 64, 1942, 
p. A-122. 

“Graphical Analysis of Transient Phenomena in Linear Flow,’ 
by K. J. DeJuhasz, Journal of The Franklin Institute, vol. 223, April, 
1937, pp. 463 493; May, 1937, pp. 643-654; June, 1937, pp. 751-778. 

“Graphical Analysis of Vibrations in Mechanical Springs,”” by 
K. J. DeJuhasz, Journal of The Franklin Institute, vol. 226, October, 
1938, pp. 505-526; November, 1938, pp. 631-644. 

’ “Graphical Analysis of Free Vibrations in Helical Springs 
by K. J. DeJuhasz, Journal of The Franklin Institute, vol. 227, 
May, 1939, pp. 647-672, Appendix III of this report analyzes the 
effect of assuming finite time intervals when these are infinitely small 
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tan 6, : tan 6, : tan @, = 1: 20 : 200 
Values in the velocity-force diagram were plotted in termsof veloc- 
ity ratios V, V’ and dimensionless total stresses R, &’ in order to 
the The “velocities” and 
to be mentioned, refer to V, V' and R, R’, respec- 
The unit of time in the ¢-2 diagram is the value 7’, the time 
required for the stress wave to travel twice the length of the bar. 
Initially the bar and weight W are at rest under zero stress so 


conform to author’s notation, 
“st resses’ 


tively. 


that their state is defined by point 0 on the velocity-stress dia- 
gram in Fig. 2 of this discussion At the instant of impact, both 
the velocity and stress in the bar increase from that point, along 
a line making an angle of plus 6; with the V-axis. Initially, 
l and stress R’ = 0, so that its 
Upon impact, its veloc- 
ity is decreased in proportion to the impacting stress. The new 
values are represented by a point on the line starting from 0’ 


weight W’ has a velocity V' = 
state is represented by point 0’ in Fig. 2. 


making an angle of minus 6, on the velocity-stress diagram (for 
Point 1’, the 
point of intersection of these two lines therefore defines the force 
and velocity immediately after impact. 

The disturbance thus produced travels in both directions and 
with velocity c, as shown in the t-z diagram in Fig. 1. New dis- 
turbances are created every time the waves reach an end or junc- 
tion of the three members. When the wave defined by point 1’ 
reaches the free end of W’, the stress becomes zero, causing a re- 
duction of velocity along the plus @;-line. Upon reflection back to 
the impact point, the force and velocity change along the minus 
6,-line to point 2’. 

In the meantime stress wave 1’ is transmitted to the other end 
of the bar (z = 0), and reaches weight W which is still at rest, un- 
der zero stress. The changes in W and in the bar take place along 
the plus @, and minus 9,-lines, respectively, so that the resulting 
conditions are shown by point 3. This wave is transmitted to 
the free end of W where it is changed along the minus 6,-line and 
reflected back along the plus ,-line at zero stress so as to meet the 
minus 6,-line from point 2 at point 4. The wave from region 3, 
reflected back through the bar, meets the reverberations of the 
wave in mass W’ at 6’ causing a substantial increase in the stress 
at that point. 

Successive points 7 


convenience such a line is called the minus 9,-line). 


‘8’, 9’, and so on, are obtained in a similar 
manner, each point defining the velocity and stress in similarly 
numbered ¢-z zones in the t-r diagram. 

The values thus obtained were used to plot the velocity-time 
and stress-time diagrams in Figs. 3and4. The former represents 
the conditions at the striking end, z = /, while the latter shows the 
conditions at the other end of the bar, (x = 0). These diagrams 
are in the form of steps, due to consideration of the finite velocity 
The 
duration of a given step is equal to the period for propagation of a 
wave through W (or W") and returr Using a smaller such inter- 
val in this analysis would result in smaller steps, and when this 
interval approaches zero as a limit, the resulting step diagram be- 


of propagation of the stress waves in masses W and W’. 


comes a gradual! curve such as those in Figs. 3 and 4 of the main 
paper. Another method of obtaining these curves is by joining 
the middle points of the stepped diagrams for any given 7-inter- 
val, as shown by the curves in Figs. 3 and 4 herewith. These are 
for all practical purposes, identical with those in Figs. 3 and 4 of 
the paper. 

Fig. 5 of this discussion is a plot of the stress and velocity at ¢/ 
T=1.5 
the intersection of lines 7-10’ and 6-8’ since a is at the intersec- 
tion of these two zones in the (7 diagram Point 5 was deter- 
mined at the intersection of 6-9’ and 7’-9. 
velocity at any other instant and location can be determined in a 


Point a on the velocity-stress diagram was obtained at 


The stress and 


similar manner 
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The foregoing discussion is only intended as an indication that 
impact problems can be solved by graphical as well as by mathe- 
matical methods. This in no way reduces the very significant 


value of this paper. 
Auruor’s CLosurR# 


The author wishes to thank Messrs. Lee and Yorgiadis for the 
interest and contributions contained in their discussions. 

Mr. Lee mentions the applicability of the Laplace transform 
method to the solution of foree-impact and striking-impact prob- 
lems. The book by Carslaw and Jaeger to which reference is 
made applies this method to the solution of numerous problems 
where the boundary conditions are definitely prescribed as a func- 
This is not the case for the striking-impaet problem 
hence he would anticipate 


tion of time 
principally treated by the author; 
considerable difficulty in application of the transform method to 
it. 

By the assumption of a certain time for propagation in the 
bodies W and W’, Mr. Yorgiadis has extended DeJuhasz’s graphi- 
cal method to the solution of problems involving finite rigid 
bodies. This is a valuable addition to the literature of impact. 
For one example, Mr. Yorgiadis demonstrates that sufficient ac- 


VELOCITY 


STRESS 8 


Time 7T 


Time-Variation oF Dimenstoniess Torar Stress 
Vevocity V at Enn = 0 


Fig. 4 


curacy is obtained. [i the inherent inaccuracies of any graphical 
construction and of the necessary assumption of time can be 
avoided, particularly cumulative errors, the graphical method 
should be considered for an extension of the maximum-stress 
chart, Fig. 7 of the author's paper, to higher values of bar ratio 
1/a, for which the maximum stress is not reached until the fourth 
or higher time intervals. This is because with the graphical 
method the number of construction steps per interval is appar- 
ently constant, whereas with the mathematical method, the 
number of terms in the stress equations and hence the difficulties 
of solution increase with each succeeding interval. Another in- 
teresting application for the graphical method would be for those 
mechanical systems where an assumption of infinite rigidity for 
the end bodies would be very much in error. 

Because of Mr. Yorgiadis’ comments, it seems appropriate to 
point out that the author developed two methods to decrease the 
labor in application of the mathematical method. The main 
paper gives in detail one method, the A-operations useful in de- 
termining the stress equations of each interval. The paper men- 
tions the second method, a rearrangement of the stress equations 
to utilize during computation the duplications of numerical values 


occurring in the equations of successive intervals. Details are 
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available elsewhere, in Reference 10 of the paper. Both methods 
are applicable to impact studies of other mechanical systems. 

Whether mathematical or graphical methods are taken as the 
basis, the author believes that the degree of complexity in the 
calculation of an impact problem is such that maximum-stress 
charts should be prepared for design purposes. There should be 
no difficulty in the use of such charts. 


Stresses and Deflections of Cylindri- 

cal Bodies in Contact With Applica- 

tion to Contact of Gears and of 
Locomotive Wheels' 


kK. E. Bisson.* The author has developed some interesting 
ideas, particularly so in the presentation of the tractive stress dis- 
tribution which he illustrated graphically as well as checks mathe- 
matically. 

Even though the problem is already complex, one additional 
complication should be added. It is appreciated that, for the 
-ake of simplicity, the friction coefficient is assumed constant for 
slipping contact. While this assumption is undoubtedly correct 
at any one value of slip velocity, the NACA research on friction 
over a broad range of sliding velocities has shown? that the fric- 
tion coefficient, under both dry and boundary-lubricated condi- 
tions, is a function of sliding velocity. The friction coefficient 
generally shows a downward trend with increase in sliding veloc- 
ity. 4) certain applications, the change in friction coefficient 
may be negligibie; as a general case, however, some correction 
for this variation must be made. 


The author considers one cylinder rolling on 
He shows that 


B. 8. Carn.‘ 
another with tangential traction between them. 
the area of contact may include a locked area, in which no relative 
slipping takes place and that areas of relative slip may oceur 
ahead of and behind the locked area. He remarks that it is not 
clear what determines physically the location of the locked area 
with relation to the total area of contact. 

It may, in fact, be shown that the locked area must extend to 
the edge of the area of contact where material is rolling into con- 
tact, and that relative slip can only occur after material has passed 
through the locked area. In the notation of the paper, ¢ = a —b 
for a driving wheel 

This follows if we examine the requirement that the frictional 
force due to relative slip must be opposite in direction to the slip 
itself. The direction of slip may be obtained by considering the 
rate of change of strain as the material passes through the con- 


tact area. From Equation [91] of the paper 


du 


dx? 


so that the part due to the tangential traction Va? x? is nega- 
Inspection of Fig. 8 of the 


side its area of application must have the same negative sign 


tive over the entire contact area. 


paper shows that the part due to the traction x, out- 


' By H. Poritsky, published in the June, 1950, issue of the Jounnat 
ov Apptiep Mecuanics, Trans. ASME, vol. 72, pp. 191-201. 
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*Friction at High Sliding Velocities,” by R. L. Johnson, M. A 
Swikert, and E. E. Bisson, NACA TN 1442, 1947 
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Therefore (de,,)/(dx) is negative over the whole of the areas of 
slip 

Now, referring to Fig. 14(6) of the paper, if the material is as- 
sumed to pass from right to left through the contact area, the 
material in the upper half-plane will extend as it passes through 
the slip areas and, therefore, will slip away from the locked area. 
Ahead of the locked area this will produce a frictional force oppo- 
site in direction to that assumed and this slip area, therefore, 
cannot exist. As the material leaves the locked area, its direc- 
tion of slip, away from the area, produces a friction force in the 
direction assumed and this slip area is, therefore, possible. 


Avexanver Hammer.’ While it is appreciated that the sur- 
face areas which develop to resist the pressure between cylindrical 
bodies in contact are due chiefly to elastic deformation of the 
material, one should not neglect the cushioning effect of the lubri- 
cant as a contributing factor. The oil is virtually entrapped on 
the approaching sides of the gear teeth as they roll and slide into 
contact, and the lubricating medium, due to the pressure that is 
developed in it, affeets the shape of the area of contact and the 
induced stresses considerably 

Consequently, the question arises: Is it correct to apply the 
classical Hertzian theory based on metal-to-metal contact be- 
tween elastic bodies to problems of contact stresses in lubricated 
gears, neglecting the effect of the oil wedge developed between the 
mating teeth? 

The author of course is familiar with FE. K. Gateombe's theoreti- 
cal investigations conoerning the pressure between two rotating 
cylinders which are separated by an oil wedge.“ In addition, ac- 
cording to the bibliograly of the paper, he also wrote an un- 
published report about the subject matter.’ 

Therefore it seemed to the writer that it would be of interest 
to mention the fact that, though Professor Gatcombe did not con- 
sider the elastic distortion of the cylinders, and did not attempt to 
obtain an exact analytical solution, his final results eould be trans- 
formed, leading to a simple and practical formula to determine the 
load-carrying capacities of helical gears 

The conventional “A-factor,”’ now widely used as a basis for 
design, K being equal to (F/D) & (R + 1/R), where F denotes 
tooth pressure per inch face, ) the pitch diameter of the pinion, 
and R the reduction ratio, can be transformed into K equals 

+1 
const X y R n, where n is the pinion speed 

If we assume a reasonable temperature in the wedge, i.e., 150 F 
for a light oil or 200 F for a heavy one, for a pressure within the 
wedge not exceeding the surface compressive stress of the ma- 
terials used, the constant in the foregoing equation remains the 
same. This would indicate that the load-carrying capacity of the 
oil wedge of the light oil at 150 F is about the same as that of the 
heavy oil at 200 F 

This could be expected, since we know that the difference in 
temperature between that of the entering oil and that of the oil 
wedge between the teeth is considered as indicative of the amount 
of work done within the oil film during the period of tooth contact. 
This temperature difference is considered proportional or nearly 
proportional to the resistance of the oil film, as the internal work 
done in the film can be dissipated only by heating the oil to its 
final temperature. Ccnsidering the same loading as the basis of 
comparison, the temperature differences gradually increase for the 
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oils with increasing viscosities; hence the assumption of a higher 
temperature for the heavier oil seems reasonable. 

Further analysis of the results shows that, for the same pressure 
in the wedge, a high-speed gear has a distinctly higher permissible 
K-factor than a low-speed gear. This would indicate that, for 
instance, in the case of a double-reduction gear, the first reduction 
can be designed for a substantially higher A-factor than the 
second reduction, permitting an increase of the transmitted horse- 
power or a decrease of the face width, thus, in the latter case, 
achieving a decrease in cutting time and manufacturing cost. 

Furthermore, experience has shown that wear and pitting are 
more prevalent in the second reduction gears than in the first 
reduction when designed to approximately the same A-values, 
and the tendency has been, purely on an empirical basis, to allow 
higher K-factors in the high-speed element of a gear train. The 
modified stress figures differ substantially from the ones which are 
calculated with the help of the Hertz formula. They are consist- 
ently smaller in the high-speed element and larger in the low- 
speed element. 

Pending the accumulation of greater knowledge resulting from 
service experience and research, one can only make certain as- 
sumptions as to the temperature in the oil wedge. Nevertheless, 
the results obtained at the assumed temperatures do facilitate a 
quantitative comparison and are apparently in step with our con- 
cept of load-carrying capacities. 

It would be extremely interesting to know to what conclusions 
the author came at the end of his investigation of the effect of the 
oil wedge between the meshing gear teeth. Practical application 
of the correlated results of similar studies would benefit the art of 
gear design, in general, and the designer in particular. 


H. G. Hoprxtns.* The writer has been working recently on 
some closely related problems, and feels that a brief summary of 
this work (which will be published shortly) will interest those who 
have read the author's paper. 

The writer has used complex variables to solve some plane 
strain, isotropic, static, elastic problems for (a) a plane with a 
single straight cut along which there is zero shear stress and an 
arbitrarily prescribed distribution (symmetrical about the cut) of 
either normal stress or displacement, and (6) a half-plane with 
zero shear stress along its straight boundary over a part of which 
there is an arbitrarily preseribed distribution of normal displace- 
ment, with zero shear stresses at infinity. These two-dimen- 
sional problems referring to cracks and indentations are more 
general, and the solutions that have been found are simpler, than 
those previously published. The solution of these problems is 
possible through the use of either Airy stress (together with the 
allied displacement) functions or complex variables. 

In the first method, Fourier integral transforms are used, and 
the basic mathematical problem is to solve single or dual (for 
mixed boundary conditions) integral equations; however, the 
final results, although laborious to obtain, are simple and inde- 
pendent of Fourier integrals 

The writer has found that in the second method, hitherto little 
used in the present connection, the solutions are obtained much 
more simply. It has been proved that, following a Joukowski 
transformation, the basie mathematical problem is to solve the 
plane harmonic equation, subject to different sets of boundary 
conditions, throughout the interior of the unit cirele, which is 
accomplished through the use of Poisson's integral. There is no 
doubt that, for the problems considered, the use of complex varia- 
bles is superior to the use of Airy stress (together with the allied 
displacement) functions. 
The Department of Mathematics, The University of Manchester, 
Manchester, England 
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The foregoing work of the writer has included some discussion 
of that of Paras (2, 4) and he would like to commend the author for 
the neat solution of his problems. The writer would like to bring to 
the attention of the author the fact that the general solution of 
the plane stress or strain problem has also been given by A. C. 
Stevenson.’ The general solutions given by the author and 
Stevenson are easily verified to be equivalent, but in making the 
comparison the wri-er noticed an error in Equation [9] of the 
present paper, where a factor 2 has been omitted from the left- 
hand-side, and this necessitates some minor changes in subsequent 
formulas, e.g., Equation [11] (cf. the result given by M. 
Sadowsky 


F. K. G. Opevist."' In 1932 the writer, together with G. Lund- 
berg, published an investigation," in which, where starting from 
Hertz’ theory, formulas for the stress distribution in the interior 
of the solids in contact, accessible for numerical work, were 
derived in a series of important cases, including the one covered 
by Fig. 10 in the present paper. We also used, to some extent, 
methods of the theory of functions of a complex variable. 

Somewhat earlier H. Thomas and V. Hoersch had entered upon 
the same lines of thought, though their publication'® was unknown 
to us at the time of our publication. Later, Mr. Lundberg pub- 
lished an important paper,'' taking up the questions of exact ful- 
fillment of the boundary conditions within the contact surface and 
general direction of acting forces there. He also treated the con- 
tact problem of conical surfaces. As all these papers are closely 
related to the paper under discussion, though not mentioned in 
the author's Bibliography, the writer has ventured to mention 
them here. 


AuTHOR's CLOSURE 


The author wishes to thank the discussers for their interesting 
and valuable comments, and their references to many published 
articles which he failed to include in the paper. 

Mr. Bisson points out the variability of the friction coefficient 
mw and its dependence on sliding velocity. Only if the friction 
coefficient varies over the contact area does this variability of 
mw add « serious complication to the theory. While uw = 0.3 
was used in Fig. 12 of the paper, a similar figure can be plotted 
for any other value of uw. It is especially in rolling, when the 
traction-stress distribution varies, say, as in Fig. 14 of the pa- 
per, that the variability of yw, if significant, will contribute seri- 
ous difficulties to the analysis and calculations; however, over 
the portions outside the inner semicircle, the slip velocity, 
though variable, is exceedingly small. 

The author is indebted to B. 8S. Cain for the physical reasons 
which determine for a driving wheel the location of the area of no 
slipping, or the “locked”’ area, over the area of contact. Briefly 
stated, Mr. Cain shows that as rolling proceeds, unless the locked 
urea extends to the forward edge of the contact area, the wheel 
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will slip relative to the track over the area between the locked 
area and the forward edge in the direction of the friction force, 
rather than in the direction opposite to it, The importance of 
these considerations warrants a more complete exposition 

The curve in Fig. 8 of the paper shows the normal deflection 
due to a Hertzian normal load. However, it can be used equally 
well to describe the tangential displacement due to a similar tan- 
gential tractive load, in view of the analogy between normal and 
tangential tractions and displacements, outlined in Table 1 of the 
paper. The slope of this curve then becomes a measure of the 
local strain e,, = Ou/Oxr. This strain is given for jz) < a by 
Equation [63], and for |r > aby 


a) Or 
+ OE | 


e~*§)/sinh 


(see Equations [61 |, [2% 

A plot of the strain is shown in Fig. 15(a@) of this closure; it is 
odd in z and consists of a rising linear portion over |z] < a, and 
a falling curve over z > a. 

In Figs. 15(6), (c), (d) are shown the strains corresponding to 
the tractive distributions described by Equations [96] and rep- 
resented, respectively, by Figs. 14(a), (6), (c) fore = 0, fore = 
aand for0<c<b—a 
stant over the locked area, as indeed it must be, since otherwise 
slipping will take place as the rolling proceeds. 

In Fig. 15(d), when the locked area is at the right-hand edge of 
the contact area, the strain decreases numerically as one proceeds 
trom the locked area to the left-hand edge of the contact area 


In all three cases the strain is con- 


In Figs. 15(+), (c), when one proceeds over the contact area away 
from the locked area, the strain increases numerically to the right 
decreases to the left 
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Consider now a driving wheel rolling to the right, in the diree- 
tion of positive z, over a stationary track, and exerting on the 
track a tractive force in the direction of negative z; the reaction of 
the track acts on the wheel is in the direction of positive z, When 
applied to the wheel the ordinates of Figs. 15(a) to (d), when posi- 
tive, represent compressions, but, when applied to the track, the 
Relative to the track the 
curves in Fig. 15 move to the right, but if a system of axes mov- 
ing with the wheel center be used, a fixed point of the track or of 
the wheel will pass through the fixed curves of Figs. 15(a), (6), 
(c), (d) to the left. 

Consider a strip of the wheel material, shown shaded in Figs 
15, proceeding to the left over the contact band. In Fig. 15(6), 
the area under the strain curve decreases as the strip is moved to 
the left. Since the left-hand edge of the strip is in the locked 
area, slip must occur over the right edge, requiring a displacement 
or slip of that wheel point toward the right over to the track, that 


ordinates represent similar extensions 


is in the same direction as the friction force; thie, however, is 
physically impossible. The same argument applies to Fig. 15(c), 
but not for Fig. 15(d), where slipping can only occur at the left 
edge of the shaded area, involving a relative displacement to the 
left. Hence only the case shown in Fig. 15(d) can be realized by 
a rolling wheel 

When there is complete slippage of the contacting cylinders, 
there is no locked area, the large slipping velocity predominates 
over the minute slippage just considered, due to variations of ¢,,, 
and the tractive force is as shown in Fig. 15(a). 

If the cylindrical contact is not that of a steady rolling, then 
the tractive-stress distribution may be of the type shown in Figs 
15(b) or (ce) 
then a tangential! load be added, the case shown in Fig. 15(6) may 
obtain 
to check these contact stresses, where steady rolling cannot be 


Thus, if a purely compressive load be applied first, 
This situation is likely to arise in a photoelastic attempt 


realized conveniently 
A photoelastic attempt to check the curves in Fig. 12 of the 
paper was made by R. D. Mindlin and was displawed during the 


oral discussion following the presentation of this paper: the 
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author regrets that it has not been included in the published dis- 
cussions of the paper. The photoelastic curves of constant p-q 
differed considerably from those in Fig. 12, and the author is in- 
clined to ascribe the difference to the fact that Fig. 12 pertains to 
the case shown in Fig. 15(a), while the photoelastic test would 
probably come closer to the cases shown in Figs. 14(6), (¢). 

In gear contact away from the pitch point, there is always 
complete slippage over the contact area. The direction of slip- 
ping reverses as contact proceeds from one side of the pitch point 
to the other side. The direction of the tangential force, and the 
direction of progress of the contact point relative to either tooth 
remain unchanged, however, as contact passes through the pitch 
point. Near the pitch point the cases shown in Figs. 15(b), (c) 
obtain; away from the pitch point the case of Fig. 15(a), and 
Fig. 12 applies. 

In addition to the tangential displacements due to the shearing 
forces along the contact area, there are also tangential displace- 
ments due to the normal stresses. They have been omitted in the 
foregoing discussion. The reason is that, unless the elastic con- 
stants G/(1 a) for the two cylinders differ, these displacements 
are of the same sign for the two cylinders, and cause no relative 
slip; in this respect they differ completely from the tangential 
displacements due to the shearing forces. 

For a steel wheel rolling on a steel rail the elastic constants are 
the same. For contacting cylinders with materials of different 
elastic constants, « modified theory applies to the tangential 
tractive distribution, similar to the one outlined in Equation [84] 
for the normal forces. 

As pointed out by Alexander Hammer, in studying contact phe- 
nomena between lubricated gear teeth one must not neglect the 
cushioning effect of the oil. The treatment of the oil pressure by 
bk. K. Gatcombe, s * to the author’s own unpublished study 
referred to in the p 
deflection of the contacting bodies. While observed load-carry- 
ing ability can be accounted for on this basis, the required ap- 
proach of the gear teeth often turns out to be far too small, in- 
deed much smaller than the root-mean-square roughness of the 


, does not take into account the elastic 


surface finish. 

It is difficult to justify the use of such close approaches in the 
equations. Closest approach distances equal to the surface 
roughness when substituted into the oil-pressure equations which 
do not include the elastic flattening of the contacting areas, yield 
load-carrying abilities far below the maximum loads which are ac- 
tually observed under conditions implying oil-film lubrication, 

Preliminary studies carried out by the author and his colleague, 
Dr. Hl. Weil, show that the diffieulty can be overcome to some ex- 
tent even by a very rough inclusion of the Hertz deflection. Pub- 
lication of the resuits of these and further studies must await their 
completion and comparison with tests 

Extensive endurance tests of gears at different loads and dif- 
ferent speeds have been carried out by D. W. Dudley of the Gear 
Division of the author’s company at Lynn, Mass. To quote 
from a communication of Mr. Dudley: 

“These tests show that for each set there is a certain “critical 
speed."’ Below this speed conditions of “boundary lubrication’ 
prevail. The coefficient of friction is high, and there is measura- 
ble wear on the tooth surfaces. Above this speed, conditions of 
film lubrication obtain, the coefficient of friction is low, and there 
is no wear--provided the oil is clean and no reduction of tooth 
thickness. However, pitting may occur if the set is run long 
enough to.exceed the endurance limit of the material on the tooth 
surface. When the set is operated below the critical speed, pit- 


ting may oceur prematurely as a secondary result of tooth-sur- 
face wear and destruction of the involute profiles 

“These tests to date indicate that Hammer's formula for the “A- 
factor” would give high-speed sets more advantage than they de- 
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serve. For instance, a pinion running at 16,000 rpm would have 
twice the capacity of a 2000 rpm set according to Hammer. If 
2000 rpm was enough to get above the critical speed there would 
not be a 2 to 1 difference. If 2000 rpm was below the critical 
speed there could be much more than a 2 to 1 difference in capac- 
ity between 2000 and 4000 rpm.” 

According to Mr. Hammer’s equation the allowable load could 
be doubled each time the speed is increased 8-fold. It would also 
imply that a high ratio gear could carry about 25 per cent more 
load than a low ratio. Mr. Dudley finds high-ratio gears to work 
better than low-ratio gears in some instances, but all in all it is 
hard to claim that he has any conclusive evidence on that point. 

The publication of the results of the basic lubrication and con- 
tact analysis must await completion of the tests and comparison 
of the results of the analytical studies with the test results, 

The author is pleased to learn of the results recently obtained 
by H. G. Hopkins in his study of two-dimensional-stress problems, 
utilizing conformal transformations and analytic functions. The 
transformation of a slit plane into a circle mentioned by Dr. Hop- 
kins is closely related to the transformation, Equation [22] of the 
paper; in fact, by putting & = In ¢, one maps the semi-infinite 
strip of double width 27 in Fig. 7, into a cirele. This mapping 
was not used by the author because the half-plane was the basic 
region of interest, rather than the complete, but slit, plane. 

In the author’s opinion the use of the complex variables com- 
plements rather than interferes with the use of Airy’s stress func- 
tions. However, as shown in reference (2), stress problems lead 
to much more difficult and unfamiliar analytic functions and fune- 
tional equations than the analytic functions encountered in famil- 
iar potential-theory problems. 

The author is grateful to Mr. Hopkins for calling attention to 
the factor 2 which was inadvertently omitted from the left-hand 
member of Equation [9] of the paper: in the cited reference (2), 
Equation [2.30], the correct form of the equation is given. As 
pointed out by Mr. Hopkins, this necessitates proper corrections 
in some of the subsequent equations; all displacements should be 
haived, 

The author is pleased to learn of the work of F. K. G. Odquist 
and G. Lundberg. The work by Thomas and Hoersch is, of 
course, well known in English-speaking countries; it covers con- 
tact between general solids, but does not include tangential load- 
ing. The latter has been studied for finite, elliptical area contact 
by Mindlin.'® Mr. Mindlin studied only the case analogous to 
that of Fig. 15(6), where the nonslip area is symmetrically situated 
relative to the contact area, The nonsymmetric orientation of 
these areas (this is of interest, say, for ball-bearing cont: ct) still 
remains to be investigated, 


Acceleration of the Instant Center' 


A. S. One of the pleasing aspects of kinematics prob- 
lems, especially velocity and acceleration analyses, is the fact 
that there are so many ways to “skin the eat.’’ The author has 
admirably demonstrated one more technique for determining 
xecelerations 

The writer would raise a mild objection to the statement 
“The acceleration of the members of a mechanism having a 
floating link, such as that in Fig. 2, are not obtainable by the 
method of relative accelerations.” A relative acceleration pro- 

**Compliance of Elastic Bodies in Contact,”’ by R. D. Mindlin 
Trans. ASME, vol. 71, 1949, pp. 259-268. 

' By W. J. Carter, published in the June, 1950, issue of the 
Journat or Apptiep Mecuanics, Trans. ASME, vol. 72, pp. 142-144 
2 School of Mechanics! Engineering, Purdue University, Lafayette 
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cedure for handling the same type of problem considered by the 
author in his first example, is given in a paper by Hall and Ault.* 


P.G. Jones. The author has presented an interesting analysis 
of a “‘floating-link”’ mechanism by making use of the acceleration 
of the instant center of zero velocity. However, the statement, 
“if the motions of link 6 are the given data, an acceleration 
analysis is impossible by means of relative accelerations alone,” 
would be difficult to justify. It is true that the author's Equa- 
tion [2] alone is not sufficient to determine the acceleration of 
point C but a simultaneous solution of three equations consisting 
of Equation [2], a vector equation relating the accelerations of 
points C and A, and a vector equation relating the acceleration 
of points C and B, will enable one to determine the accelera- 
tion of C. This method, which has probably occurred to others, 
is as follows 


= ay” +— ay! +— +> 


+— ag! +— deg" 
ag" +—> ay +— agg” 
The magnitudes of the acceleration components may be ex- 
pressed by making use of the author's analysis for the velocities 
and assuming 


Q.A = 1. 


(These values were not given in the author’s paper) 


5ft, BC = 1ft,andQ,B = L.75ft 


a," = 63.3 fps’, apt = 75 fps? 

acp" = 18.3 fps?, = CD a, = 3 a, 
(V,)? (6.78) 

a," - = 30.7 fps? 


QA 1.5 
Q2A 
AC X @* = 25 


AC 


(1.92)? = 9.23 fps? 


Ve)? (7.68) 


ay, = 175 a, 
BC w? = 1 


BC a, =1Xa 


ace" 1.92)? = 3.60 fps? 


ay 


Thus there are six unknown quantities in the three veetor 


equations. These are @, Qs, Qs, @, the magnitude of ac, and 


the direction of ac. If the slopes of the links are given, an alge 
braic solution may be obtained conveniently by equating the 
the 


the respective equations and by equating the algebraic sum of the 


algebraic sum of horizontal components of each side of 
vertical components of each side of the respective equations 
This will give six algebraic equations which may then be solved 
also 


1 of 
This polygon is constructed by laying off all of 


simultaneously for the six unknowns. The solution may 
be obtained by an acceleration polygon as shown in Fig 
this discussion 
the vectors except those whose magnitudes are dependent on 
the 
of these vectors are known, and further it is known that ac,4t = 
2.5 acg' 
allel to a known direction (perpendicular to link 3) so that its 


unknown angular accelerations. However, the directions 


Thus the problem becomes one of drawing a line par- 


intercept with two nonparallel lines (a4 and ag") is divided by a 
third line This 


* Auxiliary Points Aid Acceleration Analysis,” by A. 8. Hall 
and E.S. Ault, Machine Design, vol. 15, November, 1943, pp. 120-123 
and 234 

* Associate Theoretical 
University of Illinois, Urbana, I. 


into segments having a known ratio (2.5) 


Professor in and Applied Mechanics, 


DISCUSSION 


is a simple problem in geometry for which a graphical solution 
may be readily made and the details need not be given in this 
discussion. From the polygon in Fig. 1 the aeceleration of C 
is foupd to be 86 fps? which is approximately in agreement with 
the author's answer 

+ The author has determined a useful « xpression for the accelera- 
tion of the instant center. It may be noted that the acceleration 
of the instant center X,, a point on link 3 extended, may also be 
found from two relative-motion equations by relating the accelera- 


of X,;toAandtoB. Thus 


Qxya) = 44 T-* 


ax = dp 


The acceleration polygon is shown in Fig. 2 herewith, and it is 
seen that the acceleration of Xq) is independent of the magni- 


tudes of a», a, and ay. 
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L. R. Kornie.* In the writer's view, the central point of 
this paper is important to the science of kinematics, and even 
more so than would appear from the applications which the 
author makes of the results at the end of his paper. The essen- 
tial theoretical point is that the relative linear acceleration of one 
with respect to the other of the paired body points at the instant 
center (which the writer prefers to call the rotopole) is independ- 
ent of the relative angular acceleration of one with respect to the 
other of the paired links having the rotopole under consideration. 

The author's proof of the general equation a = rw is rigorous 
and sound. The writer makes the following observations: 
The inflection circle is defined as a circle (drawn on the body 
which has the relative angular velocity w in question) on which 
all points are at the inflection points of their paths, as deter- 
mined by the motion of the body. There can be no acceleration 
of any such point normal to its path, since each point is at the 
inflection of curvature of its path. 

In the plane of motion, the acceleration vector represented by 
letter a (consistent with the author’s nomenclature) lies on the 
inflection-cirele diameter, being directed toward the opposite 
end of this diameter. The diameter is normal to the velocity 
vector v, and, therefore, vector a is also normal to vector v. 
A second point at the opposite end of the inflection-cirele di- 
ameter (toward which vector a points) is also an inflection point 
tangent to which (at the second point) 
Therefore the acceleration veetor 


but moves on « path, th 
is normal to the diameter. 


of this second point must be normal to the diameter, having zero 


component along it. Hence, assigning d to the diameter of the 


inflection circle, the condition for a rotation of the inflection- 


* Member Firm, Haynes and Koenig, St. Louis, Mo.: Associate 
Professor of Mechanical Engineering, Washington University, St. 
Louis, Mo. Mem. ASME. 
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circle diameter in the plane of motion is that a = w'd. Since 
wid = wd X w, and wd = »v by simple substitution, the author's 
result of a = vw is confirmed. 

The writer has disclosed a direct procedure for determining the 
angular acceleration of any driven link in any mechanism where 
the angular velocity and angular acceleration of any driving link 
is known. A simple procedure can be adduced for determining 
the center of acceleration of such a driven link when the angular 
acceleration of the driven link is known (as found by the writer's 
method), and the linear acceleration of the rotopole of the driven 
link is known (as found by the author’s method). A knowledge 
of the position of the center of acceleration leads to extremely 
simple solutions for accelerations of all other points on a link. 
Publication of this procedure will be given by the writer in a later 
paper. Since the author's equation is of substantial use in such 
fundamental considerations, it is for this reason that the writer 
believes that the author’s contribution to our knowledge of ac- 
celerations in linkages is of importance to kinematic theory, 
which should be cultivated if the science of mechanisms is to be 
kept vitalized. 


AutTuors’ CLOSURE 


The author is willing to admit that he was on unsafe ground 
in asscrting that the slution for accelerations was unobtainable 
by means of relative acceleration methods alone. 

Professor Koenig's comment regarding the use of the center of 
acceleration is of great value. 


* See the writer’s paper entitled, “A Uniform Method for Deter- 
nmuning Angular Accelerations in Mechanisms,” or APPLIED 
MecHantcs ASME, vol. 68, 1946, p. A-41; and discussion, 
p. A-309, 
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Automatic Controls 


Dik SELBSTTATIGR REGELUN( By A. Leonhard. Springer- 
Verlag, Berlin, Germany, 1949. Paper, 6'/2 X @'/: in., ix and 284 
pp.. 254 figs.. Dm 24; bound Dm 27. 


Reviewep By R. H. 


JA BOOK on automatic control in the electrical field by Pro- 
fessor Leonhard was published in 1940 in Germany. This 
was reprinted in 1944 in the U.S.A. The present work is written 
from a general engineering, rather than a specifically electrical 
standpoint. In many respects it is the most comprehensive and 
readable text, dealing with the fundamental theory of control, 
which has yet appeared. Perhaps the easiest way to indicate 
the scope of this book is to list some of the major subjects which 
are cither not treated at all or only in passing: nonlinear or dis- 
continuous systems, distributed delays, the logarithmic form of 
the response locus, rms error criterion of performance, input 
noise or disturbance. But, within the limits suggested by these 
topics, the book deals with the theory of regulation in considerable 
detail and is illustrated profusely with line diagrams. The ar- 
rangement is clear and systematic. The mathematics used is no 
more advanced than necessary: the Laplace transformation is 
employed in its simplest form, as a tool rather than as a means to 
dazzle the reader with the author’s mathematical prowess. 
There are many practical worked examples of all grades of diffi- 
culty, but no problems are provided for the reader. The bibliog- 
raphy is somewhat limited; of the forty-nine works mentioned, 
only one, Nyquist’s original paper, is in English; the remainder 
are exclusively German publications. Certainly every scientific 
and engineering library should have a copy of this book and it is 
to be hoped that an English translation will become available. 


Applied Elasticity 


NEvERE FestTiGKEITSPROBLEME DES INGENIEURES—-AUSGEWAHLTE 
KaPITEL aus peR ELasTomMecHANIK. By W. Flagge, R. Grammel, 
K. Klotter, K. Marguerre, and G. Mesmer. Edited by K. Mar- 
guerre. Springer-Verlag, Berlin, Germany, 1950. Cloth, 6 xk 9 
in., 120 figs., vii and 253 pp., Dm 25.50. 


teviewep By A. M. Want? 


*HIS be ok consists of a number of chapters by a group of au- 
thorities on selected subjects in the fields of applied elasticity 
and vibrations. As indicated in the preface the book is based on 
a series of lectures given in the greater Berlin area during 1941 
and covering subjects which, although well known to scientific 
workers, are not so generally known to engineers. The various 
subjects treated include the following: experimental determins- 
tion of stresses by Prof. G. Mesmer, fundamentals of the theory of 
elasticity and buckling phenomena by Prof. K. Marguerre, shell 
theory by Prof. W. Fligge, vibration problems in structures and 
machinery by Prof. K. Klotter, and methods of solution of tech- 
nical eigenvalue problems by Prof. R. Grammel. In general, the 
subjects are treated from the viewpoint of value in engineering 
work. Throughout the text reference is frequently made to the 
! Visiting Assistant Professor of Mechanical Engineering, Massa- 
chusetts Institute of Technology, Cambridge, Mass. 
? Advisory Engineer, Westinghouse Research Laboratories, East 
Pittsburgh, Pa. Mem. ASMI 
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more comprehensive books of the various writers, particularly 
Technische Dynamik by Biezeno-Grammel, Statik und Dynamik 
der Schalen by Fliigge, and Einftihrung in die technische Schwing- 
ungslehre by Klotter 

Coming now to the various chapters, the first one on experi- 
mental stress determination (Mesmer) deals mainly with me- 
chanical methods of strain measurement and the fundamentals of 
photoelasticity However, this ch ipter appears to be somewhat 
out of date since the widely used wire resistance (SR-4) strain- 
gage method is not treated while the brittle-lacquer (Stresscoat ) 
method is barely mentioned. However, the treatment of strain 
measuring instruments is of considerable interest 

In chapter 2 on fundamentals of elasticity theory (Marguerre ), 
extensive use is made of vectorial methods and the subject is pre- 
sented in a very readable manner, particularly for engineers hav- 
ing some knowledge of vector analysis. Energy methods (prin- 
ciple of virtual work) are also discussed and the application of 
such methods to problems in elasticity is indicated. 

Besides a discussion of the damped single-degree system, the 
chapter on vibration phenomena (Klotter) includes a brief treat- 
ment of forced vibration of certain nonlinear systems, systems 
with many degrees of freedom, and vibration of elastic bodies 
(beams, shafts, plates). The section on eigenvalue problems 
(Grammel) deals with such important engineering subjects as 
natural torsional frequencies of in-line engines, critical speeds of 
steam-turbine rotors, frequencies of rotating disks, vibration of 
turbine blades, ete. The fundamentals of elastic stability, inelud- 
ing the buckling of columns and plates, are dealt with in the con- 
cluding chapter by Marguerre 

Engineers and research workers interested in applied elasticity, 
stress analysis, or vibration problems should find much useful 
material in this volume. 


Classical Mechanics 
Crassicat. Mecnanics. By Herbert Goldstein. Addison-Wesley 


Press, Inc., Cambridge, Mass., 1950. Cloth, 6 9 in., xii and 399 
pp., Ulustrated, $6.50 


Reviewep BY Morton Finston® 

"THIS volume results from lectures in an advaneed course for 
physics students at Harvard University and has obviously 
been prepared with an eye to companion courses in modern phys- 
ics. When a choice is available, a problem is formulated with the 
aid of techniques useful in newer fields. For example, rigid body 
rotations are studied from the standpoint of matrix transforma- 
tions thus allowing a unified mathematical treatment of the iner- 
tia tensor, Lorentz transformations in Minkowski space, and reso- 

nant frequencies of small oscillations 
Although a book on this subject can hold few surprises in the 
way of subject matter, the chapter titles are worth listing here to 
indicate its scope: (1) Survey of the Elementary Principles, (2) 
Variational Principles and Lagrange’s Equations, (3) The Two- 
Body Central Force Problem, (4) The Kinematies of Rigid Body 
Motion, (5) The Rigid Body Equations of Motion, (6) Special 
Relativity in Classical Mechanics, (7) The Hamilton Equations 
of Motion, (8) Canonical Transformations, (9) Hamilton-Ja- 
cobi Theory, (10) Small Oscillations, (11) Introduction to the 


3 Naval Superson Laboratory, Masvachusetts Institute of Tech- 
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Lagrangian and Hamiltonian Fortaulations for Continuous Sys- 
tems and Fields. 

One could easily list many other changes in treatment, from 
those given in older books, such as mentioned above. Since 
readersof this journal may have only a secondary interest in prepa- 
ration for study in modern physics, and since Dr. Goldstein's 
preface describes accurately the features of his work, however, we 
may omit such comments. On the other hand, students of ap- 
plied mechanics will be interested in the unusually clear discus- 
sions of basic physical principles which they often employ. They 
will also appreciate the care with which unfamiliar mathematical 
techniques (those beyond the scope of advanced calculus) are in- 
troduced and complemented by physical arguments. Also, chap- 
ter 11 provides an account such as the reviewer has not seen before, 
of the foundations of a topic increasingly important in applica- 
tions. 

Aside from its obvious value to phy 
be highly recommended to mathematicians and engineers, famil- 
iar with advanced calculus and intermediate mechanics, who wish 
to study further in classical mechanies with a minimum of dis- 
couragement and with considerable pleasure. In a field which 
has been covered by many masters, Dr. Goldstein's book is still a 


ics students this work may 


definitely worth-while addition 


The Creep of Metals and Alloys 


By Ek. G. Stanford. Temple 
Cloth, 5'/2 in., xvi 


Tue Creer or Merats anp 
Press, Ltd., London, England, 1949 


and 162 pp., 32 figs., 15s. 
Reviewep BY Orowan* 


UR knowledge of creep has only recently emerged from a 
state of rarefied chaos, and it will be years before the final 
stage of consolidated clarity is reached, It is in this period of the 
development of a scientific subject that the writing of a book is 
the most difficult; this point ought to be kept in mind in judging 
the present work which is a brief review of creep testing and of 
the physics of creep. Its 127 text pages are subdivided into five 
chapters: The Conditions Required for the Measurement of 
Creep (pp. 1 40); The Creep Curve (pp. 41-53); The Factors 
Which Influence the Creep of Metals (pp. 54-43); The Presenta- 
tion of Creep Results (pp. 64 80); and The Physical Study of the 
Mechanism of Creep (pp. 81-127 
The first chapter reflects the attitude of the experienced prac- 
titioner. Creep-testing machines are not discussed at all, be- 
cause they represent * the easiest part of the testing technique.” 
Only four text figures show extensometers, two of these a design 
that, in the author’s opinion (with which the reviewer agrees), is 
On the other hand, nine pages are devoted to the 
Of the 


to be rejected 
important matter of the calibration of thermocouples 
devices for measuring their emf, only the Diesselhorst potentiome- 
ter is deseribed; its principle is not explained in detail, but the 
operating instructions occupy five pages, 

Very understandably, in view of the limited size of the book, 
numerical creep data are not given, except as curves illustrating 
general points 12 and 
13 which show experimentally measured curves without mention- 


This, however, is carried too far in Figs 


ing the metal to which they refer. 

In the diseussion of creep curves, « remarkable dualism of the 
book becomes apparent. Several points that ean be understood 
satisfactorily on the basis of the physical considerations re- 
viewed in the last chapter are treated as unsolved probleme in the 
second and third ehapters. Thus the report on the role of 


grain boundaries is dominated by cautionary remarks against 


* Professor of Mechanical Engineering, Massachusetts Institute of 


Technology, Cambridge, Mass 
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any general rule while, in fact, the matter has been elucidated to a 
great extent by R. Becker’s work in 1925-1926 which is quoted in 
the list of references. 

The fourth chapter is a very brief sketch of various methods 
for utilizing creep measurements in engineering design. Here 
also more precision in the elaboration of the subject matter would 
have been desirable. Thus, it is stated on p. 64 that “in most ap- 
plications... .. a creep rate of 0.1 per cent in a life of from 10 
to 20 veurs is an outside figure”; 
we read ‘“Tapsell has stated that if the applied stress is such that 
a stage of constant rate of strain of the order of 10~* in. per in. per 
day is maintained, .... . then such « rate of strain can be as- 


on the following page, however, 


sociated with a long life of many vears under conditions similar to < 
those of the test."". The author accepts this statement although a 
simple calculation based on the number of the days in a year shows 
that, in this ease, the ‘‘outside figure” of 0.1 per cent strain for 
the lifetime of a structural part would be reached in less then 3 


years 

The last, very long, chapter is a compilation of recent theo- 
retical physieal work on transient creep. There is little doubt 
that this work does contain the basic elements for the under- 


standing of the creep process; most of it, however, is still in a 
rough, unpolished, workshop stage, with many cul-de-sacs in- 
tersecting the passable roads. It is a question whether a text- 
book presentation at this stage is in the interest of anybody; 
however, this is a tactical question on which different opinions 
may be held 


Heat Transfer and Insulation 


By Max Jakob 
Wiley & Sons, 
xvi and 230 pp 


Evements or Heat TRansrer anv [INSULATION 
and George A. Hawkins. Second edition John 
Inc., New York, N. Y. 1950. Cloth, 6 X 9 in., 
illustrated, $4 


Reviewep py Warren M. Rousenow* 


Tes book constitutes an extension of its original version 
without change of structure or scope. Many new elements 
have been inserted to broaden the coverage of each section. 

The steady-state conduction section includes, in addition to the 
usual treatment of plates, cylinders, and spheres, the solution of 
the edge and corner proble «, and the solution of problems of 
complicated shapes by the methods of field mapping and relaxa 
tion. The solutions of a number of unsteady-state conduction 
problems, including flat plates with periodic change of surface 
temperature, are presented in equation and graphical form with- 
out preof. Also included is the Dusinberre method of numerical 
solution of unsteady-state conduction. A few pages are devoted 
to steady-state heat conduction in a flat plate carrying a uni- 
formly distributed electrie current 

The subject of heat transfer from solid surfaces to fluids is 
opened by « discussion of dimensional analysis followed by short 
chapters on free convection, forced convection, and condensation 
and boiling. In each of these, a brief discussion of the peculiari- 
ties associated with each phenomenon is followed by a summary of 
recommended correlation equations 

Foll wing this discussion of surface heat-transfer coefficients, 
conduction problems with associated convection are treated. 
This comprises a steady-state study of fins and of heat exchangers 
(including multipass exchangers) and an unsteady-state study of 
the numerical solution of problems involving conduction in solids 
with heat transfer to a fluid at the surface 

The study of radiation is limited to the exchange of energy 
through transparent space between solid surfaces, black or grey 
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There follows a series of short 
combined effect of conduc- 


Ciaseous radiation is omitted. 
chapters on miscellaneous subjects 
tion, convection and radiation, experimental determination of 
thermal conductivity and emissivity, and thermal errors associ- 
ated with temperature measurement. The last chapter is a 
presentation of the analogy between heat transfer and momen- 
tum transfer as stated by Reynolds (1874) and later modified by 
C. M. White (1932). 

In the presentation of unsteady conduction the authors employ 
the term “heat storage” and, in the treatment of the temperature 
distribution in solids carrying an electric current, they employ 
These are generally “frowned” 
On page 205 in the last 


the term “heat production.” 
upon in the study of thermodynamics 
sentence of the first paragraph the word “increase” should be 
On page 4 the discussion of units of density applies 
This is not stated 


“decrease.” 
only to values at sea level 

The arrangement of material and the writing style are very 
good, making the reading enjoyable. The treatment of the 
various phases of the subject is brief, but the coverage is probably 
quite adequate for an elementary heat-transfer course 


Strength of Materials 


By F. Schultz-Grunow. 
Paper, 67/4 9'/s 


kinrOHRUNG IN DIE 
Werner-Verlag, Dusseldorf, Germany, 1949 
in., 239 figs., index, 244 pp., Dm 15 


Reviewep py J. P. Den Harroc* 


A REFRESHINGLY new textbook on Strength of Materials, 
4 published in Germany by a professor of mechanics of the 
Technical “Hochschule” at Aachen. It covers a much broader 
field than is usual for elementary texts in the United States, 
treating not only the usual topics of compression, bending, tor- 
sion, column buckling, and thin-walled vessels, but going as well 
into thick cylinders, curved bars, flat plates, beams on elastic 
foundations, Saint Venant torsion, and the principle of minimum 
energy. The chapters on buckling are particularly interesting, 
treating in an elementary manner several cases usually found only 
in advanced textbooks 

The book is very clearly written and the many illustrations 
at a glance the intrinsic meaning of a 
As practically all other German 


are aptly chosen to show 
formula or a stress distribution 
or continental textbooks, it contains no problems 

The sections on thin-walled structures are particularly inter- 
esting, showing in pictures how the load is transmitted by shear 
through the skin to tension and compression in the edge fastenings. 


Introduction to the Transfer of 
Heat and Mass 


INTRODUCTION To THE TRANSFER OF Heat aNp Mass. By EL R.G 
Eckert. With an Appendix on Property Values, by Robert M. Drake, 
Jr. MeGraw-Hill Book Company, Inc., New York, N. Y., 1950. 
Cloth, 6 X 9in., 18 tables, index, xiii and 284 pp., illustrated $4 


Reviewed sy Josern Kaye’ 


"T'HIS book is a translation of the author's German text with 

the corresponding title. The translation has been modified 

to include some of the recent advances made in the field of heat 
transfer in the last decade 

The first 227 pages of the book cover the conventional material 
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on heat transfer. Only 30 pages of the book are devoted to 
material on mass transfer, Some 17 pages, in the Appendix, 
present values of properties of various substances 

Chapter 1 introduces the basic definitions and concepts used. 
Chapter 2 considers both steady-state and transient-heat-conduc- 
tion problems. Chapter 3 treats convective heat transfer, placing 
much emphasis on the nature of the flow in the boundary layer; 
this chapter includes also discussions of recent improvements 
in the theory of turbulent heat transfer and of heat transfer in 
guses at high velocities. Chapter 4 presents the basic concepts of 
thermal radiation together with heat transfer by radiation. Fi- 
nally, chapter 5 presents some elementary concepts of mass trans- 


fer together with an exposition of the close relationship between 
heat and mass transfers 
Numerous examples, the book, 


The index is 


included — throughout are 


worked out in detail as an aid to the student 
excellent 

It is regrettable that the author did not attempt to achieve a 
better balance of the distribution of material between the fields 
of heat transfer and mass transfer. Although the important 
analogy between heat and mass transfer is stressed in the last 
chapter, many useful correlations in “mass transfer are omitted 
completely. It is difficult to justify the omission of the Sher- 
wood-Gilliland correlation of mass transfer between phases in 
view of the emphasis placed on the corresponding correlation in 
heat transfer As a text in heat transfer, however, the book is 


commendable 


Mechanics of Deformable Bodies 


Mecnanics oF Derormapie Bopins. Lectures on Theoretical 
Physies, Vol. Il. By Arnold Sommerfeld. Translated from the 
second German edition by G. Kuerti Academic Prees, Inc., New 
York, N. Y., 1950. Cloth, 6 X 9 in., 74 figs., problems, appen- 
dixes, index, xi and 396 pp., $6.60 


py Reissxer* 


DVANCED students and workers in the fields of fluid me- 
. chanies and elasticity will find this second volume of Pro- 
fessor Sommerfeld's lectures on theoretical physics of considera- 
ble interest While much of the factual contents of this book 
may of course be found also in other texts, the author's point of 
view and manner of presentation is bound to widen the reader's 
horizon and increase his understanding of the physical signifi- 
cance of important methods and results 
About two thirds of the material in this book is on fluid me- 
licluded are a review of 
Among 
the topics considered are two-dimensional potential flow, vortex 


chanies and one third on elasticity. 
vector analysis and an introduction to tensor analysis. 


motion, slow viscous motion and lubrication theory, water waves, 
shock waves, hydrodynamic stability, turbulence, elastic beam 
theory, Saint Venant 
springs, crystal elasticity, and waves in clastic bodies with ap- 


torsion theory, deformations of helical 
plications to the foundations of the quantum-theoretical thermo- 
dynamies of the solid body. A historically interesting chapter 
deals with the quasi-elastic body (gyroseopie ether) which serves 
the difference mechanics 
and electrodynamics 

The author's intention may be deseribed by the following quo- 


to illustrated fundamental between 


tation My aim is to give the reader a vivid picture of the varied 
material that comes within the scope of the theory when a rea- 
With this purpose 


in mind I shall not be too concerned if I have left some gaps in the 


sonably elevated vantage point is chosen 
systematic justification and axiomatic structure of the work 
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At any rate I have avoided frightening the student with drawn- 
out investigations of a mathematical or logical nature and dis- 
tracting his attention from that which is physically interesting.”’ 
The reviewer feels that in this aim the author has succeeded to a 
considerable extent. 


Mathematics for Engineers 


La Matematica pDELL'INGEGNERE—e le sue applicazioni. By 
Guido Fubini and Giuseppe Albenga. Vol. 1. Nicola Zanichelli 
Editore, Bologna, Italy, 1949. Paper, 7 X 10 in., viii and 498 pp., 
illustrations, 4000 lire. 

Reviewep sy W. Fiuaae® 

BOOK on mathematics for engineers should be different 

from the Traités d’ Analyse which French authors of the last 
hundred years have written with so much mastery. It should put 
less emphasis on minute exactness in the logic structure and more 
on the physical interpretations of mathematical theorems. The 
authors realize this situation and have made an attempt to write a 
reference book comprising those parts of mathematics which the 
average engineer should have at hand. They treat such subjects 
as elementary, descriptive and analytic geometry, vectors, com- 
plex numbers, linear equations and determinants, limits, elemen- 
tary functions, and differential and integral caleulus. Along 
with these mathematical subjects, many applications are ex- 
plained in much detail, such as moments of inertia, center of 
gravity (in this order), funicular polygons, Maxwell stress dia- 
grams, Coriolis’ force, Mohr's cirele. Most of these subjects are 
connected to some part of the mathematical text, but some of 
them appear as rather isolated items, for example, a chapter on 
the optics of lens combinations. 

The book seems to be the first in Italy which tries to adapt the 
teaching of mathematics to the needs of the engineering profes- 
sion, and its merits should be appreciated correspondingly. 
Looking at it from this country, the reviewer feels that the au- 
thors might have gone much further in penetrating the presenta- 
tion of mathematical theory with the spirit of technical thinking, 
but that they might have omitted a good deal of the mechanical 
subjects, which would have a better place in special books on the 
theory of structuces 

However, the book will be of interest to those who teach mathe- 
matics to young engineers and who want to know what their col- 
leagues in Italy think about this problem, 


Supersonic Aerodynamics 
Supersonic Agropyxnamics Theoretical Introduction. By 


Edward R. C. Miles. MeGraw-Hill Book Co., New York, N. Y., 
1950. Cloth, 6 * 9 in., 109 figs., index, xi and 255 pp., $4. 


Reviewrep sy Morton Finston” 
"THIS book presents the mathematical background to some 
topics of interest in supersonie aerodynamics. An indies 
tion of the subject matter may be gleaned from the titles of the 
eleven chapters: (1) Fundamental Theory (i.e., thermodynamies, 
ete.); (2) Divergence and Circulation; (3) The Potential Equa- 
tion; (4) Characteristics in the Plane; (5) Linear Theory of 
Plane Flow; (6) The Linear Potential Equation in Three Dimen- 
sions; (7) Shock Waves; (8) Cones in Supersonic Flow; (9 
The Method of Characteristies for Axially Symmetric Supersonic 
Flow; (10) Potential Flow in the Hodograph Plane; and (11 
Comparisons of Adiabatic and Shock Flow in Two Dimensions 
The author addresses his work to two large groups, ‘‘seniors and 
Engineering School, Stanford University, Stanford, Calif 
Naval Supersonic Laboratory, Massachusetts Institute of Teech- 
nology, Cambridge, Mass 
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beginning graduate students in aeronautical engineering’? ani 
practicing aerodynamicists who might wish ‘to break the confines 
of handbook engineering” and he is concerned principally with 
assembling the mathematical ideas they will find useful in further 
study. This is quite successfully done. The derivations and 
explanations suppose only limited mathematical knowledge and 
proceed in an unusually simple and clear fashion to more ad- 
vanced ideas. 

Some readers might prefer a slightly different emphasis in the 
selection of subject matter. For example, although linearized 
supersonic flow is not only comparatively simple but also among 
the most highly developed and useful branches of the entire theory, 
it is dealt with very briefly. In fact, some comments might in- 
dicate to the uninitiated that it isn’t particularly valuable and the 
book is constructed so the whole subject may be easily eliminat-« 
The reviewer also regrets that some mention, however brief, of the 
existence and influence of viscosity is not made. It would seem 
to be mportant in orienting beginners. 

‘The treatment of the topics covered is clear, simple, and actu- 
ally at a level which should make it accessible to the intended 
reader. Each chapter has a number of problems related to and, 
happily, at the level of the text. Figures are numerous and help- 
ul and the appearance of the volume is very good. The book will 
undoubtedly be appreciated and used by many instructors and 
find its way into the hands of many more students seeking an in- 
troduction to supersonic flow theory, and that is as it should be. 


Statics and Dynamics 


Statik unp Dynamix. By Theodor Pceschl. Springer-Verlag, 
oR? 


Berlin, Germany, third edition, 1949. Paper, 6'/: X 9'/2 in., 257 
figs., viii and 343 pp., Dm 22.50, bound Dm 25. 


Reviewep sy J. P. Den Hartoe"! 


"THIS is a new third edition of a well-known German text on 

mechanics. It covers the usual subject matter of the ele- 
mentary engineering course in the subject. Vectors are used 
from the very start and continue throughout the book. The sub- 
ject of kinematies is more fully treated than is usual in books of 
this type. Lagrange’s equations are mentioned without proof 
at the end of the book, and gyroscopes come in for two or three 
pages. There is a collection of almost 200 worked-out problems 
or examples throughout the text. 


Mechanies of Particles 


MrcHANIK DEFORMIERBARER KoOrper. By Friedrich Télke. Vol. 
1, “Der punktférmige Kérper Springer-Verlag, Berlin, Ger- 
many, 1949. Cloth, 6 * 9'/¢in., viii and 388 pages, Dm 45 


Reviewep sy A. M. Wau." 


"THIS is a comprehensive work which deals with the mechanics 

of particles and comprises the first volume of a series on the 
general subject of mechanies of deformable bodies. (Other books 
in this series which are planned include vol. 2 on statically stressed 
solids, vol. 3 on dynamically stressed solids, vol. 4 on thermally 
stressed solids, and vol. 5 on fluids and gases. ) 

The first portion of the volume under review deals largely with 
the mechanics of single particles under arbitrary motions. Ex- 
tensive use is made of vectorial methods of representation, 
and for this reason parts of the book may be rather difficult read- 
ing for engineers not too familiar with such methods. However, 
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the author devotes considerable space in this volume to the >- 
velopment of mathematical fundamentals including those of vec- 
tor analysis and differential geometry. (This is done in prepa- 
ration for the later volumes of this series.) Throughout the text, 
an understanding of the methods used is facilitated by working 
out in detail a number of examples on subjects of practical inter- 
est. Such subjects include for instance: motion of a crank drive, 
acceleration of a projectile in a gun barrel, motion in gravitational 
or electrostatic fields. 

The second portion of the book is probably of more direct value 
to mechanical engineers, particularly those interested in vibra- 
tion theory, since this part deals largely with the motions of 
groups of particles or masses connected by springs. In addition, 
the single-mass spring-supported system both with and without 
Considerable space 


damping is also treated rather extensively. 
is devoted to the chain system consisting of many masses con- 
nected by springs, and in particular to the case where the masses 


and spring constants are equal. Other problems include the case 
of a shaft of constant diameter on which are mounted a number 
of disks of varying size and that of a stretched cable carrying a 
number of discrete masses. 

The final chapter of the book treats single and multimass sys- 
tems with different types of damping, including the constant 
(Coulomb), viscous, and velocity-squared types. Considerable 
space is devoted to a detailed working out of the equations for the 
case of a two-mass system, one mass being viscously damped 
while the other is excited by a rotating mass type of vibrator. 
Another case of practical importance is that of a damped single- 
degree system in which the amplitude of the exciting force in- 
creases linearly with time. The solution of technical problems for 
cases involving velocity-squared damping is also facilitated by the 
tables given. 

No literature references are provided in this volume since the 
author considers that the subject of particle mechanics has long 
been a closed field within the domain of classical mechanics. The 
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lack of an index may also make it more difficult to use the book as 
a reference. 

Although the solutions to many of the problems appear in 
rather cumbersome form, it is the reviewer's opinion that many of 
these solutions may be helpful in treating certain complicated 
vibratory systems which occasionally arise in mechanical-engi- 
neering practice. 


Synthetic Resins and Their Molding 


Figenschaf- 
Mehdorn. 
Cloth, 


KUNSTHARZPRESS-STOFFE UND ANDERE KUNSTSTOFFE: 
ten, Verarbeitung und Anwendung. By Walter 
Springer-Verlag, Berlin, Germany, third edition, 1949. 
5'/4 X 8 in., 276 figs., tables, viii and 354 pp., Dm 36. 


Reviewep py Ausert G. H. 

AtTHouGH this book covers all synthetic resins-—their 

properties and fabrication—most of the emphasis is on the 
thermosetting resins, as the author himself points out in the 
foreword to this third edition. Furthermore, the book is written 
primarily for the technician in the fabricating shop and for the 
man who has to decide which resin and which method of manu- 
facture should be used for a given application. 

Properties—mechanical, electrical, chemical—are described 
briefly and presented in tabular and graphical form. A considera- 
ble section is given over to a fairly detailed exposition of types 
of presses and molds for the fabrication of thermoplastic and 
thermosetting resins. Methods of finishing, testing, and inspec- 
tion are outlined, and examples of typical uses of the various types 
are given. The book is generously illustrated. 

For the American some of the most interesting portions of the 
book deal with German practice, which was largely unknown out- 
side of Germany during the war years 
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RESOLUTION CHART 


100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing the length 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = §. 


Examine “T-shaped” line groupings in the film with microscope, and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group are 
not distinctly separated. Reduction ratio is 5, and 7.9 x 5 = 39.5 lines per millimeter recorded satisfacto- 
rily. 10.0 x 5 = $0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 


Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, § 


processing, and other factors. These rarely utilize maximum resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 
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